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Preface 

In this book the high-frequency processes, i.e., oscillations and waves in mag
netically ordered substances: ferromagnets, antiferromagnets, and ferrimagnets 
(ferrites) are treated. This subject is of interest, at least, from three points of view: 
(i) as a part of the fundamental problem of interaction of electromagnetic field 
with matter, (ii) as a basis for designing nonreciprocal and controllable devices 
that are used now (and will be used more widely in the future) in microwave and 
optical systems in radar, space communication, radioastronomy, etc., (iii) as a 
technique for measuring the parameters of magnetic materials. 

The problems studied in the book include ferromagnetic and antiferromagnetic 
resonances, spin waves, nonlinear processes, and high-frequency manifestations 
of interactions between the magnetic system and other systems of magnetically 
ordered substances (crystal lattice, charge carriers). Fundamentals of electrody
namics of such substances and principles of their applications in microwave and 
optical engineering are considered, as well. These problems are treated mainly 
in terms of classical theory using the Maxwell equations and the Landau-Lifshitz 
equation of motion of magnetization. It is well known that the magnetic order
ing is a result of the quantum-mechanical exchange interaction, which cannot 
be understood in the framework of the classical theory. Nevertheless, the exis
tence of this interaction does not prevent but, on the contrary, makes possible and 
reasonable the classical treatment of dynamic processes in magnetically ordered 
substances. The quantum-mechanical approach should be used (and is used in 
this book) only in the study of relaxation processes, which determine the energy 
losses of magnetic oscillations and waves. 

The present book differs from other monographs on this subject in that it treats 
successively, in a single style, and on the up-to-date level all the main topics of 
the problem, in a form comprehensible for readers not skilled in mathematics and 
theoretical physics. The book is intended to be a manual for everybody entering the 
field of magnetic dynamics: scientists as well as engineers, designers of magnetic 
materials and devices, and students. The authors hope, however, that it will be 
used as a reference book by scientists and engineers that already work in the field. 

The readers are supposed to have studied mathematics and experimental physics 
to an extent of usual college courses but may have, perhaps, forgotten some parts 
of them. Therefore, the background information needed to understand the topics 
treated in the book is briefly reviewed. Sections 1.1, 2.2, 3.1, and partly, 8.1 and 

ix 



X PREFACE 

12.1 are devoted to this. So, no other manuals are needed to understand completely 
the material presented in the book. (This does not mean, of course, that the study 
of other books and articles is not recommended.) 

The authors tried not only to present some useful theoretical results but to teach 
the reader to obtain, at least, some of them. Therefore, most of the formulae are 
derived in detail, so that the reader would be able to reproduce the derivation. 
The book contains no formulated problems. (The authors' experience tells that 
not all readers solve them.) Nevertheless, an active study of the book is strongly 
recommended. It can consist in deriving the formulae given in the book, carrying 
out the estimates, and in comparing different results. All the data needed for this 
the reader can obtain from the text and appendices. 

The experimental techniques are not described in the book, they should be mas
tered in laboratories. But the experimental results are cited, especially when they 
supplement considerably the existing theories or contradict them. The experiment 
is present 'invisibly' in the book written by experimentalists. 

In the selection of topics to be considered we tried to use the following criteria: 
generality, timeliness, and pedagogical value. When these criteria came into 
conflict, the decision could not be but subjective. Moreover, some topics satisfying 
all mentioned criteria have not been included into the book. Among them there 
are spin waves in antiferromagnets, interaction of spin waves with light, and such 
nonlinear effects as magnetic envelope solitons and chaos. 

The CGS (Gaussian) units are used throughout the book because they are most 
suitable for describing the physical, in any case the magnetic, processes. Often 
(when this cannot lead to uncertainty) the units of some cited values are omitted, 
as is common in lectures and discussions. The relations between CGS and SI units 
are listed in Appendix A. 

The list of references contains, in addition to all sources cited in the text, a 
few good books and papers not referred to but worth becoming acquainted with in 
studying the problems treated in the book, as weli as some of the above-mentioned 
problems, which were not included in the book. Neither the completeness of the 
list of references nor the elucidation of priorities was aimed. 

The entire book is written in collaboration by both authors, and they are both 
responsible for all mistakes. We will be grateful to the readers who will kindly 
attract our attention to them. 

We are very grateful to all our colleagues and friends who, in the course of 
our long work on this book, improved the content by their critical comments 
and advices. We regret that it is impossible to mention all of them here. We 
are especially thankful to the late Professor G. V. Skrotskii, whose advices were 
very valuable. The authors have the pleasure to thank N. K. Selyanina and 
V. G. Grigor'yants, whose comments resulted in an essential improvement of the 
book. We are grateful to the staff of the Editorial Office at the Ioffe Physico-
Technical Institute for the skillful preparation of the camera-ready copy of the 
book. 



1 
Isotropic ferromagnet magnetized to 
saturation 

1.1 Ferromagnetism 

The aim of this book is to study the dynamical magnetic properties of magnetically 
ordered substances. But before treating the dynamical properties, we review in 
this section the basic concepts of ferromagnetism. We assume the reader to be 
somewhat familiar with them and only review the most important aspects.1 

All substances can be classified as diamagnetic and paramagnetic. The latter 
contain elementary magnetic moments, which can be oriented by magnetic field, 
what leads to magnetization in the direction of the field. However, in some para
magnetic substances the orientation of magnetic moments occurs spontaneously, 
in the absence of an external magnetic field. Such substances are called mag
netically ordered. The simplest type of them is a ferromagnet. All elementary 
magnetic moments tend to align, in this case, parallel to each other, resulting in 
large spontaneous magnetization. 

Two points should be emphasized. First, the thermal motion hinders the orien
tation of magnetic moments. Therefore, the spontaneous parallel order is nearly 
ideal only at low temperatures. At a temperature TQ called the Curie temperature 
the thermal motion destroys completely the magnetic order. 

Second, the directions of spontaneous magnetization, in the absence of external 
magnetic field or in a weak field, (in not very small samples) are not parallel to 
each other throughout the whole sample. The sample is divided into domains, 
inside of which these directions are approximately the same, but change rather 
quickly in going from one domain to another. 

1 For an overview of the basic concepts of ferromagnetism the textbooks [227. 70] are recommended, 
and for a more thorough study of the theory of ferromagnetism the monographs [246, 226, 201] can 
be used. 

1 



2 1 Isotropic ferromagnet magnetized to saturation 

1.1.1 Elementary magnetic moments 

Elementary magnetic moments, mentioned above, are the spin and the orbital 
magnetic moments of electrons. The net moments of all inner (filled) electron 
shells of atoms are equal to zero. Contributions to paramagnetism appear only 
from the partly filled 3d, 4d, 5d, or 4f shells and also from outer s electrons. In 
ionic crystals the total, spin plus orbital, magnetic moments of ions can, generally 
speaking, be regarded as elementary magnetic moments. However, the orbital 
moments of some 3d ions are equal to zero (the ions in S state), and the moments 
of some other ions are quenched (i.e., the lowest energy level of the ion is an 
orbital singlet, see Section 13.1). In these cases, the spin moments of ions are the 
elementary magnetic moments. 

Magnetic moments in dielectrics and semiconductors can be regarded as lo
calized on crystal-lattice sites. In metals, the magnetic moments of 3d and 4f 
shells are only partly localized (to a greater degree, in 4f metals), and the de-
localized magnetic-moment density of conduction electrons is to be taken into 
account [445]. 

Let us, first, consider the localized magnetic moments as classical magnetic 
dipoles. Such a dipole with the moment 9JI/, situated at a point / , produces at a 
point / ' the magnetic field [399] 

R f = 3(mfrff,)rff. _ OH, 
rh' '//' 

where r//» is a radius-vector connecting points / and / ' . A force moment acting 
on another dipole, with a moment VOlf<, situated at a point / ' , is 

Tf.=mrxHf.. (1.2) 
The energy of interaction of the two dipoles is [70] 

e„ . = -m,*,. = JWrff-Wriirl + ? W . (L3) 

rff, rff, 
The energy of magnetic (dipole-dipole) interaction of all magnetic moments of a 
sample is the double sum of (1.3) over all / and / ' except / = / ' . This energy, 
as we shall soon see, is in most cases far too small to be the reason of magnetic 
ordering. 

To begin the elucidation of this reason, we point out, first of all, that the elemen
tary magnetic moments, being microscopic objects, obey the laws of quantum me
chanics. The quantum mechanics (e.g., [243,336|) treats all dynamical variables, 
including magnetic moments, as operators acting on appropriate wave functions. 
The quantities that can be observed are the eigenvalues of these operators. 

The eigenvalues of the projection of a moment of momentum (or an angular momentum) onto a certain axis, chosen as an axis of quantization, are discrete 
quantities, the nearest of which differ by h. They are usually expressed in units 



1.1 Ferromagnetism 3 
OF h. THEN, E.G., FOR SPIN ANGULAR MOMENTA 

{5,} = 5 , 5 - 1 , . . . , ( - 5 ) (1.4) 
WHERE BRACES DENOTE THE EIGENVALUES OF AN OPERATOR INSIDE THEM, AND 5 IS THE 
SPIN QUANTUM NUMBER, WHICH CAN BE AN INTEGER OR HALF-INTEGER. FOR AN ELECTRON, 
5 = 1/2, AND {Sz} = ±1/2. FOR THE FE 3 + ION (WHICH IS THE MAIN MAGNETIC ION 
IN MOST MAGNETIC MATERIALS), 5 = 5/2, AND { 5 J = 5/2,3/2,..., (-5/2). THE 
PROJECTIONS Lz OF THE ORBITAL ANGULAR MOMENTUM ARE QUANTIZED IN AN ANALOGOUS 
MANNER, BUT THE ORBITAL QUANTUM NUMBERS ARE ONLY INTEGERS. 

THE PROJECTIONS OF THE ANGULAR-MOMENTUM OPERATOR ONTO x- AND Y-AXES HAVE 
NO DEFINITE EIGENVALUES IN THE REPRESENTATION IN WHICH THE Z-AXIS IS THE AXIS OF 
QUANTIZATION. THE EIGENVALUES OF THE SQUARED VECTOR-LENGTH OPERATOR ARE (E.G., FOR 
A SPIN ANGULAR MOMENTUM) 

{ S 2 } = 5 ( 5 + 1 ) . (1.5) 
THE TOTAL ANGULAR MOMENTUM J IS THE GEOMETRIC SUM OF SPIN AND ORBITAL ANGULAR 
MOMENTA. THE EIGENVALUES OF ITS PROJECTION Jz ARE QUANTIZED ANALOGOUSLY TO (1.4), 
AND THE QUANTUM NUMBER J, FOR GIVEN VALUES OF 5 AND L, CAN TAKE THE VALUES 

J = (S + L),(S + L-l),...,\S-L\. (1 .6) 
THE magnetic-moment OPERATORS, THE SPIN 9JT5, THE ORBITAL WIL, AND THE TOTAL 

2PT, ARE PROPORTIONAL TO THE CORRESPONDING ANGULAR MOMENTA. MAGNETIC MOMENTS, 
AS DISTINCT FROM ANGULAR MOMENTA, ARE EXPRESSED IN absolute UNITS. THEREFORE, 

ms = -isfis ( i . 7 ) 
WHERE h = h/2ir IS THE PLANK'S CONSTANT, AND THE GYROMAGNETIC RATIO 

7S = f H (1.8) 2MEC 
HERE EO IS THE CHARGE OF AN ELECTRON, m e IS ITS MASS AT REST, C IS THE VELOCITY OF 
LIGHT, AND gs IS THE SPECTROSCOPIC SPLITTING FACTOR (LANDE FACTOR OR G-FACTOR) FOR AN 
ELECTRON SPIN. ITS VALUE, GIVEN BY THE QUANTUM ELECTRODYNAMICS, IS 

95 = 2^1 + ^ - 0 . 3 2 8 ^ (1.9) 

WHERE A = e\l{hc) ~ 1/137 IS THE FINE-STRUCTURE CONSTANT. THE MINUS SIGN IN (1.7) 
SHOWS THAT THE MAGNETIC MOMENT AND THE ANGULAR MOMENTUM OF AN ELECTRON ARE 
ANTIPARALLEL TO EACH OTHER, THE VALUE OF 75 BEING POSITIVE. 

AN EXPRESSION ANALOGOUS TO (1.7) CAN BE WRITTEN FOR ORBITAL MAGNETIC MOMENT 
AS WELL, BUT IN THIS CASE gL = 1. THE TOTAL MAGNETIC MOMENT 

Wt=-jhJ=-p^J. (1 .10) 



4 1 Isotropic ferromagnet magnetized to saturation 

The ^-factor in (1.10) depends on the quantum numbers S, L, and J. Assuming gs = 2, we get [1] 

3 S(S+ 1) -L(L+ 1) , s 

G J = 2 + 2 J ( J + 1 - , — • ( U 1 ) 

It follows from (1.7) and (1.10) that the magnetic moments are quantized in the 
same way as the angular momenta. In particular, 

{<mz} = 7 7 L J , 7 / I ( J - l ) , . . . . ( - 7 W ) . (i.i2) 

The difference between two successive eigenvalues of 9Jtz are 

6Tlz = jh EE ff/xB (1.13) 

where 

A*B — z - ^ (1-14) 2m e c 
is the Bohr magneton. 

1.1.2 Paramagnetism 

The states with different {Wtz } values are degenerate in the absence of an external 
magnetic field. When the magnetic field H is applied, there appears the potential 
energy of a magnetic moment in this field (the Zeeman energy) 

ez = -WlH (1.15) 

and the degeneracy is removed. There are then (2J + 1) equidistant energy levels 
separated by intervals 

6e = jhH. (1.16) 
Transitions between these levels, with absorption of electromagnetic energy quanta 
hu, are called electron paramagnetic, or electron spin, resonance (e.g., [1, 15]). 
As the transitions only between the neighboring levels are allowed by the selection 
rules [15], the resonance condition is 

uj = -fH=^-H (1.17) 
2m e c 

The difference in populations of the levels with different {9Jt 2 } results in the 
appearance of the net momentin the direction of the field H. The calculation, with 
the use of general formulae of quantum statistics [244], leads to the expression for 
the magnetization (the net moment per unit volume) [370, 24] 
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1.0 

0 2 3 4 5 6 
X 

FIGURE 1.1 
BRILLOUIN FUNCTIONS. NUMBERS BY THE CURVES INDICATE J VALUES. 

WHERE B J(X) IS THE BRILLOUIN FUNCTION 

BJ(X) = — COTH ^ _ X J - -COTH (1.19) 

M° = 'YHJN IS THE SATURATION MAGNETIZATION, TV IS THE NUMBER OF MAGNETIC 
MOMENTS IN A UNIT VOLUME, AND K IS THE BOLTZMANN CONSTANT. 

THE PLOTS OF THE BRILLOUIN FUNCTION (1.19) ARE SHOWN IN FIGURE 1.1. WHEN 
X —> OO, I.E., IN VERY HIGH MAGNETIC FIELDS OR AT VERY LOW TEMPERATURES, BJ{X) —> 1, 
AND ALL MAGNETIC MOMENTS ARE ORIENTED IN THE DIRECTION OF THE FIELD. FOR SMALL X, 
EXPANDING BJ{X) IN A POWER SERIES, WE OBTAIN FROM (1.18) THAT M = XPH- THE 
PARAMAGNETIC SUSCEPTIBILITY XP, WHICH DOES NOT DEPEND ON H IN THIS LIMITING CASE, 

FIGURE 1.2 
RECIPROCAL OF SUSCEPTIBILITY VERSUS TEMPERATURE: CURVE 1 RELATES TO PARAMAGNET (CURIE LAW), 
CURVE 2 TO FERROMAGNET (CURIE-WEISS LAW), CURVE 3 TO ANTIFERROMAGNET, CURVE 4 TO FERRIMAG-
NET. 

O RNRC ' 7C T 



6 1 Isotropic ferromagnet magnetized to saturation 

can be written as 

where 
c 
T 

C=lj(J+L)W£N 3 K 

is the Curie constant, and (1.20) is the Curie law (Figure 1.2). 

(1 .20) 

( 1 . 2 1 ) 

1.1.3 Weiss theory 

In ferromagnets large values of the magnetization, nearly equal to the saturation 
magnetization M°, are observed at not very low temperatures and in not very high 
fields. The formal explanation of this fact was presented by Weiss as early as in 
1907. He supposed that, in addition to the external field H, a high internal (he 
named it 'molecular') field 

HE = AM (1 .22) 

acts on the magnetic moments of a ferromagnet. Here A is a large constant, the 
physical nature of which Weiss was not able to explain. 

Substituting H + HE for i f in (1.17), we obtain 

M = M°Bj NaT 
{H+XM) (1 .23 ) 

It should be noted that Weiss used the classical Langevin (see, e.g., [70]) theory of 
paramagnetism. We, following [70,370], have replaced it by the above-mentioned 
Brillouin approach. 

F I G U R E 1.3 
GRAPHICAL SOLUTION OF EQUATION (1 .23) FOR SPONTANEOUS MAGNETIZATION OF A FERROMAGNET. 

Solving the transcendental equation (1.23) for M in the most interesting case 
of H = 0, we see (Figure 1.3) that there is a nontrh ial solution M ^ 0 if T < TQ 
where 

Tc = AC 
(1 .24) 
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and C is the Curie constant (1.21). The temperature TC is the Curie point, and 
M is the spontaneous magnetization of a ferromagnet. 

At T > TQ the spontaneous magnetization is equal to zero, and the argument 
of the Brillouin function becomes small. Then, using the expansion of Bj(x) in 
a power series, we obtain the susceptibility 

Xf = JSTC- (L25) 

This is the Curie-Weiss law (Figure 1.2). 

1.1.4 Exchange interaction 

The magnetic interaction of elementary magnetic moments cannot be the cause of 
magnetic ordering and hence of the spontaneous magnetization of a ferromagnet, 
at least not for common ferromagnets with not extremely low Curie temperatures. 
This follows from the comparison of the thermal energy KTQ, which destroys 
the ferromagnetic order, with the energy of magnetic interaction of two magnetic 
dipoles. The former is of the order of 1 0 - 1 5 - 1 0 " 1 3 (if TC = 10-1000 K), 
whereas the latter, according to (1.3) and (1.11), is of the order of fi^/a3

 ~ 10~ 1 8 

(here a ~ 3 x 10~ 8 is the mean distance between magnetic moments). 
The energy e^/a of the electrostatic (Coulomb) interaction of two electrons 

at the same distance a is of the order of 1 0 - 1 1 . Thus, even a small fraction of 
this energy would be enough to give the observed values of Tc. It is known 
from quantum mechanics (e.g., [243, 336]) that the form of a wave function 
and, consequently, the mean energy of the Coulomb interaction of two electrons 
depend on the mutual orientation of their spins. The part of the Coulomb energy 
that depends on this orientation is called exchange energy. This energy is the cause 
of magnetic ordering. In ferromagnets it is minimized at parallel orientation of all 
electronic spin moments of 3d or 4f shells. Such was the explanation of the nature 
of ferromagnetism proposed in 1928 independently and almost simultaneously 
by Frenkel [130] and Heisenberg [178]. 

Dirac [101] showed that the energy operator (Hamiltonian) of the exchange 
interaction between two particles with spin angular momenta S\ and S 2 can be 
written in the form 

Wa = - 2 / i , 2 ( r i 2 ) S i S 2 (1-26) 

where I\t2(^12) is the exchange integral. It decreases quickly with increasing 
distance r\2 between the particles. 

In many ferromagnets, as well as in antiferromagnetic and ferrimagnetic sub
stances (Chapter 3), the interacting particles are situated at such large distances 
from each other that the above-considered exchange interaction (referred to as di
rect exchange interaction) cannot be responsible for magnetic ordering. Different 
mechanisms of indirect exchange interaction, in which some other particles take 
part, must be operating in such cases. In ionic crystals, the exchange interaction of 
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CATION SPINS VIA THE ANIONS SITUATED BETWEEN THEM [18] IS THE DOMINANT MECHANISM 
(SECTION 3.1). IN METALS (SECTION 14.2), THE INTERACTION VIA CONDUCTION ELECTRONS IS 
OF THE GREATEST IMPORTANCE. IN BOTH THESE CASES, THE HAMILTONIAN CAN BE APPROXI
MATED BY THE DIRAC FORMULA (1.26). THE REAL MECHANISM OF INTERACTION DETERMINES 
THE VALUE OF THE EXCHANGE INTEGRAL AND ITS DEPENDENCE ON rn. 

A SYSTEM OF SPIN MAGNETIC MOMENTS, LOCALIZED ON CRYSTAL-LATTICE SITES AND IN
TERACTING WITH EACH OTHER ACCORDING TO THE HAMILTONIAN (1.26), IS THE HEISENBERG-
DIRAC-VAN VLECK MODEL (OFTEN REFERRED TO, BRIEFLY, AS Heisenberg model) OF A 
MAGNETICALLY ORDERED SUBSTANCE, IN PARTICULAR, OF A FERROMAGNET IF THE EXCHANGE 
INTEGRAL IN (1.26) 7^2 > 0. TO GENERALIZE THIS MODEL WE HAVE TO TAKE INTO CONSID
ERATION THE WEAKER INTERACTIONS: THE MAGNETIC (DIPOLE-DIPOLE) INTERACTION OF SPIN 
MAGNETIC MOMENTS AND THE ZEEMAN INTERACTION WITH THE EXTERNAL MAGNETIC FIELD 
(SECTION 7.4). 

TWO IMPORTANT ASSUMPTIONS ARE MADE IN THE HEISENBERG MODEL: (I) THE SPIN 
MAGNETIC MOMENTS ARE ASSUMED TO BE COMPLETELY LOCALIZED, AND (II) ORBITAL MAG
NETIC MOMENTS ARE IGNORED. THE FIRST ASSUMPTION IS SATISFIED FOR MAGNETICALLY 
ORDERED DIELECTRICS AND SEMICONDUCTORS. IT IS POORLY SATISFIED FOR METALS; THE ZONE 
MODEL (E.G., [445]) SHOULD BE USED IN THIS CASE. 

THE SECOND ASSUMPTION IS SATISFIED PERFECTLY FOR FERROMAGNETS WITH IONS IN 
S STATE, AND THE STRONGER THE QUENCHING OF ORBITAL MOMENTA (IF THEY ARE PRESENT) THE 
BETTER. WHEN THE QUENCHING IS SUFFICIENTLY STRONG, THE WEAK (BUT STILL IMPORTANT) 
INFLUENCE OF ORBITAL MOMENTS CAN BE TAKEN INTO ACCOUNT IN THE FRAMEWORK OF THE 
GENERALIZED HEISENBERG MODEL. IT IS ASSUMED, FIRST, THAT THE VALUE OF 7 IN THE 
ZEEMAN TERM OF THE HAMILTONIAN (SECTION 7.4) DIFFERS FROM THE SPIN VALUE 75 
GIVEN BY (1.9). SECOND, A TERM DESCRIBING THE MAGNETOCRYSTALLINE ANISOTROPY (THE 
MAIN CAUSE OF WHICH IS THE SPIN-ORBITAL INTERACTION, SECTION 2.2) IS ADDED INTO THE 
HAMILTONIAN. 

IN MAGNETICALLY ORDERED SUBSTANCES WITH 4F (RARE-EARTH) IONS, THE QUENCHING OF 
ORBITAL ANGULAR MOMENTA DOES NOT TAKE PLACE, AND THE SPIN-ORBITAL INTERACTION, 
WHICH COMBINES SPIN AND ORBITAL ANGULAR MOMENTA IN TOTAL ANGULAR MOMENTA J, IS 
STRONG. NEVERTHELESS, THE HEISENBERG MODEL MAY BE USED FOR SUCH SUBSTANCES, BUT 
THE TOTAL ANGULAR MOMENTA J MUST BE SUBSTITUTED FOR SPIN ANGULAR MOMENTA S. 

SOME OTHER TOPICS OF THE THEORY OF MAGNETISM WILL BE CONSIDERED BELOW WHEN 
THE NEED FOR THEM ARISES. 

1.2 Equation of motion of magnetization 

TO DESCRIBE SOME PHENOMENA IN FERROMAGNETS, IN PARTICULAR, THE DYNAMICAL PRO
CESSES WE ARE INTERESTED IN, THE continuum APPROACH CAN BE USED. APPLYING IT, WE 
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digress from the microscopic picture of the ferromagnet and use the magnetization 

M = ^Xf1 (1.27) 
A y 

as a quantity characteristic of its state (X )AV ^ 1S m e m a g n e t i c moment of a 
small but macroscopic volume AV). Vector M is just the quantity that enters the 
equations of macroscopic electrodynamics (Chapter 4). 

The continuum approach allows one to use the classical theory. Exchange 
interaction, which is a quantum-mechanical effect, must be postulated now. If the 
magnetization M is uniform or changes in space slowly, the Weiss 'molecular' 
field (1.22) is sufficient to allow for this interaction. In the case of strong coordinate 
dependence of M, an additional field is to be used, which describes the increase 
of the exchange energy when the neighboring spin moments are not parallel to 
each other (Section 7.1). 

In the classical treatment of dynamic processes in a ferromagnet, the equations 
of macroscopic electrodynamics should be supplemented by the material relations 
(Section 4.1), which express the dependence, in our case, of the magnetization 
M on the magnetic field H for the particular substance. The equation of motion 
of the magnetization can be used as such a relation. In the framework of a classical 
theory this equation is to be postulated. 

The equation of motion of magnetization was proposed by Landau and Lif-
shitz [241] in 1935. We shall consider this equation, in a general form, in Sec
tion 2.1. Now we present a classical 'derivation' of it (which cannot be strict, of 
course) for a special case of uniform oscillations of magnetization in an isotropic 
ferromagnet. 

Suppose the ferromagnet to be a sum of classical tops (the nonstrictness consists 
just of this assumption) with angular momenta J and magnetic moments SDt. The 
equation of motion of the top, according to (1.2), can be written as [399] 

dJ h—=mxH. (1 .28) at 
It has been taken into account that J is expressed in units of h and DJl, in absolute 
units. Multiplying (1.28) by the number N of tops in a unit volume and using the 
general quantum-mechanical relation (1.10), we obtain the equation of motion of 
the magnetization 

— = -iMxH. (1 .29) 

This equation does not allow for 'losses', i.e., for the dissipation of magnetic 
energy. The ways of phenomenological allowance for it are considered in Sec
tion 1.4, and the physical processes that result in it will be discussed in Chapters 11 
and 13. 

In deducing (1.29) we have ignored the exchange interaction. But it is easy to see 
that the 'molecular' field (1.22) does not enter (1.29). The above-mentioned addi
tional exchange field (that arises when M is nonuniform) will enter the equation 
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OF MOTION (SECTION 7 . 1 ) . THUS, ( 1 . 2 9 ) IS VALID STRICTLY FOR UNIFORM MAGNETIZATION 
AND APPROXIMATELY, IF M VARIES IN SPACE SUFFICIENTLY SLOWLY. 

THE QUANTITY 7 IN ( 1 . 2 9 ) , BEING A CHARACTERISTIC OF THE COLLECTIVE MOTION OF 
MAGNETIC MOMENTS, SHOULD NOT BE AND IS NOT EQUAL TO THE VALUE OF 7 FOR THE SAME 
IONS EITHER IN THE FREE STATE OR IN A PARAMAGNETIC CRYSTAL. IN THE FRAMEWORK OF 
CLASSICAL THEORY, 7 IS TO BE REGARDED AS A PARAMETER THE VALUE OF WHICH MUST BE 
FOUND FROM EXPERIMENT. IT IS CLEAR, HOWEVER, THAT THE DIFFERENCE BETWEEN AN ACTUAL 
VALUE OF 7 AND ITS SPIN VALUE ( 1 . 8 ) IS DUE TO THE INFLUENCE OF THE ORBITAL MAGNETIC 
MOMENTS. INDEED, THE G-FACTOR (RELATED TO 7 BY ( 1 . 1 0 ) ) IS VERY NEAR TO ITS SPIN VALUE 
OF 2 IN MATERIALS IN WHICH ALL THE MAGNETIC IONS ARE IN S STATE, FOR EXAMPLE, IN 
YTTRIUM IRON GARNET ( Y I G ) Y S F E S O N [ 1 3 8 ] AND IN LITHIUM FERRITE LIO.5Fe2.5O4 [ 2 9 7 ] . 

IT IS WORTH NOTING THAT THE INFLUENCE OF ORBITAL MOMENTS RESULTS IN g VALUES, FOUND 
FROM GYROMAGNETIC (BARNETT OR EINSTEIN-DE HAAS) EXPERIMENTS (E.G., [ 7 0 ] ) WHICH 
ARE LESS THAN 2 . AT THE SAME TIME, THIS INFLUENCE LEADS TO THE VALUES OF G-FACTOR 
IN ( 1 . 2 9 ) THAT ARE GREATER THAN 2 . THE DIFFERENCE WAS EXPLAINED BY KITTEL [ 2 2 7 ] 
AND VAN VLECK [ 4 1 8 ] . THEY TOOK INTO CONSIDERATION THAT 7 IN ( 1 . 2 9 ) IS THE RATIO OF THE 
TOTAL MAGNETIC MOMENT TO THE SPIN ANGULAR MOMENTUM, WHEREAS 7 IN THE MENTIONED 
GYROMAGNETIC EXPERIMENTS IS THE RATIO OF THE SAME TOTAL MAGNETIC MOMENT BUT TO 
THE TOTAL ANGULAR MOMENTUM. 

AN IMPORTANT FEATURE OF THE EQUATION OF MOTION ( 1 . 2 9 ) IS THAT IT ENSURES THE 
CONSERVATION OF THE VECTOR M LENGTH. INDEED, MULTIPLYING BOTH SIDES OF ( 1 . 2 9 ) 
BY M SCALARLY, WE GET 

IF WE REGARD M AS A VECTOR WITH ONE END FASTENED, THE OTHER END, ACCORDING 
TO ( 1 . 3 0 ) , WILL MOVE ON THE SURFACE OF A SPHERE. SUCH MOVEMENT IS CALLED precession 
OF THE MAGNETIZATION. IN THE CASE OF CYLINDRICAL SYMMETRY, THE END OF THE VECTOR M 
MOVES ALONG A CIRCLE (CIRCULAR PRECESSION). IN OTHER CASES, ITS TRAJECTORY IS MORE 
COMPLICATED. 

1.3 High-frequency magnetic susceptibility 

LET US CONSIDER THE OSCILLATIONS OF MAGNETIZATION AT SOME POINT OF A FERROMAGNET 
UNDER THE INFLUENCE OF A GIVEN INTERNAL AC MAGNETIC FIELD AT THE SAME POINT. HAVING 
SOLVED THIS PROBLEM, WE SHALL FIND THE HIGH-FREQUENCY MAGNETIC SUSCEPTIBILITY OF A 
FERROMAGNET. 

WE TAKE THE MAGNETIC FIELD AND MAGNETIZATION IN ( 1 . 2 9 ) TO BE THE SUMS OF STEADY 

AND ALTERNATING PARTS: 

0 (1 .30) 

H = H0 + h M = MQ + m, ( 1 . 3 1 ) 

http://Lio.5Fe2.5O4
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and assume that 

h^<H0 m < M 0 . (1.32) 
This assumption will be retained in all first eight chapters. 

Substitute the sums (1.31) into (1.29) and, allowing for conditions (1.32), use 
the method of successive approximations. In the zero approximation, retaining 
in (1.29) only steady components, we obtain 

M 0 x H 0 = 0. (1.33) 

This expression determines the equilibrium direction of the magnetization. In 
the considered case of an isotropic ferromagnet this direction coincides with the 
direction of the internal magnetic field Ho- The length of the vector Mo is, of 
course, not determined by (1.33), and, in the framework of considered theory, 
should be regarded as known quantity. 

In the first approximation, neglecting the products of ac quantities and taking 
into account (1.33), we obtain 

~ + 7"i~ x Ho = - 7 M 0 x h^. (1.34) 

at 
The derivation of this equation is called linearization of the equation of motion. 1.3.1 Solution of the linearized equation of motion 

We shall solve (1.34) assuming the harmonic (sinusoidal) time dependence of . 
As the equation is linear, the time dependence of will be also harmonic. Using 
the method of complex amplitudes (e.g., [321]), we introduce complex variables 

rh = mexp(iwi) h = he\p(iu>t) (1.35) 

the real parts of which are m~ and h~. The complex vector quantities m and h 
in (1.35) are the complex amplitudes of the vectors m~ and h^. They satisfy the 
equation 

iuim + 7 m x HQ = - 7 M 0 x h. (1.36) 
Projecting (1.36) onto the axes of a Cartesian coordinate system, with the 2>axis 
coinciding with the direction of Ho and Mo, we get 

iumx + iHorriy = jM0hy -jH0mx + \u)my — -jM0hx iwmz = 0. (1.37) 

The solution of the system (1.37) is 

mx = \hx + \\ahy my =-ixahx + xK mz=0 (1.38) 

file:////ahy
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^MQLJH 7 MOW 

X 9 7 XA 
H 

where the following notation is used: 

OJH = -YH0. 

(1 .39) 

(1 .40) 

Expressions (1.38) and (1.39) were obtained first by Polder [319]. They can be 
written in a tensor form 

M = \H (1 .41 ) 

where the high-frequency magnetic susceptibility x is a nonsymmetric second-
rank tensor (e.g., [273]): 

(1 .42) 
X iXa 0 

X = -iXa X 0 

0 0 0 

The solution (1.38) can be written, as well, in a vector form 

M = xh± + IH± x G M 

where = XOHX + YOHY = H — ZOHZ and 

G M = ZOXA 

(1 .43 ) 

(1 .44) 

is the magnetic gyration vector (ceo, YO, and ZQ are the unit vectors directed along 
the corresponding axes). 

1.3.2 Peculiarities of the susceptibility tensor 

In the considered case of an isotropic and lossless ferromagnet, magnetized to sat
uration, the longitudinal component of the ac field does not produce the ac magne
tization. The transverse ac field H± excites not only the magnetization component 
parallel to the field, but also a component that is perpendicular to it. The latter, 
according to the factors i in (1.38) or (1.42), has a phase shift of N/2 with respect 
to Such property of a medium, caused by nonsymmetry of the susceptibility 
tensor, is called GYROTROPY. It should be noted that there exist media in which the 
electric susceptibility in the presence of a steady magnetic field becomes a non-
symmetric tensor. All substances containing magnetic ions (i.e., ions with partly 
filled 3d or 4f shells), in particular, ferromagnets, belong to such media. Their 
electric gyrotropy results in Faraday and Kerr effects at optical frequencies [246]. 
In our case the MAGNETIC susceptibility tensor contains antisymmetric components 
and hence the gyrotropy may be called magnetic. In ferromagnets it dominates at 
microwave and far infrared frequencies. 

Thus, the NONSYMMETRY of the magnetic susceptibility tensor is the first pecu
liarity of the obtained solution of the equation ol motion. The second one is the 
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F I G U R E 1.4 
DEPENDENCE OF THE SUSCEPTIBILITY-TENSOR COMPONENTS ON FREQUENCY to (Hn = CONST) AND 
STEADY MAGNETIC FIELD HQ (u> = CONST). 

resonant dependence OF THE COMPONENTS OF THIS TENSOR ON FREQUENCY u> AND MAG
NETIC FIELD HQ. IN THE IDEALIZED CASE OF A LOSSLESS FERROMAGNET, CONSIDERED IN THIS 
SECTION, THESE COMPONENTS GROW UNLIMITEDLY WHEN u> OR Ho APPROACHES THE POLE 

to = UJH = iHo- C-45) 

THE DEPENDENCE OF \ AND \A ON to AND Ho IS SHOWN IN FIGURE 1.4. 

THE RESONANT DEPENDENCE OF THE TENSOR \ COMPONENTS RESULTS IN THE PHENOMENON of ferromagnetic resonance, I.E., OF THE RESONANT ABSORPTION OF ELECTROMAGNETIC EN
ERGY IN A FERROMAGNETIC SAMPLE. THIS PHENOMENON WAS PREDICTED AS EARLY AS IN 
1 9 1 2 BY ARKADYEV [ 2 2 ] ON A CLASSICAL MODEL. IN 1 9 2 3 DORFMAN [ 1 0 2 ] POINTED OUT 
THE POSSIBILITY OF IT ON A QUANTUM MODEL, BUT WITHOUT ALLOWANCE FOR SPIN (OR EX
CHANGE) NATURE OF FERROMAGNETISM BECAUSE THE ELECTRON SPIN WAS DISCOVERED ONLY 
IN 1 9 2 5 AND THE NATURE OF FERROMAGNETISM WAS EXPLAINED IN 1 9 2 8 . THE FIRST THEORY 
OF FERROMAGNETIC RESONANCE BASED ON THE CORRECT UNDERSTANDING OF FERROMAGNETISM 
WAS PROPOSED BY LANDAU AND LIFSHITZ IN 1 9 3 5 [ 2 4 1 ] . EXPERIMENTALLY, FERROMAG
NETIC RESONANCE WAS DISCOVERED IN 1 9 4 6 BY GRIFFITHS [ 1 4 9 ] AND, INDEPENDENTLY BUT 
SOMEWHAT LATER, BY ZAVOISKII [ 4 6 1 ] . 

AN IMPORTANT CONTRIBUTION TO THE THEORY OF FERROMAGNETIC RESONANCE WAS MADE 

BY KITTEL [ 2 2 0 ] . HE SHOWED THAT THE FERROMAGNETIC-RESONANCE FREQUENCY (I.E., 

THE FREQUENCY AT WHICH THE MAXIMAL ABSORPTION OF ELECTROMAGNETIC ENERGY BY A 

FERROMAGNETIC SAMPLE OCCURS) IS NOT AT ALL THE FREQUENCY ( 1 . 4 5 ) , AND IT DEPENDS 

ESSENTIALLY ON THE SAMPLE SHAPE. THIS DEPENDENCE WILL BE TREATED IN SECTION 1.5. 

THE THIRD PECULIARITY OF THE SOLUTION OF THE EQUATION OF MOTION ( 1 . 3 6 ) , I.E., 

OF THE AC MAGNETIZATION IN A FERROMAGNET, IS THAT THE RESONANT BEHAVIOR OF THE 

OSCILLATION AMPLITUDES OCCURS ONLY UNDER THE INFLUENCE OF AN AC MAGNETIC FIELD circular COMPONENT WITH right-hand rotation (RELATIVE TO THE DIRECTION OF M O ) . 
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THE CIRCULAR COMPONENTS OF AC FIELD AND AC MAGNETIZATION ARE DEFINED AS 
h± = h x ± \ h y m± = m x ± i m y . (1-46) 

IF THE COMPLEX AMPLITUDE OF A VECTOR, E.G., HAS ONLY A COMPONENT M + , THEN 
IT IS A TRANSVERSE VECTOR (RELATIVE TO THE Z-AXIS) CIRCULARLY POLARIZED WITH RIGHT-
HAND ROTATION. INDEED, FROM ra_ = 0 IT FOLLOWS THAT my = —imx. LET THE 
x COMPONENT OF THE REAL VECTOR (THE COMPLEX AMPLITUDE OF WHICH IS M) HAVE 
THE FORM m ~ x = MOCOSWT. THEN m ^ y = RE[—IRAO EXP(IW<)] = MOSINWI. 
THESE EXPRESSIONS FOR X AND m~ y MEAN THAT THE TRANSVERSE VECTOR ROTATES 
IN THE xy PLANE, TAKING THE SHORTEST WAY FROM THE POSITIVE SEMIAXIS x TO THE POSITIVE 
SEMIAXIS y. THIS IS JUST THE DEFINITION OF THE VECTOR CIRCULAR POLARIZATION WITH 
THE RIGHT-HAND DIRECTION OF ROTATION RELATIVE TO THE Z-AXIS. (THIS DEFINITION IS 
EQUIVALENT TO THE FOLLOWING: THE TIP OF THE VECTOR IS MOVING AS THE HEAD OF A RIGHT-
HAND SCREW THAT SHIFTS IN A GIVEN DIRECTION.) IT CAN BE SHOWN IN THE SAME MANNER 
THAT, IF THERE IS ONLY THE COMPONENT ra_, I.E., M„ = i m x , THEN THE VECTOR m ~ IS 
CIRCULARLY POLARIZED WITH THE LEFT-HAND ROTATION. 

THUS, THE RELATIONS BETWEEN THE COMPLEX AMPLITUDES 

m y — TRRRIX (1-47) 

CORRESPOND TO CIRCULAR POLARIZATION OF THE REAL VECTOR WITH THE RIGHT-HAND (UPPER 
SIGN) OR LEFT-HAND (LOWER SIGN) ROTATION. 

FROM (1.46), (1.38), AND (1.39) IT FOLLOWS THAT 

m± = X±/I± (1.48) 

WHERE 

X±=X±Xa = —~. (1-49) 

SO, THE COMPONENT h+ PRODUCES ONLY M + , AND / I _ PRODUCES ONLY M_. IN OTHER 
WORDS, IN THE VARIABLES h + , h z AND M + , R?/,_, m z THE SUSCEPTIBILITY TENSOR 
BECOMES diagonal, WITH COMPONENTS \+< X->

 an(^ Xz — 0. IT IS SEEN FROM (1.48) 
AND (1.49) THAT ONLY THE MAGNETIZATION COMPONENT M+, WHICH IS EXCITED BY THE 
FIELD COMPONENT h + , DEPENDS IN A RESONANT MANNER ON W OR HQ. 

1.3.3 High-frequency permeability 

THE COMPLEX AMPLITUDE OF AC MAGNETIC INDUCTION IS 

b = h + 4irm. (1.50) 

SUBSTITUTING (1.41) INTO (1.50), WE GET 

6 = / I / I (1.51) 
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FIGURE 1.5 
Permeability-tensor components versus magnetic field. 

WHERE THE HIGH-FREQUENCY PERMEABILITY TENSOR 

M = I + 4 7 T X - (1.52) 

HERE I IS A UNIT TENSOR, I.E., A DIAGONAL TENSOR WITH ALL NONZERO COMPONENTS EQUAL 
TO UNITY.2 

TAKING INTO ACCOUNT (1.42) AND (1.39), WE FIND 

FJ, = 

0 
I1 0 

0 0 1 
WHERE 

H = 1 + 4NX 
UH{UH +QJM) ~ W 2 

u>2

H — U)1 MA = 47TXA = 
OJUJM 

HERE WE HAVE USED THE NOTATION 
= 747RMO-

(1.53) 

(1.54) 

(1.55) 
THE DEPENDENCE OF /T AND FIA ON HO IS SHOWN IN FIGURE 1.5. ONE CAN SEE THAT THE 
DIAGONAL COMPONENT /Z IS NEGATIVE IN THE MAGNETIC-FIELD INTERVAL FROM H% TO THE 
RESONANCE FIELD W/7. THE ANTIRESONANCE FIELD, AT WHICH n = 0, IS 

H2 + (2TTMO)2 - 2TTM0. (1.56) 

IN WHAT FOLLOWS WE SHALL WRITE 1 INSTEAD OF /. 



16 I Isotropic ferromagnet magnetized to saturation 

1 / U 

'I'l i 1 '/1 
i i V-a 

U + 

N ± 

'I'l i 1 '/1 

/ 

/>'< 

la 
%?P\-' " 

/ 
/ 
/ 

FIGURE 1.6 
PERMEABILITY-TENSOR COMPONENTS AND EFFECTIVE PERMEABILITIES VERSUS FREQUENCY. 

THE CONDITION OF ANTIRESONANCE (Ho = H2) CAN BE WRITTEN ALSO AS UJ = UJJ_ WHERE 

Ux = y/ujH(uH +U>M). (1-57) 

THE CIRCULAR COMPONENTS OF THE TENSOR fi, RELATI NG THE CIRCULAR COMPONENTS OF m 
TO SUCH COMPONENTS OF h, AS IT IS EASY TO MAKE SURE, ARE 

fi± = 1 + 4TTX± = M + Ha = • (1-58) 

ONLY /Z+ HAS A POLE AT u> = U>H • THIS COMPONENT BECOMES EQUAL TO ZERO AT Ho = H\ 
WHERE 

H\ = - -47RM(). (1.59) 
7 

THE FREQUENCY DEPENDENCE OF DIFFERENT TENSOR fi COMPONENTS IS SHOWN IN FIG
URE 1.6. THE FREQUENCY DEPENDENCE OF 

H2

a _ (L>H +VM)2-U>2 

H± = M 5 ~ (1.60) /X u]_ - wL 

IS ALSO PLOTTED. THIS QUANTITY IS AN EFFECTIVE PERMEABILITY FOR ONE OF THE ELECTROMAG
NETIC WAVES PROPAGATING IN A FERROMAGNETIC MEDIUM IN THE DIRECTION PERPENDICULAR 
TO M 0 (SECTION 4.2). IT SHOULD BE NOTED THAT THE CIRCULAR COMPONENTS fj,+ AND 
ARE THE EFFECTIVE PERMEABILITIES FOR TWO WAVES PROPAGATING IN THE DIRECTION OF MQ. 
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1.4 Allowance for magnetic losses 

THE OSCILLATIONS OF MAGNETIZATION ARE INEVITABLY ACCOMPANIED BY dissipation OF 

THEIR ENERGY, WHICH IS TRANSFORMED INTO OTHER KINDS OF ENERGY, MAINLY, INTO THE 

THERMAL ENERGY. VARIOUS PHYSICAL PROCESSES THAT LEAD TO THE DISSIPATION WILL BE 

TREATED IN CHAPTER 1 1 AND SUBSEQUENT CHAPTERS. THE PURPOSE OF THIS SECTION IS TO 

DISCUSS THE WAYS OF FORMAL, PHENOMENOLOGICAL ALLOWANCE FOR THE DISSIPATION OF 

ENERGY OF MAGNETIZATION OSCILLATIONS. 

1.4.1 Dissipative terms and dissipation parameters 

THE SIMPLEST WAY TO TAKE DISSIPATION INTO ACCOUNT IS TO CORRECT THE FINAL EXPRESSIONS 

OF THE TENSOR \ COMPONENTS. IT IS SUFFICIENT, E.G., TO REPLACE THE REAL FREQUENCY u> 
IN ( 1 . 3 9 ) BY THE COMPLEX QUANTITY OJ' + ito". THIS WILL RESULT IN THE APPEARANCE 

OF THE IMAGINARY PARTS OF \ AND \A LEADING TO THE ABSORPTION OF ELECTROMAGNETIC 

ENERGY (SECTION 4 . 4 ) . 

HOWEVER, IT IS BETTER TO CHANGE IN A PROPER WAY THE equation of motion OF 

THE MAGNETIZATION ( 1 . 2 9 ) . A COMPARATIVELY SMALL TERM, LEADING TO DISSIPATION, 

SHOULD BE ADDED INTO THE RIGHT-HAND SIDE OF THIS EQUATION. THIS IS THE METHOD USED 

BY Landau and Lifshitz [ 2 4 1 ] ; THE PROPOSED EQUATION CAN BE WRITTEN AS 

dM 7A 

— = - 7 M X H - j^M X ( M X H) ( 1 . 6 1 ) 

WHERE A IS A DISSIPATION PARAMETER WITH THE DIMENSIONALITY OF MAGNETIC FIELD.3 

IF WE REPLACE M X H IN THE DISSIPATIVE TERM OF ( 1 . 6 1 ) BY ( ~ 7 _ 1 9 M / d t ) 
(USING THE EQUATION OF MOTION WITHOUT DISSIPATION) AND INTRODUCE A DIMENSIONLESS 

PARAMETER A = A / M , WE OBTAIN THE EQUATION OF MOTION PROPOSED BY Gilbert: 
dM „ a dM 
— = - 1 M x H + - M * — . (1 .62) 

THE DISSIPATIVE TERM IN THIS EQUATION CAN BE WRITTEN SUPPOSING, SIMPLY, THAT AN 

EFFECTIVE FIELD OF 'FRICTION', PROPORTIONAL TO THE RATE OF THE CHANGE OF M, IS ACTING 

ON M. IT IS EASY TO SHOW THAT THE SUBSTITUTION 

1 + az 1 + CR 
TRANSFORMS ( 1 . 6 1 ) INTO ( 1 . 6 2 ) exactly. 

BOTH EQUATIONS ( 1 . 6 1 ) AND ( 1 . 6 2 ) ENSURE THE CONDITION ( 1 . 3 0 ) FOR THE CONSERVA

TION OF THE VECTOR M LENGTH. WE SHALL SEE IN CHAPTER 1 1 THAT THE LENGTH OF M 
IS CONSERVED IN SOME DISSIPATION PROCESSES AND IS NOT CONSERVED IN OTHERS. EQUA-

3 In some later papers the quantity Ai = 7A (with the dimensionality of frequency) was named 
'the Landau-Lifshitz dissipation parameter'. 



18 1 Isotropic ferromagnet magnetized to saturation 

tions (1.61) and (1.62) do not hold, strictly speaking (but, nevertheless, are often 
used), in the presence of the processes of the second type. 

An example of equations of motion that allow the change of the vector M length 
is the modified Block equation, or Bloch-Bloembergen equation (e.g., [366]): 

D M = - I M X H - I + ( M - ! £ H ) (1 .64) 

dt ' ' \ HQ 

where wr is the relaxation frequency. The dissipative term in (1.64) is proportional 
to the difference between the instantaneous magnetization M and the magnetiza
tion that would be if the instantaneous field H were 'frozen'. 

Equations (1.61), (1.62), and (1.64) differ, first, in the form of the dissipative 
term and, second, in the dimensionality of the dissipation parameter. The latter 
difference is due to tradition only; in each of these equations it is possible to use 
a dissipation parameter with any dimensionality. 

Equations of motion with more than one dissipation parameter have also been 
proposed. In particular, the Bloch equation [53] with two relaxation times, which 
is commonly used for paramagnetic resonance (e.g., [15]), has been applied to 
ferromagnetic resonance, too. However, the processes of energy dissipation in 
ferromagnets, being numerous and complicated, cannot be described strictly by 
an equation of motion either with one or with two dissipation parameters. For 
an approximate treatment, especially in the case of small losses, each of the 
above-discussed equations can be used. 

Consider now the linearization of equation of motion in the presence of losses. 
Using, as in Section 1.3, the method of successive approximations, we make 
sure, first of all, that the condition for equilibrium (1.33) has not changed. Then 
we obtain from (1.61) the linearized equation for the complex amplitudes of the 
ac quantities 

\com + 7 m x HQ + 7 A — - m = - 7 M 0 x h + fXh. (1 .65) 
Mo 

Linearization of (1.62) yields 

iacj _ , », , , 
lwm + 7 m x HQ + —— m x M Q = — 7M0 x h. (1 .66) 

Mo 

The linearized equation, obtained from (1.64), coincides with (1.65) when wT = 
7AF0/M0. 

If the losses are small, the second term in the right-hand side of (1.65) can be 
neglected, and the second expression in (1.63) transforms into A —> aM. Thus, 
in the case of small amplitudes (linear approximation) and, simultaneously, small 
losses, all three considered equations of motion are equivalent, and the following 
relations hold for the dissipation parameters in these equations: 
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1.4.2 Susceptibility tensor components 

TO FIND THE TENSOR X COMPONENTS IN THE PRESENCE OF LOSSES, WE HAVE TO PROJECT THE 
LINEARIZED EQUATION ( 1 . 6 5 ) OR ( 1 . 6 6 ) ONTO COORDINATE AXES AND SOLVE THE OBTAINED SET 
OF LINEAR EQUATIONS. BUT THIS IS NOT NECESSARY FOR EQUATION ( 1 . 6 6 ) BECAUSE ( 1 . 3 6 ) , 
WITH ALLOWANCE FOR ( 1 . 3 3 ) , TRANSFORMS INTO ( 1 . 6 6 ) AFTER THE REPLACEMENT 

u>H —• UJH + ictu). (1 .68) 

THUS, WE CAN MAKE THIS REPLACEMENT IN THE FINAL EXPRESSIONS ( 1 . 3 9 ) . THEN, TAK

ING X = X' ~ IX" AND \a = x'a ~ >XA. W E G E T 

X1 = ~lM0ioH [u2

H - ( 1 - a2)u2] 

X" = ^ayM0u> [u2

H + (l+ OL2)LO2} 

X'a = ^ M O W ^ - O + A V ] 

XA = 2a-yM0u)2ioH 

D = [u2

H - ( 1 +a2)u>2]2+ 4aWuj2

H. (1 .69) 

THE DEPENDENCE OF REAL AND IMAGINARY PARTS OF THE TENSOR x COMPONENTS ON HQ IS 
SHOWN IN FIGURE 1.7. THE REAL PARTS, AS SHOULD BE EXPECTED, CHANGE THEIR SIGN, AND 
THE IMAGINARY PARTS PASS THROUGH MAXIMA AT RESONANCE. THE RESONANCE CONDITION 
IS GIVEN NOW BY 

l+a2' 
(1 .70) 

AT RESONANCE 

*rcs 2UJ„ X r c s laco 

x' = 0 x" = l M ° « X" • (1 7 1 ) 

Aares Aares 2,(XL0f{ *-Tts \*-,L/ 

IT FOLLOWS FROM ( 1 . 7 1 ) THAT THE smaller THE DISSIPATION PARAMETER, THE GREATER THE 

ABSORPTION OF ELECTROMAGNETIC ENERGY BY A FERROMAGNET (SECTION 4 . 4 ) at resonance. 

ON THE CONTRARY, THE ABSORPTION OF ENERGY farfrom resonance IS GREATER THE greater 
THE DISSIPATION PARAMETER, AS CAN EASILY BE SHOWN USING ( 1 . 6 9 ) . 

SOLUTION OF EQUATION ( 1 . 6 5 ) GIVES THE TENSOR 

X IXA 0 

- I X « X 0 (1 .72) 

0 0 X|| 
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0 2 4 6 0 2 4 6 H0 (kOe) H0 (kOe) 

FIGURE 1.7 
Real and imaginary parts of tensor x components VS Ho calculated using (1.69) with 
M 0 = 160 G, / = 9.4 GHz, and a = 0.025. 

with a nonzero, but small (in the case of small losses) longitudinal component 

I7A 
*" = U - I W A / B - ( L 7 3 ) 

The transverse components of the tensor (1.72) coincide approximately in this 
case with (1.69) after the substitution of aMo for A. 

At frequencies or fields near resonance, expressions (1.69) can be approximated 
by 

XRES XRES ^ P XRES XRES 1 ~F" /? 
(1 .74) 

where 3 = (u - o>//)/(au;//) if HQ = const, or 3 = (Ho - u>/f)/(au>) if LJ = 

const. Expressions (1.74) represent the Lorentz resonance curves (Figure 1.8). 
The widths of them, defined as the intervals between u or Ho values at points 
where X" = Xres/2- 3 1 6 

2ctoj 
Aw = 2aw A H = . (1.75) 

7 
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FIGURE 1.8 
Lorentz resonance curves. 

IN EXPERIMENTS, THE DERIVATIVE D\"/d0 IS OFTEN MEASURED (USUALLY, VARYING HO 
AT TO = CONST), AND THE LINEWIDTH AH&r IS DEFINED AS THE INTERVAL BETWEEN THE 
EXTREMA OF THIS DERIVATIVE (FIGURE 1.8). IT IS EASY TO MAKE SURE THAT 

AHDEL = -^AH. (1.76) 
V3 

IT FOLLOWS FROM (1.71) AND (1.75) THAT FOR A LORENTZ RESONANCE CURVE 

AHX'L = MO. (1.77) 

IT CAN BE SHOWN THAT THIS IMPORTANT RELATION IS VALID APPROXIMATELY FOR THE ACTUAL 
RESONANCE CURVES DETERMINED BY THE EXPRESSIONS (1.69). 

ASSUMING A TO BE CONSTANT, AND INTEGRATING \ " AND X " GIVEN BY (1.69), WE GET 
p OO pOO i poo I poo / x"DH0* x'LDHO*- X " D W « - / X'A'DW = CM0 (1.78) 

JO JO 1 JO 7 JO 

WHERE C IS A DIMENSIONLESS CONSTANT FACTOR OF THE ORDER OF 1. FOR THE LORENTZ 
CURVE C = TT/2. NOTE THAT (1.78) REMAINS VALID IN THE LIMIT OF A —* 0. HENCE, IT 
FOLLOWS THAT 

LIMY'L = HMI X"™ = CM0<5 ( # „ - - ) (179) 
A—>0 A^O Y 7 / 

WHERE <5(X) IS THE DIRAC DELTA FUNCTION (APPENDIX C). 
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The circular components of the susceptibility tensor in the presence of losses 

are 
7A/0 

X ± = X ± X a = — — . • (1 .80) 

The quantities \'+ a n d X+ behave near resonance (Figure 1.7) similar to the real 
and imaginary parts of \ and Xa, but the values of x'+ and x'+ are twice as large. 
The values of X'_ and x'~ remain small at any u and HQ. 

The tensor p components in the presence of losses are easily obtained us
ing (1.69) or applying (1.68) directly to (1.54), and we shall not cite them. We note 
only that the antiresonance point can be denned now as a point at which p! = 0, the 
value of p," being small. In the case of small losses the condition for antiresonance 
differs only slightly from (1.56), and 

law (. U;M \ ^~^V +
 2-H) ( L 8 1 ) 

where uM is determined by (1.55). 
In ferromagnetic and ferrimagnetic (Section 3 . 3 ) substances the p components 

reach very high values at resonance. For example, in YIG perfect single crystals 
at frequency of 9 GHz, the dissipation parameter o ~ 5 x 1 0 - 5 and p!^ ~ 6000. 

It is worth noting that different dissipation parameters depend differently 
on UJ, HQ, and Mo, as well as on temperature. In choosing a parameter to 
use, preference should be given to one the variation of which, in certain ranges 
of u), HQ, etc., is the least. 

1.5 Uniform oscillations in a small ellipsoid 

In the preceding sections the ac magnetization at a certain point of a ferromagnet 
was calculated, regarding the magnetic field at the same point as given. However, 
this field cannot be, usually, regarded as given but depends on magnetization distri
bution in the entire system. Only such quantities as the power flux of the incident 
electromagnetic wave at the input of the system can be regarded as given. The 
field and magnetization distribution over the system can be found by solving the 
boundary problem, with the use of Maxwell's equations and appropriate boundary 
conditions. The expressions for magnetic susceptibility x. obtained in the preced
ing section, are to be used as material relations (Section 4.1) in such computations. 
Some of these boundary problems will be considered in Chapters 5 and 6. But the 
simplest of them, the problem of uniform oscillations of magnetization in a small 
ferromagnetic ellipsoid, is to be considered now. Having solved it, we shall be 
able to interpret the results of numerous experiments on ferromagnetic resonance 
in ferrites, which are usually carried out on small samples, mostly, on spheres. 
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1.5.1 Internal and external magnetic fields 

Small dimensions of an ellipsoid, in comparison with other dimensions of the 
system, permit us to regard the external magnetic fields, both dc and ac, as given. 
(External field can be defined as a field at the place of the sample, in the absence of 
it.) Then, without solving the boundary problem, we may use the relation known 
from magnetostatics (e.g., [131,44]): 

H = HE- NM = HE + tfdem (1.82) 

where HE is the external magnetic field, H is the internal field, and M is the 
magnetization; both H and M are uniform if HE is uniform in and near the 
ellipsoid. The tensor N in (1.82) is the DEMAGNETIZATION TENSOR. It is symmetric 
and becomes diagonal in the axes coinciding with the axes of the ellipsoid. The 
components of N in these axes, NX, NY, and NZ, are called DEMAGNETIZATION 
FACTORS. They depend only on the shape of the ellipsoid (Appendix B), and their 
sum is 

NX + NY + NZ = 4TT. (1.83) 

[Sometimes this sum is normalized to 1, then the factor 47r appears in (1.82).] The 
quantity H d e m = —NM in (1.82) is the demagnetizing field. 

Substituting the sums of dc and ac components of HE, H, and M into (1.82), 
we get 

ffo = H e o - i V M o (1.84) 

h = h e - Nm (1.85) 

Let us discuss now the conditions of applicability of (1.85). 

1. The sample must be an ELLIPSOID [this is the condition of applicability of (1.84), 
too]. 
2. The sample dimensions must be SMALL in comparison with the length of elec
tromagnetic wave in the substance of the sample. This condition is satisfied, 
usually, for materials with small conductivity, e.g., for ferrites, small samples are 
used in experiments on ferromagnetic resonance in such materials. But in metals 
(Section 14.2) the depth of penetration of electromagnetic field into the substance 
(the skin depth) is very small (~ 1 0 - 4 cm at microwaves), and (1.85) becomes 
meaningless for samples with all dimensions larger than the skin depth. 
3. The alternating magnetization must be UNIFORM. For nonuniform oscillations of 
magnetization (Section 6.3) expression (1.85) does not hold. 

Taking (1.84) into account, we get the equilibrium condition 

M 0 x ( HE0 - i V M 0 ) = 0. (1.86) 
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THE LINEARIZED EQUATION OF MOTION ( 1 . 6 6 ) , WITH ALLOWANCE FOR ( 1 . 8 4 ) AND ( 1 . 8 5 ) , 
CAN BE WRITTEN AS 

I W M + ~/m (H£0 - NMQ^ + 7 (^Vm j X M 0 - ~ m x M0 = - 7 M 0 X he. 
(1 .87) 

EQUATIONS ( 1 . 8 6 ) AND ( 1 . 8 7 ) CONTAIN THE external LIELDS HE0 AND h e , WHICH CAN BE 
REGARDED AS GIVEN QUANTITIES, AS DISTINCT FROM THE INTERNAL FIELDS H0 AND h. 

1.5.2 Eigenoscillations 

IN THE STUDY OF ANY OSCILLATIONS WE HAVE TO BEGIN WITH THE EIGENOSCILLATIONS, I.E., 
free (IN THE ABSENCE OF EXTERNAL FIELDS) AND nondamped. SO, ASSUME IN ( 1 . 8 7 ) 
he = 0 AND a = 0 AND PROJECT IT ONTO THE AXES OF A CARTESIAN COORDINATE SYSTEM 
IN WHICH THE Z-AXIS COINCIDES WITH THE DIRECTION OF M O . LET THE DEMAGNETIZATION 
TENSOR HAVE, IN THESE AXES, THE FORM 

N = 
Nu N12 A 1 3 
N\ 2 N2 2 ^ 2 3 
N\ 3 7V 23 A"3 3 

(1 .88) 

THEN WE GET TWO LINEAR EQUATIONS 

(ito + 7./V, 2Mo)mx + 7 ( I / E 0 Z - N33M0 + N22Mo)my = 0 

- l ( H E 0 Z - N33M0 + Nx I M O ) M X + (IU; + 7 / Y 1 2 M o ) m y = 0 . (1 .89) 

THE CONDITION OF COMPATIBILITY OF THESE EQUATIONS GIVES THE EXPRESSION FOR THE 
eigenfrequency (I.E., THE FREQUENCY OF EIGENOSCILLATIONS): 

WO = [(W/F + fNi I M 0 ) K + 7 W 2 2 M 0 ) - 7 2 W ? 2 A * O ] 1 / 2 (1 .90) 

WHERE 

OJH = 7 ( ^ E 0 Z -N33M0). ( 1 . 9 1 ) 

THE MAXIMAL ABSORPTION OF ELECTROMAGNETIC ENERGY BY A SMALL FERROMAGNETIC 
ELLIPSOID TAKES PLACE, AS IT WILL BE SHOWN BELOW, AT A FREQUENCY VERY NEAR TO THE 
EIGENFREQUENCY ( 1 . 9 0 ) . SO, THIS FREQUENCY, WHICH DEPENDS ON THE SHAPE OF THE 
SAMPLE, IS THE frequency of ferromagnetic resonance. IT SHOULD BE EMPHASIZED 
THAT, BEFORE USING ( 1 . 9 0 ) TO CALCULATE THE FERROMAGNETIC-RESONANCE FREQUENCY, THE 
DIRECTION OF Mo (AND, SO, OF THE z AXIS) MUST BE FOUND. 

IF THE EXTERNAL FIELD Hto IS DIRECTED ALONG ONE OF THE AXES OF AN ELLIPSOID, THEN 
M O AND, CONSEQUENTLY, THE Z-AXIS ARE ALSO ORIENTED ALONG THIS ELLIPSOID AXIS. THE 

TENSOR N BECOMES DIAGONAL, AND ( 1 . 9 0 ) ACQUIRES THE FORM 

W 0 = 7 { [ # E 0 + (Nx - NZ)M0] [Hto + (Ny - NZ)M0] } ' / 2 . (1 .92) 

IT IS THE FAMOUS FORMULA OBTAINED BY KITTEL [ 2 2 0 ] . 
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(a) (b) (c) (d) (e) 

FIGURE 1.9 
LIMITING CASES OF AN ELLIPSOID. 

THE FERROMAGNETIC-RESONANCE FREQUENCIES FOR LIMITING CASES OF AN ELLIPSOID (FIG
URE 1.9) ARE LISTED IN TABLE 1.1. 

TABLE 1.1 
FREQUENCIES OF FERROMAGNETIC RESONANCE IN SMALL SAMPLES 

SAMPLE 

MAGNETI
ZATION 
DIRECTION 

SEE 
FIG. 
1.9 

DEMAGNETI
ZATION FACTORS 
N x Ny N z EIGENFREQUENCY 

INFINITELY 
THIN 
PLATE 

TANGENTIAL 

NORMAL 

(A) 

(B) 

0 

0 0 

0 

47T 

( ^ ) 2 = //E„(I/eo+47rM 0) 

INFINITELY 
THIN 
CYLINDER 

LONGITUDINAL 

TRANSVERSE 

(C) 

(D) 

2TT 

2TT 

2TT 

0 

0 

2TT 

f = H c n + 2 n M ( ) 

SPHERE (E) 47T 

~T 
4-7T 
T 

47T 

T f=Hco 

(1.94) 

(1.95) 

(1.97) 

FOR A SPHERE, EXPRESSION (1.97) IS EXTREMELY SIMPLE AND DOES NOT INCLUDE MO. 
THIS IS THE MAIN REASON WHY SPHERICAL SAMPLES ARE WIDELY USED IN FERROMAGNETIC-
RESONANCE EXPERIMENTS. ANOTHER REASON IS THAT SMALL SPHERES (WITH DIAMETERS FROM 
SEVERAL MILLIMETERS DOWN TO ~ 0.2 MM) WITH VERY SMOOTH SURFACES, NECESSARY FOR 
SUCH EXPERIMENTS, ARE MADE BY VERY SIMPLE TECHNIQUES (E.G., [146]). 

IT FOLLOWS FROM (1.87) THAT FOR A SPHERE 

LAW 
ITOM + 7 M X HEO + -RR171 X -MO MO -7M0 X he 

(1.98) 

COMPARING THIS EQUATION WITH (1.66), WE SEE THAT THE MOTION OF THE AC MAGNE
TIZATION IN A SPHERE OCCURS AS IF IN THE EXTERNAL FIELDS. FORMULA (1.97) FOLLOWS 
FROM (1.98). 
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IT SHOULD BE NOTED THAT NI I, N22, AND N\ 2 IN (1.90) OR NX AND NY IN (1.92) 
ARE THE DEMAGNETIZATION FACTORS FOR AC FIELDS, WHILE N-$ 3 OR NZ ARE THE DEMAGNE
TIZATION FACTORS FOR DC FIELDS. THEY DIFFER FROM EACH OTHER IN TWO CASES: (I) WHEN 
(1.90) OR (1.92) IS USED TO FIND THE FERROMAGNETIC-RESONANCE CONDITION IN METALS 
(SECTION 14.2), AND (II) WHEN AN AC MAGNETIC FIELD EXISTS ONLY IN A FRACTION OF A 
NONMETALLIC SAMPLE, WHICH IS EXCITED, E.G., THROUGH A HOLE IN A RESONATOR WALL. IN 
BOTH CASES FORMULAE (1.90) OR (1.92) CAN BE USED ONLY APPROXIMATELY, BECAUSE THE 
AC FIELD IS NONUNIFORM. 

CONSIDER NOW THE polarization OF EIGENOSCILLATIONS IN A SMALL FERROMAGNETIC 
ELLIPSOID. FROM (1.89), TAKING (1.90) INTO ACCOUNT, WE GET 

my _ : jHo + N\\MO 
= - I , / " " " - P - - F (1.99) 

mx \/Ho + N22M0

 ? ? ( ' 

WHERE £ = N\ 2(^22 + HQ/MO) AND HQ IS THE INTERNAL DC FIELD (1.84). ONE CAN 
SEE FROM (1.99) THAT THE AC MAGNETIZATION IS ELLIPTICALLY POLARIZED. THE AXES OF THE 
POLARIZATION ELLIPSE DO NOT COINCIDE WITH x- AND //-AXES, AS THE PHASE DIFFERENCE 
BETWEEN my AND mx IS NOT EQUAL TO 7R/2. 

IF HE 0 IS DIRECTED ALONG ONE OF THE ELLIPSOID AXES (THE 'KITTEL CASE'), SO THAT NI 2 = 
0, THEN 

^-x--lyHe0 + (NY-NZY ( 1 1 0 0 ) 

NOW THE AXES OF THE POLARIZATION ELLIPSE DO COINCIDE WITH x- AND Y-AXES, THE 
TRANSVERSE AXES OF THE SAMPLE. THE LARGE AXIS OF THE POLARIZATION ELLIPSE COINCIDES 
WITH THE LARGER OF THESE TRANSVERSE AXES. IF THE SAMPLE IS A SPHEROID, THE POLARIZATION 
IS CIRCULAR. IT APPROACHES CIRCULAR IN A GENERAL ELLIPSOID WITH INCREASING Heo-

POLARIZATION CAN BE CHARACTERIZED BY A PARAMETER NAMED ellipticity AND DEFINED 
AS 

e = x_\^t (UOI) 

WHERE |MM A X | AND IR/IMINL ARE, RESPECTIVELY, THE LARGE AND THE SMALL AXES OF THE 
POLARIZATION ELLIPSE. IN THE KITTEL CASE THEY COINCIDE WITH \mx \ AND \my\, AND, IF, 
E.G., NY > N X , THEN 

N - N 

£ = ill LL£ N 102) 

N Y - N Z + HE0/M0' K ' ; 

ASSUME NOW IN (1.87) he = 0, AS BEFORE, BUT a ^ 0. IT IS EASY TO SEE 
THAT THE OBTAINED EQUATION DIFFERS FROM THE EQUATION WITH a = 0 ONLY BY THE 
SUBSTITUTION (1.68) WHERE W// IS DETERMINED NOW BY (1.91). AFTER THIS SUBSTITUTION 
WE GET THE COMPLEX EQUATION UJI - w2{l + a2) + 2iau)uJi = 0 (1.103) 
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WHERE WQ IS THE EIGENFREQUENCY (1.90) AND 

0J\ = LOH + I(7VI I + N22hM0. (1.104) 

SUBSTITUTING W = W' + IW" INTO (1.103), WE OBTAIN 

{ 0 J ' ) 2 = (L +a2)2 {WO - ^ J(7V,, + 7V 2 2) 2 + N2

2 7

2 M 0

2 | (1.105) 

W" = (1 .106) 1 +a2 

HERE, U/ IS THE FREQUENCY AND LJ" IS THE DAMPING COEFFICIENT OF FREE OSCILLATIONS. 
ONE CAN SEE FROM (1.105) THAT LOSSES LEAD TO THE SHIFT OF THE OSCILLATION FREQUENCY 
WHICH IS OF THE SECOND ORDER IN a. 

THE DAMPING OF OSCILLATIONS IS USUALLY CHARACTERIZED BY THE quality factor Q 
DEFINED AS 

to' w'W 
Q = ^ = -p~ ( 1 1 0 7 ) 

WHERE W IS THE ENERGY STORED IN THE SYSTEM AND P IS THE LOSSES OF ENERGY PER UNIT 
TIME. IN OUR CASE, TO A FIRST APPROXIMATION (a <C 1), 

Wn 
Q o * ^ ~ - (1-108) 

THIS QUANTITY CAN BE CALLED INTERNAL QUALITY FACTOR, AS THE LOSSES ONLY INSIDE THE 
SAMPLE ARE TAKEN INTO ACCOUNT. 

EXPRESSIONS (1.105), (1.106), AND (1.108) BECOME ESPECIALLY SIMPLE FOR A 
SPHEROID MAGNETIZED IN THE DIRECTION OF THE AXIS OF REVOLUTION. THEN N\2 = 0, 
N\ I = N22,uj\ = WO, AND 

THIS FORMULA, AS DISTINCT FROM (1.108), HOLDS FOR any value OF a. 

1.5.3 Forced oscillations 

ASSUME NOW THAT h e / 0 AND a ^ 0 IN (1.87). THE SOLUTION OF THIS LINEAR EQUATION 
CAN BE WRITTEN IN THE FORM 

m = X e h e (1 .110) 

WHERE xc ' S T R I E external susceptibility TENSOR. IT DIFFERS ESSENTIALLY FROM THE 
TENSOR X DEFINED BY (1.41). THE TENSOR XE IS INTRODUCED IN THE FRAMEWORK OF 
MAGNETOSTATIC APPROXIMATION AND ONLY FOR A CERTAIN, UNIFORM MODE OF OSCILLATION 
IN A SAMPLE OF A CERTAIN, ELLIPSOIDAL SHAPE. IT CHARACTERIZES THE RESPONSE OF SUCH 
A SAMPLE TO AN EXTERNAL AC MAGNETIC FIELD. THE TENSOR X, ON THE CONTRARY, IS 
THE SUSCEPTIBILITY OF A SUBSTANCE, IT 'DOES NOT KNOW' WHETHER THE MAGNETOSTATIC 
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APPROXIMATION CAN BE USED OR NOT AND WHAT THE OSCILLATION MODE AND THE SAMPLE 
SHAPE ARE. HOWEVER, THE LATTER IS TRUE ONLY TO THE FIRST APPROXIMATION; SOME 
DEPENDENCE OF THE TENSOR \ COMPONENTS ON THE OSCILLATION MODE AND SAMPLE 
SHAPE DOES EXIST BECAUSE THE VALUES OF THE DISSIPATION PARAMETERS DEPEND ON THESE 
FACTORS (SECTIONS 11.2 AND 11.3). 

IF THE TENSOR \ AND THE SHAPE OF THE SAMPLE (AN ELLIPSOID) ARE KNOWN, THE 
EXTERNAL TENSOR XE CAN BE FOUND BY ELIMINATING h FROM TWO TENSOR EQUATIONS (1.41) 
AND (1.85). IT LEADS TO 

(X*E)~' = + N ( 1 . 1 1 1 ) 

WHERE (X E ) _ L AR|D ( X ) _ 1 A R E T N E RECIPROCAL TENSORS (THE COMPONENTS OF WHICH 
FORM AN INVERSE MATRIX [273], RELATIVE TO THE MATRIX FORMED BY THE COMPONENTS 
OF TENSOR X OR XE)- THE QUANTITY {N)~\ THE RECIPROCAL VALUE OF WHICH APPEARS 
IN (1.111), CAN BE CALLED 'SUSCEPTIBILITY OF THE SHAPE'. 

HOWEVER, THE CALCULATION OF TENSOR XE COMPONENTS BY THE USE OF (1.111) IS 
cumbersome, AND IT IS EASIER TO SOLVE EQUATION (1.87) DIRECTLY. IN THE LOSSLESS CASE 
(Q = 0) IT RESULTS IN 

X = 
Xl Xl+i\a 0 Xl - IXA X% 0 
0 0 0 

L, 

(1 .112) 

Xt,y,s = C - ,

7 M o U l , w xl=D-'1M0u (1.113) 

= w//+7/V22M0 ojy =wH +jNuM() w s = - 7 A r i 2 M 0 (1.114) 

D = u;2, - OJ2 wl = u).,u)y - LJ2 (1.115) 
WHERE a»o IS THE EIGENFREQUENCY (1.90) AND w# IS DENNED BY (1.91). 

TO TAKE losses INTO ACCOUNT THE REPLACEMENT (1 68) SHOULD BE MADE IN (1.114). 
WE CITE HERE ONLY THE FORMULAE FOR XE COMPONENTS AT RESONANCE WHEN LOQ = 
w 2 ( L + a 2 ) : , 7M0 , E yi iMpjuu + AR2 2,L L7M)) 

WX.YJRES - ^ IXX.YJRES 2auiUA 

(X'V =(x

eY = 0 ( X T =

N»T2J[1 tx*)» =lMl nne) 

\AS VRES VAA/RES W VAS/RES 2(XlOin.\ \Aa/RES 2ctUJ\ K11'"/ 

WHERE u\ IS DETERMINED BY (1.104). 
FOR AN ELLIPSOID OF REVOLUTION (AROUND THE Z-AXIS) 

(XS)RES 0 (XX)RES (XY)RES (XA)RES 2(X0JQ ~ ^ RES 

THE linewidth AH IS DENNED (ANALOGOUS TO SECTION 1.4) AS AN INTERVAL BETWEEN 
Heo VALUES AT WHICH (XX)"> (XY)"> O R (XO)" a K EQUAL TO ONE HALF THEIR VALUES AT 
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RESONANCE. IN THE CASE OF SMALL LOSSES, TAKING INTO ACCOUNT ( 1 . 6 8 ) AND ( 1 . 1 0 7 ) , IT 

CAN BE SHOWN THAT 

A F / = 2AUJ0 = 2 W R W 0 = 2AW 0 = WG 

THE LINEWIDTH A W (WHEN W IS VARIED AT CONSTANT HEO) IS 

Wr> 
A W = 2AW, = - F . (1-119) 

FOR AN ELLIPSOID OF REVOLUTION, IN PARTICULAR, FOR A SPHERE, WJ = WOAND A W = JAH. 

IF A CERTAIN DISSIPATION PARAMETER, A, W R , OR A, IS ASSUMED TO BE CONSTANT, THE 

EXPRESSIONS ( 1 . 1 1 8 ) OR ( 1 . 1 1 9 ) GIVE, FORMALLY, THE DEPENDENCE OF AH OR A W 

ON W, HEO, AND MO, AS WELL AS ON THE SHAPE OF THE SAMPLE, BECAUSE THE TENSOR TV 

COMPONENTS ENTER THE EXPRESSIONS FOR W # , U>O, AND WI. HOWEVER, THE DISSIPATION 

PARAMETERS DEPEND ON ALL MENTIONED QUANTITIES (CHAPTER 11) . THIS DEPENDENCE, 

FOUND EXPERIMENTALLY OR THEORETICALLY, MUST BE TAKEN INTO ACCOUNT TO OBTAIN THE 

ACTUAL DEPENDENCE OF AH ON W, HEO> A N D OTHER QUANTITIES. 

FOR HIGH-QUALITY Y I G SINGLE CRYSTALS THE DISSIPATION PARAMETER A DEPENDS WEAKLY 

ON FREQUENCY IN THE MICROWAVE RANGE AND IS OF THE ORDER OF 5 X L 0 ~ 5 . THEN 

THE LINEWIDTH AH, ACCORDING TO ( 1 . 1 1 8 ) , INCREASES WITH GROWING FREQUENCY. AT 

FREQUENCY OF 9 G H Z , AH ~ 0 . 3 OE. 

FROM ( 1 . 1 1 7 ) AND ( 1 . 1 1 8 ) IT FOLLOWS, FOR AN ELLIPSOID OF REVOLUTION, THAT 

AHX

EJ' = M0. (1 .120) 

FOR AN ARBITRARY ELLIPSOID, A FACTOR OF THE ORDER OF UNITY WILL APPEAR IN ( 1 . 1 2 0 ) . 

THE COMPONENTS OF THE AC MAGNETIZATION FOR FORCED OSCILLATIONS CAN BE EASILY 

CALCULATED, USING THE EXPRESSIONS OBTAINED FROM ( 1 . 1 1 3 ) — ( 1 . 1 1 5 ) BY THE SUBSTITU

TION ( 1 . 6 8 ) . THE POLARIZATION OF OSCILLATIONS CAN BE ALSO FOUND. WE MENTION HERE 

ONLY THAT, AS IT IS CLEAR FROM SYMMETRY CONSIDERATIONS, THE POLARIZATION IS CIRCULAR 

WHEN THE EXTERNAL FIELD IS CIRCULARLY POLARIZED AND THE SAMPLE IS AN ELLIPSOID OF 

REVOLUTION AROUND THE DIRECTION OF MO- HOWEVER, IF THE SAMPLE IS AN ELLIPSOID 

OF REVOLUTION AND THE DISSIPATION IS SMALL (A <^ 1), THEN THE POLARIZATION OF THE 

AC MAGNETIZATION AT FERROMAGNETIC RESONANCE IS VERY NEAR TO CIRCULAR (I.E., THE EL-

LIPTICITY IS SMALL) EVEN IN THE CASE OF LINEAR POLARIZATION OF THE EXTERNAL AC MAGNETIC 

FIELD. 

IT WILL BE SHOWN IN SECTIONS 5 .3 AND 5 .4 THAT THE INTERACTION OF A SMALL FERRO

MAGNETIC ELLIPSOID WITH THE ELECTROMAGNETIC FIELD IN A RESONATOR OR A WAVEGUIDE IS 

DETERMINED BY THE EXTERNAL SUSCEPTIBILITY XE- THUS, THE XE COMPONENTS CONSIDERED 

IN THIS SECTION AND, CONSEQUENTLY, THE VALUES OF THE DISSIPATION PARAMETERS CAN BE 

FOUND FROM THE MEASURED CHARACTERISTICS OF RESONATORS OR WAVEGUIDES CONTAINING 

FERROMAGNETIC (OR FERRIMAGNETIC, SEE SECTION 3 . 3 ) ELLIPSOIDS. 





2 
Anisotropic ferromagnet 

2.1 Landau-Lifshitz equation 

In this chapter uniform oscillations of magnetization in an anisotropic ferromagnet 
magnetized to saturation will be studied. 

Anisotropy is a dependence of the properties of a substance or a body on the 
angles between the directions of applied fields and some preferred directions. 
These directions can be determined by the substance structure, by the shape of 
the body, or (if we consider the properties in ac fields) by the directions of some 
external steady fields. Two kinds of anisotropy were already treated in Chapter 1. 
First, the gyrotropy when the direction of the steady magnetization Mo was the 
preferred one, and the high-frequency magnetic susceptibility acquired the tensor 
form (1.42). Second, we have seen in Section 1.5 that the ferromagnetic-resonance 
conditions depend on the orientation of Mo relative to the ellipsoid axes. Such 
anisotropy can be referred to as the shape anisotropy. However, it was assumed 
throughout Chapter 1 that the substance itself (a ferromagnet), in the absence of 
steady magnetization, is isotropic. 

Actually, most of ferromagnets are crystals characterized by the magnetocrys
talline anisotropy. Then the preferred directions are the crystal axes, and all the 
quantities depend on the angles of Mo relative to these axes. The magnetoelastic 
anisotropy is also present in ferromagnets, in this case the preferred directions 
are the directions of the external mechanical stresses. Other kinds of anisotropy, 
e.g., the anisotropy caused by electric fields or temperature gradients, exist, as 
well, but usually play a smaller role. The aim of this chapter is, first, to study 
general methods of allowance for the influence of anisotropy on ferromagnetic 
resonance and, second, to investigate, using these methods, the most important 
case of magnetocrystalline anisotropy. 

In the classical theory of ferromagnetic resonance, different interactions lead
ing to anisotropy are taken into account by corresponding terms of internal (at 
temperature T = 0) or free (at T > 0) energy. We are not concerned about the 
processes at the boundaries between different media, which are important only 

31 
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for very small ferromagnetic bodies. Therefore, we shall deal only with volume 
densities of internal U\ or free Uf energy. It is known from thermodynamics 
(e.g., [244]) that 

Uf = Uj-ST (2.1) 

where 5 is the volume density of entropy.1 The term ST in (2.1) in many cases is 
not written explicitly but 'spread' over the whole expression for Uf. All constants 
in this expression, as well as the magnetization M, become then functions of 
temperature. 

2.1.1 Generalization of equation of motion 

The equation of motion for the magnetization of a ferromagnet was proposed by 
Landau and Lifshitz [241]. It can not be derived strictly in the framework of a 
classical theory. We show this equation to be a reasonable generalization of the 
equation of motion (1.29) for an isotropic ferromagnet (which cannot be derived 
strictly in the framework of classical theory either . 

Consider first the equilibrium state of an anisotropic ferromagnet. The neces
sary condition of it is that the energy should be stationary, i.e., the variation of 
it 

UdV = 0. (2.2) 
v 

The condition of the vector M length conservation is also to be taken into ac
count. As we have seen in Chapter 1, this condition (1.30) holds for an isotropic 
ferromagnet. The conservation of the vector M length is a result of the strong 
exchange interaction; the interactions leading to anisotropy are much weaker. 
Therefore, we may assume (1.30) to be valid for an anisotropic ferromagnet, too. 

The condition of stationarity of energy under the supplementary condition (1.30) 
is (e.g., [273]) 

Ai^u + XM^ = m + 2XM = 0 (23) 

where A is the Lagrange arbitrary factor. It follow s from (2.3) that 

M x ^ = 0 . (2.4) 

The variational derivative 6U/6M has the form [273] 

3 SU _ dU >A d 
6M ~ dM ^ dxp 

P=I F 

dU 
d{0M/dxp)_ 

(2 .5 ) 

'in what follows we shall omit the words 'volume densit)'. The indices 'i' and ' f will be also 
omitted when it does not lead to ambiguity. 
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Comparing (2.4) with (1.33), we see that the magnetic field in the condition of 
EQUILIBRIUM is replaced by the quantity 6U/6M. It is reasonable to suppose that 
an analogous replacement is to be made in the EQUATION OF MOTION (1.29), as well 
as in equations (1.61), (1.62), or (1.64) allowing for dissipation. Only the sign 
must be reversed because in these equations H = —DU/DM. We obtain then the 
LANDAU-LIFSHITZ EQUATION 

DM „ 
- — = -IM XHEF + R 2 .6) 

DT 

where the effective field 
3 

EF ~ ~~6M = ~DM + ^dVv 

DU 
(2 .7) 

D(DM/DXP) 

and R is the dissipative term. The condition of equilibrium can be written now as 

M 0 x HEF0 = 0 . (2 .8 ) 

The dissipative term in (1.62) can be supposed to be unchanged, and the equation 
of motion takes the form 

DM T T A „ , DM , , 
— = - 7 M x H e f + - M x — . (2 .9) 

In the dissipative terms of (1.61) and (1.64) the field H can be replaced by HEF. 
The quantity 7 should be, in general, a TENSOR. In the case of paramagnetic 

resonance (e.g., [1]) the entire anisotropy is taken into account by means of 
a tensor g-factor. There are experimental data [166] showing that, when the 
anisotropy is large, the allowance for the tensor g-factor becomes necessary in the 
case of a ferromagnet, too. However, it is not quite clear what equation of motion 
should be used in this case. The influence of the tensor character of the g-factor 
is usually small for ferromagnets, and so, we shall regard the quantities 7 and G 
as SCALARS. 

For an anisotropic ferromagnet, 

U = UEX + ( 7 m a g + UM (2 .10) 

where UTX is the exchange energy, t7mag is the magnetic energy, and is the 
energy of anisotropy. 

The EXCHANGE energy can be regarded as a sum of two terms: 

UE* = UEX0 + UEK^. ( 2 . 1 1 ) 

Here, t7 e xo is the value of exchange energy when the magnetization is uniform, 
and £7EX ~ corresponds to the increase of this energy due to the nonuniformity of 
magnetization. The term C/exo can be written in the form 

C / e x 0 = ^ M A M ( 2 .12 ) 
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WHERE A IS THE EXCHANGE TENSOR. IN MANY CASES IT CAN BE REGARDED AS A SCALAR. 
THEN, 

£4X0=^ AM 2 . (2.13) 
THE EFFECTIVE FIELD THAT, ACCORDING TO (2.7), CORRESPONDS TO THE ENERGY TERM (2.13) 
IS THE 'MOLECULAR' FIELD (1.22). THIS FIELD DOES NOT ENTER THE EQUATION OF MOTION, IN 
ANY CASE, THE MAIN TERM M X Hef AND THE DISSIPATIVE TERMS IN THE LANDAU-LIFSHITZ 
AND GILBERT FORMS. AS WE NOW DEAL ONLY WITH UNIFORM MAGNETIZATION OSCILLATIONS, 
WE DO NOT TOUCH ON THE TERM UEX „. IT WILL BE CONSIDERED IN SECTION 7.1. 

THE magnetic ENERGY CAN BE WRITTEN AS 

Uaag = Uz + UM (2.14) 
WHERE 

UZ = -MHe (2.15) 
IS THE ZEEMAN ENERGY, I.E., THE ENERGY OF THE MAGNETIZATION IN AN EXTERNAL MAGNETIC 
FIELD He, AND UM IS THE INTERNAL MAGNETIC ENERGY RESULTING FROM THE MAGNETIC 
(DIPOLE-DIPOLE) INTERACTION BETWEEN MAGNETIC MOMENTS OF THE SAMPLE. FOR A 
SMALL FERROMAGNETIC ELLIPSOID (SECTION 1.5) THE EFFECTIVE FIELD OF THIS INTERACTION IS 

-NM, HENCE, 
UM = \ M (NM^J . (2.16) 

THE TERM UW REPRESENTS ALL KINDS OF ANISOTROPY. THE EXPRESSIONS FOR THIS TERM IN 
THE CASE OF MAGNETOCRYSTALLINE ANISOTROPY WILL BE CITED IN SECTION 2.2. 

TO LINEARIZE THE LANDAU-LIFSHITZ EQUATION LET US SUBSTITUTE M = Mo + 
m EXP(IU;T) AND 

Hef = Hefo + hefexp(iut) + HEXP(IATF) (2.17) 
INTO (2.9). IN (2.17) WE HAVE EXCLUDED THE GIVEN AC FIELD h FROM THE EFFECTIVE 
AC FIELD, WHEREAS THE GIVEN steady FIELD HAS BEEN LEFT IN Hef o- THE FIELD h CAN BE 
EITHER AN INTERNAL OR AN EXTERNAL FIELD, ACCORDING TO WHAT QUANTITY WE HAVE TO FIND, 
THE SUSCEPTIBILITY OF THE SUBSTANCE \ OR THE EXTERNAL SUSCEPTIBILITY XE (SECTION 1.5). 
TAKING INTO ACCOUNT THE EQUILIBRIUM CONDITION (2.8) AND ASSUMING ALL ALTERNATING 
QUANTITIES TO BE SMALL, WE OBTAIN A linear EQUATION FOR THE COMPLEX AMPLITUDES: 

ictu) IWM + 7 M X Hefo + 7M0 X HEF + —— M X MO = - 7 M 0 X h. (2.18) MO 
IT IS EASY TO MAKE SURE THAT THE RESULTS OF SECTION 1.5 CAN BE OBTAINED BY THE 

FORMALISM OF THE PRESENT SECTION, AS WELL. ACTUALLY, IF THE EXTERNAL FIELDS Heo 
AND he ARE GIVEN, AND THE FERROMAGNET IS ISOTROPIC, THE ENERGY U WILL BE THE SUM 
OF ZEEMAN ENERGY (2.15) AND THE DEMAGNETIZATION ENERGY (2.16). APPLYING (2.7), 

WE FIND IFEFO = Hto — NMQ AND /IEF = —Nm. SUBSTITUTING THESE QUANTITIES 
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INTO ( 2 . 1 8 ) , WE OBTAIN EQUATION ( 1 . 8 7 ) , FROM WHICH ALL THE RESULTS OF SECTION 1.5 
FOLLOW. 

2.1.2 Methods of analysis of ferromagnetic resonance in 
anisotropic ferromagnet 

ONE OF THESE METHODS, THE METHOD OF EFFECTIVE DEMAGNETIZATION FACTORS, WAS SUG

GESTED BY KITTEL [ 2 2 0 ] AND ELABORATED BY MACDONALD [ 2 6 6 ] . FOLLOWING THIS METHOD, 

WE TRY TO REPRESENT THE EFFECTIVE FIELD IN THE FORM ANALOGOUS TO THE DEMAGNETIZING 

FIELD: 

HE{= -NEIM (2 .19) 

INTRODUCING THE TENSOR OF EFFECTIVE DEMAGNETIZATION FACTORS 7V E F . IT WILL BE DEMON

STRATED IN SECTION 2 . 3 THAT SUCH REPRESENTATION IS POSSIBLE IN THE CASE OF SMALL 

OSCILLATIONS ( M - C MO) IF THE Z-AXIS IS DIRECTED ALONG THE STEADY MAGNETIZA

TION M O . THE EFFECTIVE FIELD HAVING BEEN WRITTEN IN THE FORM ( 2 . 1 9 ) , THE PROBLEM 

OF ALLOWANCE FOR THE ANISOTROPY IS SOLVED, IN PRINCIPLE, BECAUSE ALL THE FORMULAE OF 

SECTION 1.5 CAN BE USED. ONE MUST ONLY REPLACE THE TENSOR N COMPONENTS IN THESE 

FORMULAE BY THE CORRESPONDING COMPONENTS OF TENSOR NE{ OR THE SUM N + NE{, 
ACCORDING TO TABLE 2 . 1 . 

TABLE 2.1 
REPLACEMENT OF THE DEMAGNETIZATION TENSOR COMPONENTS WHEN THE FORMULAE OF SECTION 1.5 
ARE USED TO TAKE THE ANISOTROPY INTO ACCOUNT. 

COMPONENTS OF TENSOR TV HAVE TO BE REPLACED BY 

COMPONENTS 

OF TENSOR NA 

IN CALCULATING 

X COMPONENTS 

IN CALCULATING \ " COMPONENTS AND 

RESONANCE CONDITIONS FOR AN ELLIPSOID 

NIJ (I, J = L, 2) 
JV33 

NFJ 

N33 + N?3 N33 + N?3 

"Axis 3 coincides with the direction of M O . 

ANOTHER METHOD USED TO ANALYZE THE FERROMAGNETIC RESONANCE IN ANISOTROPIC 

MEDIA IS THE METHOD OF SPHERICAL COORDINATES PROPOSED BY SMIT AND BELJERS [ 3 7 1 ] 

AND BY SUHL [ 3 9 0 ] . SKROTSKII AND KURBATOV [ 3 6 6 ] GENERALIZED IT TAKING DISSIPATION 

INTO ACCOUNT. THIS METHOD IS BASED ON THE TRANSITION FROM THE VARIABLES MX, MY, 

AND MZ TO THE VARIABLES 6, <p, AND M WHERE 8 AND p ARE THE ANGLES OF M IN 

A SPHERICAL COORDINATE SYSTEM, AND M IS THE VECTOR M LENGTH. IF THE LATTER IS 

CONSERVED, TWO VARIABLES, 9 AND ip, ARE ENOUGH. 

LET US OBTAIN THE EQUATIONS OF MOTION IN NEW VARIABLES USING EQUATION ( 2 . 9 ) 

(WHICH ASSURES THE CONSERVATION OF M ) AND ASSUMING THE MAGNETIZATION TO BE 
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UNIFORM. THEN, IT IS EASY TO SHOW THAT ALL THREE EQUATIONS, PROJECTIONS OF ( 2 . 9 ) ONTO 
THE AXES x, y, AND z, ARE SATISFIED IF THE FOLLOWING too EQUATIONS ARE VALID (WE WRITE 
THEM IN THE CASE OF SMALL DISSIPATION, I.E., A « 1): 

d9 7 dU a-ydU 
dt MsinO dip M dO 
dp> 7 dU AR. dU 

(2 .20) 
dt M SIN 0 3 0 Msin28dp' 

IF WE USE EQUATION ( 1 . 6 4 ) WITH THE DISSIPATIVE TERM THAT DOES NOT ASSURE THE CON

SERVATION OF M, TWO EQUATIONS WOULD BE IDENTICAL TO ( 2 . 2 0 ) AFTER THE SUBSTITUTION 

Wj —• au>H, AND THE THIRD WOULD BE 

CONSIDER NOW THE CASE OF small DEVIATIONS OF M FROM M O . THE ANGLES 0O AND 

(po OF M O CAN BE FOUND FROM THE EQUILIBRIUM CONDITIONS 

F ) = • (Pi =° <"2» 
°° J 0=0O,¥> = *>O V °V J 0=0 O , = 

WHICH ARE EQUIVALENT TO THE CONDITION ( 2 . 8 ) . (ONE IS TO MAKE CERTAIN, OF COURSE, 
THAT THE OBTAINED 0O AND <po VALUES CORRESPOND TO A minimum OF ENERGY.) 

THE DERIVATIVES dU/d6 AND dU/dp IN ( 2 . 2 0 ) ARE EXPRESSED AS POWER SERIES IN 
SMALL QUANTITIES 89~ = 8 — 8$ = 89exp(iu>t) AND <V~ = p — po = 8pexp(iu>t). 
TAKING INTO ACCOUNT THE CONDITIONS ( 2 . 2 2 ) AND DISCARDING THE TERMS WITH POWERS OF 
68 AND 8p HIGHER THAN UNITY, WE OBTAIN linear EQUATIONS 

('lu> + 7 a U ° r + 1TU°°) 6 6 

V M O S I N 0 O Mo J 

+ ( , . 7 , Uvv + ~U9v) 6p = 0 
\M0sm8o ^ M{)

 v ) 

y cry \ 
M O S I N 0 O Mo S I N 2 0 ( ) J 

7

 a U9e - V2a-U9ip) 68 = 0 ( 2 . 23 ) 
M O S I N 0 O M0sm20o J 

WHERE U00 = d2U/d82, Uvv = d2U/d>p2, AND = d2U/d8dp AT equilibrium 
(9 = 9o AND p> = tp0). 

CONSIDER FIRST THE eigenoscillations. THEN, THE CONDITION OF COMPATIBILITY OF 
EQUATIONS ( 2 . 2 3 ) WITH a = 0 YIELDS THE EXPRESSION FOR THE EIGENFREQUENCY 

^ - M 7 k f o ( U e e U ^ ' u ^ 1 2 ( 2 - 2 4 ) 

KNOWN AS THE SMIT-SUHL FORMULA. 
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IF THE dissipation IS TAKEN INTO ACCOUNT, THE FREQUENCY OF FREE OSCILLATIONS BE
COMES COMPLEX. THE REAL PART OF IT IS GIVEN, TO A FIRST APPROXIMATION, BY (2.24), 
AND THE IMAGINARY PART IS 

THE ZEEMAN ENERGY (2.15) (WHICH IS ONE OF THE PARTS OF U) IS WRITTEN IN SPHERICAL 
COORDINATES AS 

WHERE OH AND tpu ARE THE ANGLES OF THE VECTOR He. THE TOTAL MAGNETIC ENERGY CAN 
BE WRITTEN ANALOGOUSLY. 

WHEN THE forced oscillations ARE CONSIDERED, A TERM Uh, DEPENDING ON A GIVEN 
AC FIELD h, SHOULD BE INCLUDED IN THE ENERGY. THIS FIELD CAN BE INTERNAL OR EXTERNAL, 
DEPENDING ON WHAT PROBLEM IS SOLVED. THE TERM Uh CAN BE WRITTEN BY ANALOGY 
WITH (2.26). WE SHALL PRESERVE THE SYMBOL U FOR THE ENERGY WITHOUT THIS TERM, THE 
TOTAL ENERGY WILL BE U\ =U + Un. THEN, THE SAME OPERATIONS AS IN DERIVING (2.23), 
BUT WITH SUBSTITUTION OF U] FOR U, LEAD TO EQUATIONS THE LEFT-HAND SIDES OF WHICH 
ARE THE SAME AS IN (2.23). IN THE RIGHT-HAND SIDES OF THE FIRST AND OF THE SECOND 
EQUATIONS (2.23), RESPECTIVELY, THE FOLLOWING TERMS APPEAR: 

-yhsm6hsin(ipo - <ph) lh [COT00SIN0h COS(<YJ0 - <fih) ~ cosOh] (2 .27) 

WHERE Oh, AND iph ARE THE ANGLES OF THE VECTOR h, AND h IS ITS LENGTH. 
USING THE METHOD OF SPHERICAL COORDINATES, WE MUST CAREFULLY TAKE INTO ACCOUNT 

THE EQUILIBRIUM CONDITIONS. FOR INSTANCE, WE OUGHT NOT TO TAKE OQ = OH EVEN WHEN 
THE DIFFERENCE BETWEEN THESE ANGLES IS SMALL. WE ALSO MUST NOT DIRECT THE z AXIS 
ALONG MO TO AVOID INDETERMINACIES ARISING FROM SIN So = 0. ON THE CONTRARY, 
WHEN THE METHOD OF EFFECTIVE DEMAGNETIZATION FACTORS IS USED, THE z AXIS SHOULD 
COINCIDE WITH THE DIRECTION OF MQ. 

2.2 Magnetocrystalline anisotropy 

IN THIS SECTION WE REVIEW BRIEFLY SOME GENERAL ASPECTS OF THE MOST IMPORTANT KIND 
OF ANISOTROPY IN FERROMAGNETS, THE MAGNETOCRYSTALLINE ANISOTROPY. 

2.2.1 Origins of magnetocrystalline anisotropy 

THE EXCHANGE INTERACTION OF SPINS, IN THE ABSENCE OF ORBITAL MOMENTS, IS ISOTROPIC. 
THEREFORE, THE MAGNETOCRYSTALLINE ANISOTROPY CAN BE CAUSED EITHER BY OTHER INTER
ACTIONS OF SPINS OR BY THE SPIN-ORBITAL INTERACTION. 

(2 .25 ) 

Uz = —MHe [cos6 COSOH + SIN 0 SIN OH cos(p — <PH)] 
(2 .26) 
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One of the origins of the magnetocrystalline anisotropy in magnetically ordered 
crystals is the magnetic (dipole-dipole) interaction of elementary magnetic mo
ments (Section 1.1). The energy of magnetic interaction of two magnetic moments 
with the same values and orientations, according to (1.3), is 

where 6/f is the angle between Wl and »•//'. If the magnetic moments form a 
lattice, the internal magnetic energy UM, which is the sum of the energies (2.28), 
should depend, in general, on the orientation of the moments relative to the lattice 
axes. However, for all cubic crystals, UM turns out to be isotropic [208]. For 
non-cubic ferromagnets, the contribution of UM to the energy of anisotropy is 
very small. 

Another origin of the magnetocrystalline anisotropy is the anisotropy of the exchange interaction, which arises due to the spin-orbital interaction. It can be 
explained in the following manner [208]. The turns of spins, due to the spin-
orbital interaction, result in the change of the shapes of atomic electron shells. 
This leads to the alteration of the exchange energy (which is a fraction of Coulomb 
energy of these shells). 

The energy of anisotropic exchange interaction can be written (assuming the 
magnetization to be uniform) as (2.12). However, it is customary to regard the 
exchange constant A as a scalar and include the angle-dependent part of the 
energy (2.12) into the energy of anisotropy. 

Both the above-considered origins of magnetocrystalline anisotropy, in spite of 
their different physical nature, are alike in the sense that they are both based on pair interactions of elementary magnetic moments. The angular dependence (2.28) is 
the first term of the expansion of an arbitrary angular dependence in the natural 
functions for this problem, the Legendre polynomials of cost? [273]. That is why 
Van Vleck proposed (e.g., [208]) the pseudodipole interaction [with such angular 
dependence as in (2.28) but with another coefficient C] as a formal origin of 
magnetocrystalline anisotropy. If we try to use such interaction to allow for the 
values of anisotropy in real ferromagnets, we find C to be 2-3 orders higher than 
in (2.28). A substantial contribution to the C values, found in such way, arises 
from the above-mentioned anisotropic exchange interaction. 

The one-ion origin of magnetocrystalline anisotropy is quite different, at first 
sight, from the above-considered origins. Now the angle-dependent free energy 
is not the sum of pair-interaction energies, but is a sum of energies of individual 
ions (depending, of course, on their interaction). The ions are characterized by 
their energy spectrum, i.e., by the set of allowed energy levels. The Boltzmann 
distribution holds for them, and the free-energy density (in the case of one sort of 

(2 .28) 
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ions) can be calculated with the formula [244] 

Uion = - K T l n 

TVy^exp 

j=i 
\ KT 

(2.29) 

where Ej are the ion energy levels, and N is the concentration of ions. The angular 
dependence of the energies Ej is now the origin of the anisotropy. Numerous 
calculations of the one-ion contributions to magnetocrystalline anisotropy of ionic 
crystals, both ferromagnetic and antiferromagnetic, are in good agreement with 
experiment. 

It is worth pointing out that in both cases, of anisotropic exchange and of one-ion 
anisotropy, the real cause of anisotropy is the spin-orbital interaction. The ex
change interaction, which is anisotropic in the presence of spin-orbital coupling, 
influences the ionic energy levels and determines, together with the crystal field, 
their angular dependence. Therefore, the anisotropic exchange and the one-ion 
anisotropy should be considered, strictly speaking, not as independent mecha
nisms but models or theories corresponding more or less to the real experimental 
situation. 

2.2.2 Phenomenological description 

Irrespective of the nature of magnetocrystalline anisotropy, it is possible, as Akulov 
proposed (e.g., [208,70]), to write down expressions for the energy of anisotropy in 
the form of power series in M projections on crystal axes. Such expressions must 
be compatible with the symmetry of the crystal lattice, i.e., remain invariant under 
all operations which form its symmetry group. The coefficients in these series are 
called anisotropy constants. Only the terms with odd powers of the magnetization 
projections can be present in these expressions, because magnetization, being an 
axial vector, changes its sign under the reversal of time, whereas energy must be 
invariant [410, 208]. 

For rhombic crystals the energy of anisotropy can be written as 

Uz^K^AL + K^AL + U^ (2.30) 

where OLJ = Mj/M (J = 1,2, 3) are the direction cosines of M with respect to the 
symmetry axes, and U'm is the sum of terms of higher order. We have taken into 
account that A] + A \ + A \ = 1 and, therefore, omitted one of the terms K^A2. 

For so-called uniaxial ferromagnets: trigonal, tetragonal, and hexagonal (with 
one main axis, respectively, of the third, fourth, and sixth order), we can neglect, 
to a first approximation, the anisotropy in the basal plane (perpendicular to the 
main axis). Then, we get 

Uw = KX sin 2 9 + K2 sin 4 9 + K3 sin 6 9 + ... (2.31) 

where 9 is the angle between M and the main axis. If the anisotropy in the 



40 2 Anisotropic ferromagnet 

FIGURE 2.1 
Symmetry axes and planes in a cubic crystal. 

basal plane is taken into account, additional terms appear in UM: the term 
K'2 sin 4# cos 4TP for a tetragonal crystal and K$ sin"r? cos 6<p for trigonal and hexag
onal crystals, <P being the angle in the basal plane. 

In the case of CUBIC crystals, the magnetocrystal line-anisotropy energy is written 
usually in the form proposed by Akulov 

UM = K\ (A\A\ + A\A\ + A\A\) + K2A\(X\A\ + ... (2.32) 

where ai , 2,3 are the direction cosines of M with respect to the directions [100], 
[010], and [001] (Figure 2.1). The first term in (2.32) can be replaced by K[(A\ + 
a2 + ai)' where K[ = —K\/2. Passing in (2.32) from the direction cosines to 
the angles 9 and <p, we obtain 

UM = JKI (sin 2 29 + sin 4 9 sin 2 2<P) + ^-K2 sin 2 9 sin 2 29 sin 2 2TP. (2.33) 

The angle-dependent parts of elastic and magnetoelastic energies of a ferro
magnet (Section 12.1) are usually included in the energy of magnetocrystalline 
anisotropy. As the expressions (2.30)-(2.32) are determined only by the crys
tal symmetry, they also hold for the total anisotropy energy. But the values of 
anisotropy constants are changed, 'renormalized'. The measurement of anisotropy 
constants by 'static' methods, i.e., at small rates of the change of magnetization 
direction, yields these renormalized constants. But if the rate of magnetization 
change is high enough, e.g., at ferromagnetic resonance, the measurement of 
anisotropy constants gives another values of anisotropy contants. Fortunately, 
for many substances the difference is small. This topic will be discussed in 
Section 12.2. 
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2.2.3 Equilibrium orientations of magnetization 

TO STUDY SMALL OSCILLATIONS OF MAGNETIZATION, IN PARTICULAR, AT FERROMAGNETIC RES
ONANCE, WE MUST FIRST FIND THE steady state, I.E., THE EQUILIBRIUM ORIENTATIONS OF 
MAGNETIZATION. IF ONLY THE ENERGY OF MAGNETOCRYSTALLINE ANISOTROPY IS TAKEN INTO 
ACCOUNT, THE EQUILIBRIUM DIRECTIONS OF MAGNETIZATION ARE DETERMINED BY THE CON
DITION OF MINIMUM OF THIS ENERGY. THESE DIRECTIONS ARE REFERRED TO AS THE AXES 
OF EASY MAGNETIZATION OR, SIMPLY, EASY AXES. (THE DIRECTIONS OF T7AN MAXIMA ARE 
CALLED HARD AXES.) 

CONSIDER A uniaxial FERROMAGNET AND LIMIT OURSELVES IN (2.31) TO THE FIRST CON
STANT K\. THEN, IF K\ > 0, THE AXIS OF ANISOTROPY (8 = 0) IS THE EASY AXIS. 
IF K\ < 0, THIS AXIS IS THE HARD ONE, AND THE PLANE 8 = IT/2 IS THE EASY PLANE. THE 
ALLOWANCE FOR THE ANISOTROPY IN THIS PLANE RESULTS IN THE APPEARANCE OF SOME EASY 
DIRECTIONS LYING IN IT. 

IN THE CASE OF cubic CRYSTALS, WE ALSO LIMIT OURSELVES, AT FIRST, TO THE CONSTANT A ' I . 

THEN, IF K\ > 0, THE DIRECTIONS (100) ARE THE EASY AXES,2 AND THE DIRECTIONS (111) 
(<P = 45°, 8 = ARCCOS y/\Jl = 54°44') ARE THE HARD AXES (FIGURE 2.1). IF K\ < 0, 
DIRECTIONS (111) ARE THE EASY AXES, AND DIRECTIONS (100) ARE THE HARD AXES. WHEN 
K2 ^ 0 BUT \K2\ < (9/4)| A'I |, THE EASY AND HARD DIRECTIONS ARE THE SAME AS IN THE 
CASE OF K2 = 0. 

IN REALITY, TO FIND THE EQUILIBRIUM ORIENTATION OF MAGNETIZATION IT IS NECESSARY, 
ALONG WITH THE ENERGY OF MAGNETOCRYSTALLINE ANISOTROPY, TO TAKE INTO ACCOUNT THE 
ZEEMAN ENERGY (2.15), THE INTERNAL MAGNETIC ENERGY (2.16), AND ALSO ELASTIC AND 
MAGNETOELASTIC ENERGIES (SECTION 12.1) IF THE EXTERNAL ELASTIC STRESSES ARE PRESENT. 
IN DOING SO ONE CAN CHOOSE BETWEEN TWO QUITE EQUIVALENT METHODS: TO MINIMIZE 
THE TOTAL ENERGY OR TO USE THE CONDITION (2.8). 

IT SHOULD BE NOTED THAT THE UNIFORM MAGNETIZATION OF THE WHOLE SAMPLE IS NOT 
ALWAYS THE EQUILIBRIUM STATE. IN THE ABSENCE OF AN EXTERNAL MAGNETIC FIELD OR IN 
A WEAK FIELD, A FERROMAGNETIC SAMPLE (WITH NOT TOO SMALL DIMENSIONS) IS DIVIDED 
INTO DOMAINS (SECTION 8.1). IN THE PRESENT CHAPTER WE ASSUME THE EXTERNAL FIELD 
TO BE HIGH ENOUGH TO MAGNETIZE THE SAMPLE TO SATURATION. AND, IF WE CONSIDER 
ELLIPSOIDAL SAMPLES IN A UNIFORM EXTERNAL FIELD, THE EQUILIBRIUM MAGNETIZATION IS 
ALSO UNIFORM. 

LET US FIRST EXAMINE A sphere of uniaxial ferromagnet (FIGURE 2.2). FOR SPHERICAL 
SAMPLES THERE IS NO SHAPE ANISOTROPY, AND THE EQUILIBRIUM ORIENTATION OF MAGNE
TIZATION CAN BE FOUND BY MINIMIZING THE SUM U = Um + Uz WHERE T7AN IS THE 
MAGNETOCRYSTALLINE ENERGY (2.31), AND Uz IS THE ZEEMAN ENERGY (2.26). THE CON
DITIONS FOR EQUILIBRIUM ARE (2.22). FROM dU/dtp = 0 IT FOLLOWS THAT <po = 
LIMITING OURSELVES TO THE FIRST TERM IN (2.31) WE OBTAIN FROM dU/d8 = 0 AN 
EQUATION 

HA1 SIN 20O = H E 0 SIN 2 (8H - 80) (2.34) 
2 The symbol ( ) denotes one of the equivalent directions, e.g., (100) denotes one of the directions 

[100], [010], and [001]. The symbol { } denotes one of the equivalent planes, e.g., the plane {100} is 
one of the planes (100), (010), and (001). 
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FIGURE 2.2 
Coordinate axes for a sphere of a uniaxial ferromagnet (K\ < 0) . 

where the following notation is introduced: 

HAI = L±. ( 2 .35 ) 

The analysis of (2.34) shows (Figure 2.3) that the orientations of Mo and IJ e o 
coincide when IJ e o is directed along the easy axis (if K\ > 0) or lies in the 

9//(deg) 

FIGURE 2.3 
Equilibrium orientations of magnetization in a sphere of a uniaxial ferromagnet. Numbers 
at the curves indicate the 77eo/77Ai values. It has been taken 77A i = 4NMO. Dashed 
lines show that the solution is not realized, because the assumed steady state (uniform 
magnetization) is not realized, and domains appear. 
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easy plane (if K\ < 0). When HEO is directed along the hard axis or lies in 
the hard plane, the orientations of Mo and i f e o coincide if HEO > 2 | / i A i |- But 
the condition of the uniformity of magnetization (Section 8.3) is in our case: 
HEO > 2HA \ + (47r /3)Mo. Thus, in a UNIFORMLY magnetized sphere the Mo 
direction coincides with the direction of HE0 if the latter is oriented along an easy 
or a hard axis, or lies in an easy or a hard plane. For all other i f e o orientations the 
direction of Mo approaches the HEO direction asymptotically as HEO increases 
(Figure 2.3). 

The behavior of the steady magnetization Mo in CUBIC crystals is analogous to 
the behavior of it in uniaxial crystals. Namely, when Mo is uniform, its direction 
coincides with the direction of i / e o if the latter is oriented along one of the axes 
(100), (110), or (111) and approaches the direction of i / e o asymptotically with 
growing HEO for all other orientations. 

Let us discuss briefly the problem of MEASUREMENT of the magnetocrystalline-
anisotropy constants. Single-crystal samples in the form of ellipsoids should be 
used because in this case, the Mo value being known, the shape anisotropy can be 
taken into account. It is very convenient to use spherical samples, for which the 
shape anisotropy does not exist and, so, the knowledge of Mo is not obligatory. 
The samples must be turned around some axes, so that the Mo vector will change 
its orientation with respect to the crystal axes. The values that are measured 
directly are either the torsion torques (e.g., [208, 70]) or the frequencies (or the 
steady magnetic fields at constant frequency) of ferromagnetic resonance. The 
latter case will be discussed in the next section. 

2.3 Ferromagnetic resonance in a single crystal 

Studying the influence of magnetocrystalline anisotropy on the magnetization 
oscillations in single crystals, we shall use, mainly, the method of effective de
magnetization factors mentioned in Section 2.1. According to this method we 
represent the effective field of magnetocrystalline anisotropy (in the case of uni
form magnetization): 

HW = (2 .36) 

in the form 

Han = - N M M . (2 .37) 

Two problems are to be solved: (i) calculation of permeability tensor P com
ponents of a single-crystal ferromagnet, and (ii) derivation of ferromagnetic-
resonance conditions for a small single-crystal ellipsoid. 

Solving the FIRST PROBLEM, we have to replace, according to Table 2.1, the trans

verse components in the formulae of Section 1.5 by the transverse components 
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of the tensor 7VAN, and replace ./V33 by the sum A 3 3 + N™. The components of 
both tensors must be written in the same coordinate system, in which the third 
axis is directed along Mo. Only in such system IS it possible to express IJ A N in 
the form (2.37). The direction of Mo should be, of course, found beforehand. 

The general expressions for the permeability-tensor components follow from 
(1.112) and(1.113): 

Px Ps + 1/' A 0 fJ,s - ifla Mi/ 0 

0 0 1 
(2 .38) 

L^x ,y — 1 ~T" ̂
M^x, y 

2 - W

2 Ps = 

2-U;2 
? - W 2 

(2 .39) 

where the frequency UJQ has the form (1.115). The quantities WXJ VT S are determined 
(if dissipation is not taken into account) by the formulae (1.114), in which the 
above-mentioned replacements must be made. To take dissipation into account it 
is sufficient to replace U>H (in UJX, wy, and OJQ) by + iau>. 
2.3.1 Sphere of a uniaxial ferromagnet 

Turning to the SECOND PROBLEM, consider first the ferromagnetic resonance in a 
UNIAXIAL FERROMAGNET. We ignore the anisotropy in the basal plane and take into 
account only the first anisotropy constant K\. Then 

T7AN = KX sin 2 H = K X { \ - (2 .40) 

where the z'-axis is the axis of anisotropy. We write down the X ' , y', and Z' 
components of the effective field (2.36) and pass then to the coordinate system 
X, y, Z, in which the z-axis is directed along Mo and the z-axis coincides with the 
axis X' (Figure 2.2). Then, we obtain, as it is easy to make sure, 

i?AN x — 0 H M Y = ^ (MZ cos 0o - MY sin 00) sin f?0 

HW Z = A ' (MZ cos DT) - MY sin 80) cos 80 ( 2 . 4 1 ) 

MO 
where GO is the angle between the axes Z and Z', and HA 1 is determined by (2.35). 
Expressions (2.41) have the form (2.37). It should be noted that for small oscilla
tions (MX<Y < MZ = M 0 ) the field HW can be written in the form (2.37) even 
when we take into account the higher terms in (2.31). Taking into account two 
first terms, we obtain [266] 

NTX = NFI = 0 JVf2 = - sin 2 80 + 4-f̂  (2 sin 2 80 - 3 sin 4 80) 
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T V - = -

 2Jihl cos 2
 6 0 - ^ (cos 2

 9 0 - cos 4
 9 0 ) (2.42) 

MO MO 
where 

H A 2 = (2.43) 

(Other TV™ components do not enter the ferromagnetic-resonance formulae.) 
Let us now derive the expression for the ferromagnetic-resonance frequency in 

a sphere of uniaxial single crystal. According to Table 2.1 we have to substitute 

the sums of the tensor TV components and the components (2.42) of the effective 
demagnetization tensor into (1.90) and (1.91). But for a sphere all TV components 
are the same, and they cancel out. Then, 

i 
v2 

^ § = [ H e 0 z + 2 H A l c o s 2 9 0 + 4 H A 2 s m 2 9 0 { l +2cos26> 0)] 

x [ H e 0 z + 2 H A i c o s 2 9 0 - 2H A 2 sin 2 26»o] (2.44) 

where H e o z = H e o c o s ( 9 o — 0H)\ here 9H and 9 0 are the angles between the 
vectors H e o and Mo, respectively, and the axis of anisotropy. The angle 9n 
is given, and 9Q must be found by solving the problem of the equilibrium state 
discussed in Section 2.2. 

We now show (taking into consideration, for simplicity, only the first anisotropy 
constant K \ ) that the expression (2.44) can be obtained by the method of spherical 
coordinates (Section 2.1) as well. The energy U in the Smit-Suhl formula (2.24) is 
now the sum of Zeeman energy and the energy of magnetocrystalline anisotropy. 
Using the equilibrium condition <po = PH, we find from (2.24) 

4 = [H e O cos(0o -0H) + 2HA]COS290] H c 0
S - ^ f . (2.45) 

7 ^ sinf/o 

Using the second equilibrium condition (2.34), it is easy to show that (2.45) 
coincides with (2.44) if K 2 = 0. Thus, it is inadmissible to ignore the difference 
between #o and 9H in (2.45) even if this difference is small. 

However, in (2.44) we may assume 9Q = 9H in the case of small anisotropy. And 
if we disregard the terms of second order in the ratios H A \ / H e o and HA2/Heo, 

the expression (2.44) takes the form 

^ = ^ 0 + ^ 1 Q + ^ c o s 2 6 » H ) + H A 2 ^-i + c o s 2 9 H - ^cos46>// 
7 (2-46) 

The results of calculation of the ferromagnetic-resonance conditions for a sphere 
of a uniaxial crystal with the use of (2.46), i.e., with the assumption 9Q = 9H, are 
shown in Figure (2.4). 

The angular dependence of the resonance field (at u> = const), calculated 
without the assumption that the directions of Mo and ifEO coincide, is shown in 
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FIGURE 2.4 
Ferromagnetic-resonance frequencies for a sphere of a uniaxial crystal, calculated by (2.48) 
with HA I = 47rMo and HA% = 0. Dashed lines show that the calculation is not correct, 
because the assumed uniform magnetization is not realized. 

FIGURE 2.5 
Angular dependence of HKS for a sphere of a crystal with easy plane of anisotropy. Solid 
curve is calculated using (2.34) and (2.44) with g = 2.24, H\ i = -8 .3 kOe, and HA2 = 0. 
Dashed curve is calculated by (2.46) with the same values of parameters. Points represent 
the experimental data for the ferrimagnet RbNiF3 at frequency of 31.4 GHz and tempera
ture 78 K [143]. 

Figure 2.5; the result of calculation with this assumption and the experimental 
data are also plotted. One can see from this figure that for this crystal, with rather 
large anisotropy, the allowance for the difference between Mo and Heo directions 
is necessary. 
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2.3.2 Sphere of a cubic ferromagnet 

The derivation of the conditions for ferromagnetic resonance in cubic crystals 
leads to rather cumbersome calculations (e.g., [266]). Without dwelling on them, 
we shall cite the most important results. 

If only the first constant K\ in (2.32) is taken into account, the components of 
the tensor of effective demagnetization factors TVAN have the form [266] 

/UAN _ IV, 2 -

T HA 1 - 2 / 1 - In. 

- 3 — — sin 6>osin 2<P0 
MO 

-HA\ . 2 / i (, 1 . 2 » 
- 3 — — sin z 0 O 1 - - sin z 2<P0 

M0 V 4 

- 3 ^TT- sin 2 0o cos 0o sin 4IPO 
MO 

/VAN — 
7V3 3 — 

MO (1 + cos 2 20 o - sin 4 0 O sin 2 2<P0) 
(2 .47) 

(the coordinate axes are directed as in Figure 2.6). Substituting them for the tensor 
TV components in (1.90) and (1.91), we obtain the expression for the resonance 
frequency in a sphere of a cubic ferromagnet 

-z — \ tlzOi 
2 I 

+ # A 1 

^ + ]- cos 40 o + ( - -^r + 2 cos 20 o - \ cos 40 o ) sin 2 2</?0 2 2 \ 8 8 3 j sin 2 2</?0 | 
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j#EOZ + H A i 2 cos 40o + ( ^ cos 20 o - ^ cos 40o ) sin 2 2<^0 sin 2 2ip0 | 
--H2

A, sin 2 0o sin 2 20Q sin 2 4<po- (2.48) 

(According to Table 2.1, the components of the sum N'D" + N should be substituted, 
but, for a sphere, the components of AT cancel out.) 

The most interesting is the case when the steady magnetization Mo is in the 
{110} plane, in which all symmetry axes of a cubic crystal lie. We cite the 
resonance condition for this case (IPO = T / 4 ) taking into account two anisotropy 
constants [176]: 

(WQ){110> _ 
7 2 HEQZ + HA\ 

3 3 
• - + 2 cos 20 o + - cos 40 o 

' 5 5 9 
+ HA 2 [ - + - cos 20o - cos 40 o ] sin 2 0 O 

-TFEOZ + HAL [ ^ cos 1!0O + ^ cos 40 o 

+ HA2 ( - y ^ + ^ c o s 2 0 o ) s i n 2 2 0 o (2.49) 

The formulae following from (2.49), in the part icular cases when MO direction 
coincides with the symmetry axes, are given in Table 2.2. In this table HEOZ is 
replaced by HE o, because the directions of Mo and HE o coincide for the symmetry 
axes (if HEO is large enough to assure the absence of domains). Attention should 
be paid to the difference in the structure between formula (2.52) and the first two 
formulae in Table 2.2. This is due to the fact that: the directions (100) and (111) 
are the directions of extrema, whereas the (110) direction is the saddle 'point' of 
the t7 a n (0, V?) surface. 

TABLE 2.2 
FERROMAGNETIC-RESONANCE FREQUENCIES FOR A SPHERE OF A CUBIC CRYSTAL. 

DIRECTION 
OF MO 8H 7 
(100) 0 HE0 + 2HAI (2.50) 
(111) 54° 44' HEO — (2.51) 

(110) 90° [(#e0 -2HAI)(HEI)+ /7A, + ^HA2)]I/2 (2.52) 
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0 30 60 90 
6w(deg) 

FIGURE 2.7 
Functions defining the anisotropy of a cubic ferromagnet. 

If the anisotropy is small (HA \, HA2 <C Heo), (2.49) can be written as 

— =Ht0 + Hh,Fx{6H) + HA2F2{6H) (2.53) 
7 

where (Figure 2.7) 

Fi(0) = - - ^ + 7 cos 2(9+ ^ cos 46> (2.54) 
16 4 16 

F^e) = ~i\ + cos2e+^cos49~jkcos69- (255) 

The angular dependence of the resonance field calculated with formulae (2.53) 
and (2.54) is plotted in Figure (2.8). The experimental results for YIG are also 
shown. One can see that in the present case of small anisotropy, sufficiently high 
frequency, and room temperature, neither K2 nor the difference between do and 
OH must be taken into account. 

An expression for the resonance frequency in the case, when Mo lies in the 
(100) plane, can also be easily obtained from (2.48). The angular dependence 
of Hres, which was calculated disregarding K2 and the difference between Oo and 
OH, is shown, for this case, in Figure 2.9. One can see from Figures 2.8 and 2.9 
that in both planes there are directions in which Heo — w/7. When single-crystal 
spheres are used in microwave ferrite devices, it is reasonable to orient them so 
that Mo will coincide with one of these directions; then the resonance field is 
independent of K\ and, hence, of the temperature. 
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FIGURE 2.8 
Angular dependence of HKS for a sphere of a cubic ferromagnet with K\ < 0. 9H is 
the angle between HC0 and the axis (100) in the { 1 1 0 } plane. The curve is calculated 
by (2.53) at HA I — 0. Points represent experimental data for a YIG sphere at a frequency 
of 9.3 GHz and at room temperature [159]. 

Consider now the case when Mo lies in the {111} plane. It is easy to show 
that, if H\\ <C Heo and H&2 = 0, the {111} plane is approximately isotropic. 
The anisotropy in this plane arises, first, due to the influence of the effective 
demagnetization factor Nf^, i.e., of the last term in (2.48), and, second, due to the 
influence of K2- The (111) axis is the sixth order axis of this anisotropy, and the 
expression for the resonance frequency of a sphere, when HA2 "C H\ \ < Heo, 
takes the form [72] 

where ipo is the angle between Mo and the (110) axis in the {111} plane. The 
general case of Mo lying in an arbitrary plane of a cubic crystal was treated 
by Yakovlev and Burdin [453]. 

2.3.3 Simultaneous allowance for different kinds of anisotropy 

In the problems discussed above the sample was a sphere, and only one kind of 
magnetocrystalline anisotropy, uniaxial or cubic, was taken into account. But 
often we have to consider simultaneously the shape anisotropy and one or more 
kinds of magnetocrystalline anisotropy. A typical example is the single-crystal 
YIG film grown epitaxially on a paramagnetic substrate. In such films there 
appears a growth anisotropy, usually the uniaxial, with the axis directed along the 
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FIGURE 2.9 
Angular dependence of HKS for a sphere of a cubic ferromagnet with K\ < 0. ipH is the 
angle between Heo and the axis [100] in the (100) plane. The curve is calculated by (2.48) 
with 90 = 7r/2, and HA t <C Hco (so that Hcoz — Hto and v?o <PH)-

normal to the film surface. 
Both methods, of effective demagnetization factors and of spherical coordinates 

(Section 2.1), can be used to study the simultaneous influence of several kinds of 
anisotropy. Using the first method, we have to assume the effective demagneti
zation factors to be the sums of such factors for all kinds of anisotropy. When 
the second method is used, the energy U in (2.24) and (2.25) must be the sum of 
the Zeeman energy and the energies of all considered kinds of anisotropy (except 
the shape anisotropy if we want to find the tensor X)- It should be noted that 
from the additivity of energies, or effective demagnetization factors for different 
kinds of anisotropy, the additivity of their contributions to resonance frequency or 
resonance field does not follow, in general. One can see this, e.g., from formu
lae (1.90) or (2.24). But the additivity takes place APPROXIMATELY in the case of 
small contributions. 

The calculations of the tensor X O R X e components and of the resonance fields 
or frequencies, in the presence of different kinds of anisotropy, by the method 
of effective demagnetization factors are usually cumbersome because one has to 
write down the components of all effective demagnetization tensors in the same 
coordinate system. We will limit ourselves to one simple example. 

Let us find the ferromagnetic-resonance condition for a THIN FILM OF A CUBIC 
FERROMAGNET magnetized normally or tangentially to the surface of the film, which 
coincides with the {110} plane. We take into account only the first cubic anisotropy 
constant K\ and the constant K\ of the uniaxial growth anisotropy with the axis 
normal to the film surface. 

If the film is NORMALLY magnetized and assumed to be infinitely thin, the shape 
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FIGURE 2.10 
Coordinate axes for a film of a cubic single crystal magnetized normally and tangentially 
to its surface, no is a unit vector of the normal to the film surface. 

demagnetization factors, in the axes shown in Figure 2 . 1 0 , are: JVi i = N 2 2 = 
N12 = 0 , ./V33 = 47T. To find the effective demagnetization factors of the 
cubic anisotropy we have to take in ( 2 . 4 7 ) <po = 7r/4 and OQ — ir/2. Then 
we get: /Vf, = -3HAl/M0, iV 2

c

2 = 7V, C

2 = 0 , iVf3 = -HAi/M0. To get 
the effective demagnetization factors of the uniaxial growth anisotropy, we must 
take 60 = 0 in ( 2 . 4 2 ) : JV,U, = 7V 2

U

2 = Nf2 = 0 , 7Y 3

U

3 = -2HAu, where 
HAu = K"/Mo. Substituting the sums of these factors for the corresponding 

N components in (1 .90) , we obtain the ferromagnetic-resonance frequency in a 
normally magnetized film. We write the approximate expression for it in the case 
of small cubic anisotropy (HA1 < Heo): 

- = ffeo - 4TTM 0 + 2ff A « - \HA , . (2 .57) 
7 2 

For a film magnetized tangentially, at an angle 0 with the ( 1 0 0 ) axis, the shape 
demagnetization factors are: N\\ = 4-K, N22 — A 1 2 = N33 = 0 . To find 
the effective demagnetization factors of cubic anisotropy it is sufficient to take 
ip0 = 7r/4 in ( 2 . 4 7 ) . The effective demagnetization factors of uniaxial anisotropy 
are: JVJ1, = -2HAu/M0, N%2 = iV,u

2 = iV3

u

:, = 0 . The expression for the 
resonance frequency is obtained by substituting the sums of these demagnetization 
factors into ( 1 . 9 0 ) . We write it again in the case of small cubic anisotropy: 

- = y/HE0 (HE0 - 4 7 T M 0 + 2HTv) + HA1F1 (6) (2 .58) 

7 
where F\(9) is given by ( 2 . 5 4 ) . If Heo and MQ are directed along ( 1 1 0 ) axis, Fx = 1 / 2 . 

The measurement of the angular dependence of ferromagnetic-resonance field 
is the most precise and widely used technique for studying the magnetocrystalline 
anisotropy. From this dependence the values of g-factor and anisotropy constants 
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can be found, as well as the magnetization M 0 if a non-spherical sample is used. 
For weakly conducting substances, spherical samples are usually applied; if only 
the cubic anisotropy is present and two constants are enough to describe it, then 
these constants and the <?-factor can be found from the measurement of resonance 
field in three Heo directions, as in Table 2.2. 

For a film grown so that its surface is the {110} plane, two cubic anisotropy 
constants can be found at tangential magnetization of the film. If the resonance 
field at normal magnetization is measured, too, and there is no uniaxial anisotropy, 
the value of Mo can be found. In the presence of this anisotropy, only the quantity 
Mo — K"/(2nMo) can be found, as one can see from (2.57) and (2.58). 

The values of the anisotropy constants, found in ferromagnetic-resonance exper
iment, do not coincide, in general, with the values found from static measurement. 
One reason, already mentioned in Section 2.1, is the difference between the con
tributions of magnetostriction stresses in these two cases. The second reason is the 
difference in contributions of the so-called fast-relaxing ions (Section 13.2). How
ever, for ferrites with small anisotropy used in microwave devices, e.g., for YIG, 
both mentioned contributions are small, and the difference between the values of 
anisotropy constants, found by resonance and by static methods, is negligible. 

2.4 Ferromagnetic resonance in a polycrystal 

A polycrystal is an assembly of small single crystals (grains) irregular in shape, 
with dimensions of 10~ 4 to 10~ 2 cm. There are cavities (pores) between them, 
which occupy often an essential part of the entire volume. Crystal axes of the 
grains are usually oriented randomly. Only when special measures are taken in 
preparation of polycrystalline samples, e.g., pressing or thermal treatment in a 
magnetic field, the uniformity of the angular distribution of grains is broken. The 
properties of such textured polycrystals approach more or less the properties of 
single crystals. 

We will consider only polycrystals without texture, which are, on the aver
age, isotropic. For such media any tensor parameter, in particular, the magnetic 
susceptibility, has the form 

x = 
x 

0 

IXA 0 
x 0 
0 X|| 

(2 .59) 

where the third axis coincides with the preferred direction, in our case, with the 
direction of the steady magnetization Mo. Thus, all high-frequency properties of 
a polycrystalline ferromagnet are determined by three quantities: x> Xa> and xy-
In sufficiently high magnetic fields, when the material is magnetized to saturation, 
X|| is either equal to zero or has a small, non-resonant value (Section 1.4). So, to 
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describe the high-frequency properties of a polycrystal only two quantities, \ and 
Xa, are usually needed. But since the polycrystal is a very complicated system, 
the dependence of its parameters \ and \a on frequency and steady magnetic field 
differs materially from such dependence for a truly isotropic medium treated in 
Chapter 1. 

2.4.1 Independent-grain and strongly-coupled-grain approximations 

At the very beginning of the ferromagnetic-resonance investigations, Van 
Vleck [418] proposed to regard a polycrystal as an ensemble of independent 
(non-interacting) grains, the resonance condition in each grain depending on the 
orientation of the crystal axes of the grain with respect to the external magnetic 
field. The applicability of such a model is based on two assumptions: disregard 
of the interactions between the magnetization oscillations in different grains and 
neglect of the influence of the shapes of grains and pores. A system in which these 
assumptions are strictly satisfied is an assembly of single-crystal spheres situated 
in a non-magnetic medium far from one another. 

But suppose that the following condition holds: 

where HA is some anisotropy field, e.g., HA I if the higher-order anisotropy 
constants are not larger than K\. Then both mentioned assumptions are satisfied 
approximately, and the model of independent grains can be applied. 

To calculate x and Xa for a polycrystal on the independent-grain model, we 
should write the expressions for \ - e components in a grain with arbitrary shape and 
orientation and average them. Such calculations are very difficult, if realizable, 
especially if the finite linewidths (AH)o of the grains are taken into account. 
Therefore, Schlomann [339] supposed that (AH)o = 0 and limited himself to the 
calculation of X " • Assuming a uniform distribution of grains over the orientations 
(a non-textured polycrystal), he obtained 

where HKS(u), 8, ip) is the resonance field of a grain, and 6(x) is the Dirac delta 
function (Appendix C). 

The integral in (2.61) is the distribution function w(H0) of the grains over 
the values of HQ. The following properties of such functions turned out to be 
useful in calculating x": the discontinuities of W(HQ) take place at the extrema 
of HKS(8,(p), and the logarithmic singularities appear at the saddle points of 
HKs(Q,<p)- If, for a cubic crystal, K\ < 0 and other anisotropy constants can 
be neglected, w(H0) ^ 0 in the range from H„a0 — u/f - (4/3)\HAi| to 
#max = w / 7 + 2 | H A I | (Figure 2.8), and the peak of w(Ho) appears at Ho = 

HA > 4 T T M 0 
(2 .60) 

( 2 . 6 1 ) 

W / 7 - ( 1 / 2 ) | # A I | . 
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FIGURE 2.11 
Ferromagnetic-resonance curves for a sphere of a cubic polycrystal with Ki < 0 calculated 
in the independent-grain approximation. Dashed curves correspond to (A//)o = 0 [339], 
and solid curves, to a finite (Ai7)o value, where (A//)o is the intrinsic linewidth of grains. 

The calculated curves are plotted in Figure 2.11. The allowance for a fi
nite (AH)o results in smoothing out the singularities of these curves (Figure 2.11). 
But even then the resonance curve of a polycrystal, calculated on the model of 
independent grains, differs essentially from the resonance curve of an isotropic 
ferromagnet or a single crystal: it has ledges on the slopes and, if the anisotropy is 
large enough, has two maxima. These peculiarities were observed in ferrites with 
very large anisotropy, for which the condition (2.60) was satisfied [341]. They 
were also observed in ferrites with compensation points (Section 3.3) near these 
points [337] where the condition (2.60) holds as well. 

When (AH)o is sufficiently small, the linewidth of a polycrystal, in the inde
pendent-grain approximation, as one can see from Figure 2.11, is 

(AHU ~ (2.62) 
Mo 

and the shift of the resonance-curve maximum is 

For most polycrystalline ferromagnetic and ferrimagnetic materials the con
dition (2.60) does not hold, the experimental resonance curves do not have the 
specific shapes as in Figure 2.11, and their widths are much less than it follows 
from (2.62). The main reason for this is that the magnetization oscillations in 
different grains are coupled with each other by the alternating demagnetization 
fields. It leads to the 'dipole narrowing' of the resonance curves, i.e., to the 
appearance of the factor 

£ . = l g A | l ( 2 64) 
4 d 4TTMO ( } 



56 2 Anisotropic ferromagnet 

in expression (2.62). This factor is usually much less than unity for ferrites applied 
in microwave devices. The model of strongly coupled grains is more suitable for 
such materials. The polycrystal is regarded then as a uniform medium, subjected 
to a nonuniform effective field, which simulates different orientations of the grain 
axes. This field leads to the coupling of the initial uniform mode, excited by the 
external field, with other (non-uniform) modes. The coupling results in the transfer 
of energy from the initial mode to other modes and, hence, in the broadening of 
the resonance line of the initially excited mode. The theory of such process will 
be studied in detail in Section 11.3. It yields, for polycrystals, the AH values 
that agree on the order of magnitude with the result of multiplying (2.62) by the 
factor (2.64). 

2.4.2 Influence of porosity 

Pores and, in some cases, inclusions of other phases are an important cause of 
broadening of resonance curves in polycrystals. Porosity is the main reason 
why AH values of polycrystalline YIG samples (usually, as large as ~ 50 Oe) 
exceed considerably the contribution of anisotropy. Both models discussed above 
may be used to explain the influence of pores: the model of independent, in the 
present case, not grains but regions, and the model of non-uniform perturbation 
field, which leads to the coupling of different modes. We may assume (as a 
rough estimation based on the independent-region model) that, on the order of 
magnitude, the linewidth is equal to the demagnetization field of pores, averaged 
over the sample. This assumption leads to an approximate expression 

where p = VP/VQ is the porosity, Vp is the entire volume of all pores, and Vo is the 
volume of the sample. The calculation carried out by Schlomann (cited in [377]) 
on the model of a spherical pore in the center of a spherical sample results in an 
expression that differs from (2.65) by a factor of ~ 1.5. This calculation yields 
also the shift of the resonance-curve maximum 

In Figure 2.12 the values of (AH)p are plotted vs porosity for a great number of 
YIG spheres. The spread of points in the figure, which is due to the difference in 
dimensions and shapes of pores, is rather large. Nevertheless, the experimental 
data in Figure 2.12, as well as the data of numerous other experiments, are in 
agreement with the result (2.65) of the estimate based on the model of independent 
regions. In reality, the magnetization oscillations in different regions of a porous 
sample are, of course, not independent, and the model of strongly coupled regions 
should be used. But in the case of porosity, the results of calculations based on 
this model (Section 11.3) coincide on the order of magnitude with the above-
mentioned estimate on the basis of the independent-region model. The reason is 

(AH)P ~ 4TTM0P (2.65) 

(SH)P ~ —Mop. (2.66) 
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FIGURE 2.12 
Dependence of AH on porosity for YIG polycrystalline spheres [160]. Different marks 
represent experimental points for spheres prepared by different methods. Measurements 
were made at frequency of 9 GHz and room temperature. 

that, in the case of porosity, both the numerator and the denominator of the factor 
that represents the dipole narrowing contain, as distinct from (2.64), the values of 
the same order of irMo

lt follows from (2.65) and from Figure 2.12 that the contribution of porosity to 
the linewidth of polycrystalline samples can be very large even in the materials 
with not very high magnetization. Only in very dense samples (p <C 1 %), can this 
contribution be made small. And if measures are taken simultaneously to diminish 
the contribution of anisotropy and the internal linewidth of grains, then very small 
values of AH can be obtained in polycrystalline samples, e.g., AH ~ 1 Oe in 
YIG [311]. 





3 
Antiferromagnets and ferrites 

3.1 Antiferromagnetism and ferrimagnetism 

Antiferromagnets are denned as substances in which the elementary magnetic 
moments are ordered, but the spontaneous (in the absence of an external magnetic 
field) magnetic moment of an elementary magnetic cell (and, hence, the moment 
of any macroscopic region) is either equal to zero or has a small value, as compared 
to the sum of elementary magnetic moments. The possibility of the existence of 
a small moment is included into this definition because the substances with an 
antiferromagnetic type of magnetic ordering but with a small average moment— 
the so-called weak ferromagnets—are usually related to antiferromagnets. In 
many antiferromagnets the elementary magnetic cell contains equal numbers of 
the same magnetic moments aligned in opposite directions. The static and dynamic 
magnetic susceptibilities of an antiferromagnet are small and (in single crystals) 
highly anisotropic. 

Inferrimagnets the magnetic ordering is of the same type as in antiferromagnets. 
But the magnetic moment of an elementary magnetic cell has a great value, smaller 
than but comparable to the sum of elementary moments. The elementary magnetic 
cell of a ferrimagnet contains, in the simplest case, two groups of elementary 
magnetic moments directed in opposite sides. The numbers of the moments, or 
their values, or both are not equal to each other. The static and the dynamic 
susceptibilities of a ferrimagnet, in contrast to antiferromagnets, are of the same 
order as for ferromagnets. 

The cause of ordering of magnetic moments in antiferromagnets and ferrimag-
nets is the exchange interaction of spins (Section 1.1). The exchange integrals 
in (1.26), corresponding to interactions between different moments, may have 
different signs. But the sign of the integral which corresponds to the strongest 
of these interactions should be negative, to stimulate the antiparallel orientation 
of the moments. The exchange interaction in antiferromagnets and ferrimagnets, 
as well as in most ferromagnets, is mainly indirect. In nonmetallic crystals the 
indirect exchange interaction via anions plays the main role [18]. 

59 
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S T ' 

MnF 2 NiF 2 

FIGURE 3.1 
Magnetic structures of tetragonal antiferromagnets [29] . Full circles are M n 2 + and N i 2 + 

ions, open circles are F~ ions. The N i 2 + magnetic moments are slightly noncollinear. 

At temperatures higher than the Neel temperature 1 T N , magnetic order in antifer
romagnets and ferrimagnets is destroyed by thermal motion, and these substances 
become paramagnets. 

3.1.1 Crystal and magnetic structures 

The idea of antiferromagnetic ordering was proposed independently by Landau 
and Neel as a hypothesis used to explain the unusual properties of some 'paramag
netic' crystals. Landau [240] suggested the model of layers of magnetic moments 
directed in opposite sides. Neel proposed the 'staggered' order, in which the 
nearest neighbors of each moment are oriented opposite to it. The magnetic 
neutronography (e.g., [29]) proved the reality of antiferromagnetic ordering and 
allowed the determination of magnetic structures of many substances. It became 
clear that both types of antiferromagnetic order, the layered and the staggered, as 
well as many more complicated types of magnetic order, do exist. 

For example, in an antiferromagnetic crystal MnF2, which has the body-centered 
tetragonal lattice (Figure 3.1), the moments at the apices and in the center of 
an elementary cell, directed along the forth-order axis, are antiparallel to each 
other. So, the Neel order is realized. The same order takes place in another 
tetragonal antiferromagnet, NiF 2 (Figure 3.1), but the moments lie now in the basal 
(perpendicular to the forth-order axis) plane. Furthermore, the angle between the 
moments at the apices and in the center of the cell, in NiF 2 , differs slightly from TT. 
So, a small spontaneous magnetization arises, and this antiferromagnet belongs to 
the above-mentioned weak ferromagnets. 

Magnetic structures of some trigonal antiferromagnets are shown in Figure 3.2. 
For one of them, the hematite a - F e 2 0 3 , 2 a phase transition (the change of the 
magnetic-moment direction) occurs at the temperature TM = 250 K (the Morin 
point). In the temperature range T M < T < T N , o - F e 2 0 3 is a weak ferromagnet. 

1 The ordering temperature for ferrimagnets is referred sometimes to as Curie temperature. 
2 The cubic modification of the ferric oxide, 7-Fe2C>3, is a ferrimagnet. 
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C r 2 0 3 < x - F e 2 0 3 o c - F e 2 0 3 

(T<TM) (TM<T<TN) 

FIGURE 3.2 
Magnetic structures of trigonal antiferromagnets [29] . Full circles are C r 3 + and F e 3 + 

ions, anions are not shown. The F e 3 + magnetic moments at TM < T < TN are slightly 
noncollinear. 

Another trigonal antiferromagnet MnCCh is a weak ferromagnet in the whole 
range of magnetic ordering, T < TN [60]. 

An example of antiferromagnets with the Landau ordering is the cubic crystal 
(with small trigonal distortions below the Neel temperature) MnO (Figure 3.3). 
In this antiferromagnet, unlike those shown in Figures 3.1 and 3.2, magnetic 
ordering results in the doubling of the dimensions of the magnetic elementary 
cell, as compared with the crystallographic (or crystallochemical) cell. 

Most ferrimagnets, as well as most antiferromagnets, are ionic crystals. The 
base of their crystal structure is the lattice of anions. Cations are located in the 
voids between them. Voids occupied by cations are called cation positions (or 
sites). They differ in the number N of the nearest-neighbor anions. If N = 4, these 
anions form a more or less regular tetrahedron, and the site is called tetrahedral. 
If N = 6, the site is called octahedral, and if N = 8, dodecahedral. The same 
ions can be in different sites, and different ions can be distributed, randomly or in 
regular manner, over the same sites. 

Ferrimagnets, or ferrites,3 with two cubic crystal structures, spinels and garnets, 
and some hexagonal structures are most widely used in engineering and science. 

Ferrites M 2 + F e 2

+ 0 4 have the spinel structure (e.g., [236]). The cation M 2 + 

can be Ni, Co, Fe, Mg, Mn or a combination of ions, as Li^Fe 3 , - ^. Other trivalent 
ions, as C r 3 + and A l 3 + , can be substituted for F e 3 + . Anions in spinel structure 
form a close-packed cubic lattice with tetrahedral and octahedral voids. The 

3Ferrites, in a narrow sense, are the combinations MFejCXi, where M is a divalent ion. But this 
term is often used, in a broader sense, for any nonmetal ferrimagnets (and sometimes, nonmetal 
ferromagnets, as well). 
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FIGURE 3.3 
Magnetic structure of antiferromagnet MnO [29]. Full circles are M n 2 + ions, open circles 
are O 2 - ions. Magnetic moments lie in {111} planes. Small contraction in the (111) 
direction (in magnetically ordered state) is not shown. 

number of occupied tetrahedral voids (so-called A-sites) is half the number of 
occupied octahedral voids (B-sites). As a result, a rather complicated cubic lattice 
is formed with a cubic elementary cell containing eight formula units MFe2C>4. 
For oxygenous spinels, the size of elementary cell (the lattice constant) a = 8.5 A. 
The local symmetry is cubic in tetrahedral sites and is trigonal in octahedral sites. 
In the latter case there are four nonequivalent sites, which differ from each other 
in the direction of the third-order local axis. 

The distribution of cations over the sites in spinels is usually written in the form 
( M x F e i - x ) [Mi -xFei+zCU] where parentheses include the ions on tetrahedral sites 
and brackets, the ions on octahedral sites. If x = 1, the spinel is called normal, 
and if x = 0, it is called (completely) inversed. All ferrimagnetic oxyde spinels 
are completely or partly inversed. Chalcogenide ferromagnets M '&2X4 (X = S, 
Se; M' = Cd, Hg) have normal spinel structure [417]. Normal oxyde spinels 
(M = Zn, Cd) and normal chalcogenide spinel ZnCr2Se4 are antiferromagnets. 

The cubic garnet structure (e.g., [138]) is even more complicated than the spinal 
structure. A cubic elementary cell, with the edge larger than 12 A (12.376 A for 
yttrium iron garnet or YIG), contains eight formula units I ^ F e s O ^ where R is 
a trivalent rare-earth or yttrium ion. There are three types of cation sites in the 
garnet lattice: tetrahedral sites with tetragonal local symmetry, four nonequivalent 
octahedral sites with trigonal local symmetry, and si x nonequivalent dodecahedral 
sites with orthorhombic symmetry. The distribution of ions over the sites in YIG 
is {Y3}(Fe3)[Fe2]C"4 where braces include ions on dodecahedral sites. 

The ferrites M"Fe i 2 Oi 9 , M 2 'M 2 Fei 2022, and some others [229, 389] (where 
M" is a big divalent ion, as Ba, Sr, Pb, and M is one of the divalent ions listed 
above) are highly anisotropic hexagonal ferrimagnets. The dimensions of their 
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elementary cells along the main axis are ~ 50 A, while the transverse dimensions 
are on the order of 5 A. 

The strongest exchange interaction in the considered ferrimagnets is the indirect 
interaction between cations on tetrahedral and on octahedral sites. The effective 
exchange integral of this interaction is negative, which leads to antiparallel orien
tation of the magnetic moments of these ions. Other exchange interactions may 
be either ferromagnetic or antiferromagnetic. 

The phenomenological, quasiclassical treatment of antiferromagnets and fer
rimagnets is based on the sublattice model proposed by Neel [296]. According 
to this model, we combine into sublattices all elementary magnetic moments 
which are situated on identical lattice sites and are parallel to each other. The 
magnetizations of the sublattices are defined as 

M > = ^ £ < ^ - / > ^ 

where (901) is the quantum-mechanical average of the elementary magnetic mo
ment in the j th sublattice, and the summation is performed over all such moments 
in a small volume 6V. The total magnetization is 

N 

M = J2MJ (3-2) 

where N is the number of sublattices. 
The fitness of this model is not obvious. It is proved, in addition to some 

quantum-mechanical considerations, by the agreement of numerous results, ob
tained on the base of this model, with experimental data. 

The number of sublattices N should be equal to the number of magnetic ions 
in the primitive magnetic cell (i.e., in the elementary magnetic cell of the smallest 
volume). For example, N = 2 for the antiferromagnets MnF2 and NiF 2 (Fig
ure 3.1), and N = 4 for the trigonal antiferromagnets shown in Figure 3.2. For 
crystals with more complicated magnetic structures, the number of sublattices can 
be rather large. For example, in YIG the primitive magnetic cell (the volume of 
which is half the volume of the above-mentioned cubic elementary cell) contains 
20 F e 3 + ions, and such must be the number of sublattices. 

However, to describe approximately certain properties of antiferromagnet or 
ferrimagnet, some sublattices can be combined with each other. In particular, 
we can combine in one sublattice all moments with the same orientation or the 
moments on the same sites, in spite of their different orientations. Eventually, we 
obtain two sublattices. The two-sublattice model is strict only for antiferromagnets 
with two magnetic ions in a primitive magnetic cell, as MnF 2 and NiF 2 . But this 
model is often used in approximate treatment of more complicated substances. 
For YIG, 12 F e 3 + ions on tetrahedral sites and 8 such ions on octahedral sites can 
be combined, in considering some problems, into two sublattices with antiparallel 
orientations. 
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3.1.2 Equations of motion and energy terms 

The theory of antiferromagnets and ferrimagnets, based on the sublattice model, 
can be constructed in a way analogous to the continual theory of ferromagnets 
(Section 2.1). The expression for the energy density U, depending on all the 
vectors Mj, is the initial point. It is reasonable to suggest that the Landau-
Lifshitz equations hold for the sublattice magnetizations, too: 

= -i,Mj x Hef, + R} (3.3) 

where 7j are the magneto-mechanical ratios, different, in general, for different 
sublattices, and H e f j are the effective fields acting on the sublattices, which 
are defined by the expressions analogous to (2J) but with substitution of Mj 
for M. The dissipative terms Rj can be written in one of the forms considered in 
Section 1.4. The Gilbert form, as in (1.62), is the most convenient because it does 
not contain the effective fields. 

The uniform part of the exchange energy can be written now as 

j N N 

Uao = - ^ £ A > i ' M i M>' ( 1 4 ) 

i=i j ' = i 

where the constants Aj y represent the exchange interactions between sublattices 
(J ^ j') and inside them (j = j ' ) . We regard these constants as scalars, attributing 
the anisotropic (usually, small) part of the exchange energy to the energy of 
anisotropy. The effective field of the exchange interaction that acts on the jth 
sublattice is 

N 
Ha0j = D A-jj-Mj. (3.5) 

i '=i 
If Ajji > 0, the exchange interaction between jth and j ' t h sublattices stimulates 
ferromagnetic ordering, and if Aj j ' < 0, it stimulates the antiferromagnetic order. 
It is very important that the effective fields that represent the exchange interaction 
between the sublattices enter the equations of motion (3.3). 

The energy of magnetocrystalline anisotropy for an antiferromagnet or a ferri
magnet must be written as a series in powers of the components Mj X i V t Z allowed 
by the symmetry of the lattice. The effective fields acting on each sublattice are 
found by differentiating the entire anisotropy energy with respect to the corre
sponding Mj. 

Two points are worth noting. First, an assumption of the additivity of sub-
lattice anisotropy energies is often made, i.e., the 'cross-terms', which contain 
the products of different-sublattice magnetization components, are excluded from 
the mentioned series. This is strictly valid only for one-ion source of anisotropy 
(Section 2.2). Second, in the case of antiferromagnets, the role of magnetocrys
talline anisotropy, as we shall see, turns out to be much more important than for 
ferromagnets. 
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The Zeeman energy for antiferromagnets and ferrimagnets should be written in 
the form (2.15), where M is the total magnetization (3.2). The magnetic sublat
tices in these substances are intermixed ('put into each other') on the microscopic 
level. Therefore, the internal magnetic energy UM, which is the result of the long-
range dipole-dipole interaction, also depends only on the total magnetization M . 
The demagnetizing fields, acting on all sublattices, are equal to each other. For an 
ellipsoid, the expressions (2.16) and (1.82) hold. 

3.1.3 Ground states and small oscillations 

Before studying magnetic oscillations in antiferromagnets and ferrimagnets, the 
ground states, i.e., the lengths and directions of all vectors MJQ, must be found. 
At T = 0, the lengths of Mj n are to be regarded as known, and the problem is to 
find the angles 6j o and ip3 o of these vectors. This problem can be solved by the 
same two equivalent ways as for ferromagnets (Section 2.1): by the minimization 
of the total energy U and by the use of the conditions 

M j 0 x Hef j o = 0 (3.6) 

which follow from the equations of motion (3.3). 
Some problems of this kind will be considered in Sections 3.2 and 3.3. Here 

we briefly discuss only the phenomenon of weak ferromagnetism (e.g., [392]). 
Dzyaloshinskii has shown [106] that the cause of this phenomenon is the presence 
of energy terms which are of the same nature as the 'ordinary' anisotropy-energy 
terms, but are minimized at angles between the vectors M3 o, different from those 
(e.g., zero or it) at which the exchange energy is minimal. Such terms are allowed 
by the symmetry only in some crystals. This problem was studied in detail 
by Turov [410]. We note only that in two-sublattice antiferromagnets, two types 
of such terms, of the second order in M3 components, can be present: 

UD = -Dz0(Ml x M 2 ) (3.7) 

U? = -F (MixM2y - M2xMi y) (3.8) 

where the z-axis is the main axis of anisotropy, tetragonal or trigonal. 
The anisotropic exchange interaction (Section 2.2) can lead to the term (3.7), 

and the one-ion anisotropy, as Moria has shown [372], to the term (3.8). The 
term (3.7), the only one allowed in trigonal antiferromagnets, is responsible for 
weak ferromagnetism of a-Fe 203 and MnCC>3. The term (3.8) is allowed in some 
tetragonal crystals and leads to weak ferromagnetism of NiF 2 . 

Both terms UQ and Up have minima at the angle of ir/2 between M\ and 
M 2 . The term (3.8) 'demands', in addition, these vectors to be directed at angles 
7r/4 and —7r/4 with respect to the x-axis. The minimization of the total energy, 
consisting of UD or U-p and the exchange energy Uex, results in small (because 
Ucx S> Uo, Up) spontaneous noncollinearity of the vectors M\o and M 2 n . 
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At T > 0 the lengths of the vectors M j o depend on magnetic field and tem
perature. To find the ground state we must use now, in addition to the equilibrium 
conditions, some supplementary equations. The expressions analogous to (1.18) 

M ! ° = ^ B > > ( i % n * t o ) 0 .9) 

may be used as such equations. Here M ° = ^ j h J , N j is the sublattice magnetiza
tion at T = 0, and Bji (x) is the Brillouin function (1.19). Solving equations (3.9) 
together with the expressions, relating iT efjo to MJQ, and the equilibrium con
ditions, we can obtain, in principle, the lengths and orientations of MJQ at given 
He0 and T. 

This problem can be solved easily only for temperatures very near to or higher 
than the Neel temperature TN. Then all M j 0 values, as well as the anisotropy 
constants, are small, and it is possible, first, to neglect the demagnetizing and 
anisotropy fields, and, second, to limit oneself to the first terms in the series 
expansions of the Brillouin functions. Let us consider a two-sublattice antiferro
magnet or ferrimagnet. Then the effective fields, according to (3.5), are 

J f e f l O = J?e0 + A l i M l 0 + A l 2 M 2 0 H e f20 = HE0 + Ai 2 M i o + A22M20. 
(3.10) 

The collinearity of HEO, M \ O , and M20 follows from (3.6), and, taking into 
account the first terms in the expansions of Bjj, we get from (3.9) a system of 
linear equations for M10 and M20. To find the Neel temperature we must set 
equal to zero the determinant of this system. Then, for an antiferromagnet with 
two identical sublattices, we get (designating A n = A22 = — Aj and Ai 2 = —A) 

TN = C (A — Aj) (3.11) 

where C has the same form as the Curie constani (1.21), but all quantities, J, 7, 
and AT relate now to a sublattice. Solving the mentioned system for HO I1 0, we 
find the paramagnetic susceptibility of an antiferromagnet 

2C 
X p = f ^ Y p

 ( 3 1 2 ) 

where T p = — C(A — Aj) is the negative paramagnetic Curie temperature (Fig
ure 1.3). 

For a ferrimagnet, taking |Aj 11, | A22I < |Ai 2I, we obtain 

T N = x/Ci'c'iA (3.13) 

where A = —Aj 2, and C\ and C2 are the Curie constants of the correspond
ing sublattices. The temperature dependence of Xp"1 is nonlinear in this case 
(Figure 1.3). 

In ferrimagnets, the steady sublattice magnetizations not only differ from each 
other in magnitude but can differently depend on composition and temperature. 
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At certain compositions or certain temperatures, the total magnetization ^ Mj o 
can become equal to zero. Such compositions or temperatures are called magnetic 
compensation points. As the sublattice magneto-mechanical ratios can also differ 
from each other, the mechanical compensation points (where £3 Mjo/lj = 0) 
do not coincide with the magnetic compensation points. 

To linearize the equations of motion (3.3) we write the magnetizations and 
effective fields as sums of steady and ac components and substitute these sums 
into (3.3). Assuming the ac components to be small as compared with the steady 
components, we obtain, in a zero approximation, conditions (3.6) and, in the first 
approximation, the system of N linear equations for the complex amplitudes 

iujirij + fitrij x ifefju + IjMjq x hefj + -rf~rnj X -^TJ'O = -JjMjo x h. 

Here h ef j are the complex amplitudes of the ac effective fields (without the field 
which we regard as given) and h is the complex amplitude of the given ac field. 
Equations (3.14) are coupled to each other, because every hefj depends, in general, 
on all the sublattice ac magnetizations. 

Solving the coupled equations (3.14) is the basis of the theory of magnetic 
oscillations in antiferromagnets and ferrimagnets. Sections 3.2 and 3.3 will be 
devoted to this theory. Here we limit ourselves to some general remarks. 

Setting equal to zero the determinant of 3N scalar equations that follow from 
(3.14), we obtain the characteristic equation for the frequencies of free oscillations. 
If we take aj = 0, the solutions of this equation will be the eigenfrequencies. We 
will see below that there are always N positive roots of this equation, correspond
ing to eigenoscillations of the considered system with N degrees of freedom. 

If h ^ 0, the system of 3N nonuniform linear equations, obtained by project
ing (3.14), has 3N solutions, which are complex amplitudes 4 of m ; components 
for forced oscillations. All these components are linear functions of the h com
ponents, and the total ac magnetization is 

where \ is the ac susceptibility tensor of an antiferromagnet or a ferrimagnet. If the 
ac demagnetizing field is included in het- j, the field h is the external field, and the 
tensor \ in (3.15) is the external susceptibility tensor analogous to the tensor \ e 

of a ferromagnetic sample (Section 1.5). If the demagnetizing field is not included 
in htfj, then h is the internal ac field, and x m (3.15) is the susceptibility of the 
substance. The difference between these tensors is small for antiferromagnets in 
comparatively low steady magnetic fields. But for ferrimagnets this difference is 
as essential as for ferromagnets. 

Mj0 

(3 .14) 

N 

(3 .15 ) 

4 The words 'complex amplitude' will be omitted from here on. 
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3.2 Antiferromagnetic resonance 

Antiferromagnetic resonance was first investigated theoretically by Kittel [221] 
and Nagamiya [294] and was discovered experimentally in 1952 by Ubbink et 
al. [413]. Since then a lot of works has been devoted to the investigation of 
antiferromagnetic resonance in substances with different crystal and magnetic 
structures (e.g., [122]). The aim of the present section is, first, to show how 
the theory, discussed in the previous section, is applied to magnetic oscillations in 
antiferromagnets and, second, to expose the principal features of these oscillations. 
Therefore, we limit ourselves to the simplest case of antiferromagnet with uniaxial 
anisotropy and two identical sublattices. 

The following assumptions are made: 

1. The energy of anisotropy C/an is the sum of the anisotropy energies of the 
sublattices; writing them in the form (2.31), we allow for only the first constant of 
anisotropy. The anisotropy in the basal plane is also neglected. 
2. The difference in the length of the MJO vectors is neglected, i.e., strictly 
speaking, the case of T = 0 is considered (Section 3.1.). 
3. The demagnetizing fields are not taken into account. 

As the effective fields of intra-sublattice exchange interaction do not enter the 
equations of motion, we may write the total energy as 

U = A M i M 2 -H(Mi+ MI) + K (sin 2 0, + sin 2 0 2 ) (3.16) 

where A = — A12, K = K\, and 0\ and 02 are the angles of M\ and M2 with 
respect to the axis of anisotropy (the z-axis). The magnetizations M\ and M2 are 
uniform; so, according to (2.6), 

H e f , , 2 = = - A M y + H + - ^ - 2 * 0 ( M , , 2 Z 0 ) (3.17) 

where M ° is the length of the vectors M\ and M\\. 

3.2.1 Antiferromagnet with an easy axis of anisotropy: steady states 

Consider, first, the case of K > 0. It is clear from symmetry considerations that 
the steady magnetizations M\ 0 and M20. the field Ho, and the axis of anisotropy 
(the 2-axis) lie in one plane. The angles between the z-axis and the vectors M\ 0 , 
M 2 o , and Ho are, respectively, 0\ 0 , 020 , and OH- To find the angles 5 0\ 0 and 020 
we have to set equal to zero the derivatives of U with respect to 0\ and 02 , or use 
the conditions (3.6). Both ways lead to the following necessary conditions for 

5 In what follows we omit the subscripts 0 at the angles 0\0 and 620-
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+ 2 , 

M 1 0 H0 

M 20 y 

FIGURE 3.4 
Ground states of a two-sublattice antiferromagnet with easy axis of anisotropy. 

equilibrium: 

A ( M ° ) 2 s i 1,2 •0 2,i) - H0M°sin ( 0 H - 0 i , 2 ) + X s i n 0 1 , 2 c o s 0 l i 2 = 0. 
(3 .18) 

When the angles satisfying these conditions are obtained, we have to find out 
which of them corresponds to the minimum of energy. 

Let us consider two particular cases: when the field i l o is directed along the 
anisotropy axis (Ho || ZQ) and when Ho is perpendicular to this axis (Ho -L zo)-
The symmetry allows, in these cases, the ground states shown in Figure 3.4. 

It follows from (3.18) that 

COS 0|| =• 
Ho 

2HE — HA 

sin0j_ = Ho 

(3 .19) 

(3 .20) 
2HE + HA 

where the angles 0M and 6±_ are shown in Figure 3.4 and the following notations 
are used: 

HE = A M 0 HA = K/M°. ( 3 . 2 1 ) 

It is easy to make sure that the energy (3.16) is minimal, for different states, in the 
Ho intervals given in Table 3.1. 

One can see from the table that, in the case of Ho \\ zo, an antiparallel state + 0 | | 
takes place in weak fields. With growing field the transition into state + 1 y (spin-
flop) occurs, which is the first-order phase transition. In a very narrow field 
interval He i < H0 < Hci (Table 3.1) both states are stable. Domain structures 
and hysteresis appear in this interval. With the further increase of HQ the angle 
between the vectors M\ o and M2o decreases, and at Ho = HE \\ a transition to 
the state + 2 | | (spin-flip) occurs, which is usually a second-order phase transition. 

In the case of Ho -L zo, the angle between M\ o and M2o decreases gradually 
with growing Ho, and at Ho = HEX a transition from + l x state to + 2 j _ state 
takes place. 
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For both considered orientations of HQ, the total magnetization M0 = M\o + 
M 2 0 is parallel to Ho in all states, and a scalar static susceptibility xo = MO/HQ 
can be denned. The dependence of MQ and xo on H0 is shown in Figure 3.5. One 
can see that at low fields a strong anisotropy of the susceptibility is present. 

TABLE 3.1 
Ground states and eigenfrequencies for a two-sublattic e antiferromagnet with easy axis of 
anisotropy (HA > 0) at T = 0. 

Field Ground 
direc- state Field 
tion° (Fig. 3.4) range* 

Eigenfrequencies0 

(71 = 72 = 7) 
•-0, Antiparallel 0<Ho< He 2 ^ = H c 2 ± H 0 

Ml 7 .Hollzo Noncollinear He 1<HQ<H E II r „ i H i 2=0} 

+ 2II Parallel 
^=H0+H,< 

HE \\<HO 

Noncollinear 0<HO<HE ± 
H0±Zo ^ i = ^ C 2 . H ^ _ H l ) 

1/2 

1/2 

+ 2x Parallel HE X<Ho 
^y - L =\ / ^o (Ho—HA) 

{ ^=,/(HT,-2HE) (HQ-HEI} 

a Zg is a unit vector parallel to the anisotropy axis. 
B HCi = VHA (2HE - HA), 

HC2 = VHA (2HE + HA), 

HE || = 2HE~HA . 

HB± = 2HE + HA, 

HA = K/M°, 

HE = A/M°. 

(3.22) 

= (2H*j:Te 1 Ho ~ 2HEHA) (3.23) 

(3.24) 

(3.25) 

(3.26) 

(3.27) 

c Braces indicate the frequencies of modes that are not excited by a uniform ac magnetic field. 

For most antiferromagnets, HA -C HE- Then, the difference between He i 
and He 2, as well as the difference between HE | and HE x (Table 3.1) can be 
ignored, and these approximate expressions can be used: 

Hc x^Hc2 = Hc = ^1HBHA HEu^HE±= 2HE- (3.28) 

Taking (3.11) and (3.21) into account, we get the following estimates for an
tiferromagnets with Neel temperatures Tn ~ 100 K and HA ~ 10-100 Oe: 
HE ~ 10 6 Oe and Hc ~ 1 0 4 - 1 0 5 Oe. 



3.2 Antiferromagnetic resonance 71 

FIGURE 3.5 
Steady magnetizations and susceptibilities of an antiferromagnet with easy axis of 
anisotropy in the field H o parallel (subscripts ||) and perpendicular (subscripts -L) to the 
axis. Ho is plotted not to scale to make the small intervals H e i — H e i and H E ± — H E \\ 
visible. 

3.2.2 Oscillations in antiparallel state 

We project now the linearized equations of motion (3.14) onto the coordinate axes 
and take into account (3.17). In the case of the antiparallel state + 0 | | (Figure 3.4), 
w e g e t m i z = wi22 = Oandobtainasystemoffourequationsformi x ,m2 a : ,m.i3 / , 
and T7i2y. After transition to circular variables m,j± = rrijX ± m , j y (j = 1,2), 
we get two independent systems for the pairs of variables m \ + , rri2+ and m \ _, 

m2_: 

[±LJ - law - 7 (H0 4- H E + HA)] m \ ± - ^ H E m , 2 ± = - f M ° h ± 

^ H E m , \ ± + [ ± u - iau) - f ( H 0 - H E - HA)] m 2 ± = i M ° h ± . (3.29) 

To find the eigenfrequencies we set equal to zero the determinants of sys
tems (3.29) with aj = 0. We get two frequencies u>+ and u»_ given in Table 3.1. 
Their dependence on H o is shown in Figure 3.6. If H o = 0, then ui+ = u)- = LJQ-
The values of wr, are usually rather high, e.g., / 0 = u o / 2 n = 165 GHz for &2O3. 

To analyze the character of eigenoscillations we can reason in the following 
way (as in Section 1.3). For the mode with frequency u>+, the determinant of 
system (3.29) with lower signs is not equal to zero. Therefore, this system has 
only the trivial solution mi _ = m 2 - = Oat a; = UJ+. It means that m \ y = - m | z 

and m,2y = — m 2 X , i.e., a circular precession of the vectors M\ and M 2 with 
right-hand rotation takes place. It is possible to make sure in the same way that 
the mode with frequency w_ is a left-hand circular precession. 

The ratios of the sublattice ac magnetizations can be found from any of equa
tions (3.29) (with a = 0 and h± = 0) using the values (3.24) of u>+ or w_. If 
HA <C HE, these ratios are 

m 2 ± / m i ± = - ( l T H c / H E ) (3.30) 
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FIGURE 3.6 
Eigenfrequencies of an antiferromagnet with easy axis of anisotropy. Subscripts || and _L 
correspond, respectively, to Ho parallel and perpendicular to the axis. Ho is plotted not to 
scale, as in Figure 3.5. Dashed lines relate to modes with m = 0. 

It follows from (3.30) that the total ac magnetization is small. The precession of 
the vectors M\ and M2 in the + 0 | | state is illustrated for both modes by Figure 3.7. 

To find the damping of free oscillations we must set equal to zero the determinant 
of (3.29) with h± = 0 but a ^ 0. To the first approximation (a <C 1), we obtain 
the same expressions (3.24) for and (if HA <C HE) 

w'lSiau'±HE/HA. (3.31) 

Comparing (3.31) with the relation u>" = auj' for the ferromagnet, we see that, 
if the values of a are the same, the damping in antiferromagnet is much stronger. 
However, the a values in antiferromagnets and ferromagnets can differ essentially 
from each other. 

Consider now the forced oscillations. The total ac magnetization m = m\ + 
rn.2, which determines all the observed effects in antiferromagnetic resonance, is 
of the most interest. Solving the system (3.29), we obtain, for small dissipation 
(a < l ) a n d # A < HE, 

2i2M°HA m±=mi±+m2± = r-, r — : — h± = x± / i± . (3.32) [CJ+ — UJ) (w_ — ijj) + 2\auj^HE 

Here x+ and x~ are the tensor x circular components (Section 1.3). At resonance 
(u = u>+ or UJ = UJ-) we get 

^ » = ^ f l E - ( 3 3 3 ) 

This quantity differs by a factor HA jHE from the resonance circular susceptibility 
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z 

i 

(a) (b) 

FIGURE 3.7 
Precession of the sublattice-magnetization vectors in an antiferromagnet with easy axis of 
anisotropy in the antiparallel ground state + 0 | | : (a) mode with frequency UJ+ and (b) mode 
with frequency The difference between | m i | and \mi\ is exaggerated. 

of a ferromagnet (Section 1.4) with the same values of u and a. 
The linewidths AH± (or Aw±) can be defined, analogously to a ferromagnet, 

as the differences of the Ho (or w) values at which \± — 1 /2(x±)res- W we take 
again a <S 1 and HA <^ HE, we find 

3.2.3 Oscillations in noncollinear state 

The steady magnetizations in + ly state (Figure 3.4) are 

M i o = (zocosf?|| - y o s in0 | | ) M ° M 2 0 = (zocos<9|| + y 0 sin^n) M ° . 

Projecting now two equations (3.14) with a = 0 and h± = 0 onto the coordinate 
axis, we obtain, with account for (3.17) and (3.35), a system of six equations for 
the components of vectors rrt\ and m 2 . TO get two independent systems (which 
should correspond to the eigenmodes) we must pass to the components of vectors 
m = m\ 4- mi and I = m\ — m 2 . It should be noted that / is the complex 
amplitude of the ac component of the vector L = M i — M 2 , which is referred to 

AH± = Aui± 2auj± HE (3.34) 

7 1 HA 

(3.35) 
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as the vector of antiferromagnetism. 
One of the independent systems will contain the components m x , m , , and lz 

and the other will contain mz,lx, and ly. If we set equal to zero the determinant 
of the first system, we find expression (3.25) (in Table 3.1) for the eigenfrequency 
W | | i. The dependence of wy i on Ho is shown in Figure 3.6. If we set equal to zero 
the determinant of the second system, we get lj^ ; = 0. 

The character of the eigenmodes in + 1 y state can be analyzed in the manner 
used above. For the first mode, the second of the above-mentioned independent 
system has only zero solutions. Thus, for this mode (Figure 3.8) 

m \ x = m i x m\y=m,2y m \ z = - m 2 z . (3.36) 

For the second mode, mx = my = 0; the component mz is also equal to zero, as it 
follows directly from the second system. This mode is an infinitely slow rotation 
of vectors M\ and M 2 around the z-axis. Such motion occurs without changing 
the energy of the system, and that is why the eigenfrequency is equal to zero. In 
reality, some factors not taken into account, e.g., the anisotropy in a basal plane, 
lead to the distinction of wy 2 from zero. But, nevertheless, the frequency of this 
mode will be small as compared with other eigenfrequencies of the system. Such 
modes are called soft modes. The appearance of a soft mode in the present case 
is due to the fact that the ground state + 1 y breaks the cylindrical symmetry of 
the energy. A general statement that a soft mode should appear, when the ground 
state breaks the symmetry of the energy of the system, is known as the Goldstone 
theorem (e.g., [218]). 

It is clear from the character of the vector M precession (Figure 3.8) that the 
mode with eigenfrequency uj\ is excited by the transverse (with respect to Hq) 
component of the ac magnetic field. The second mode cannot be excited by a 
uniform ac magnetic field at all. Thus, the tensor \ f ° r s t a t e + ly (as well as for 
state + 0 | | ) has the form (1.47). The non-zero components of this tensor can be 
found by solving the system of equations for mx, m y, and lz with/i ^ Oanda ^ 0. 
It is clear that these components will pass through resonance, approximately, at 
W = W | | i. 

Solving system (3.14) for the parallel state + 2 | | , we get two modes with fre
quencies given in Table 3.1. However, for the second mode m = 0, i.e., this 
mode cannot be excited by a uniform ac magnetic field. The first mode coincides 
with the magnetization oscillations in a uniaxial ferromagnet (Section 2.3) with 
the steady magnetization 2M° and the anisotropy constant K. 

3.2.4 Oscillations in transverse and arbitrarily oriented fields 

For the ground state + l j _ (Figure 3.4) we obtain, in the same way as for the 
state + ly, two independent systems of equations: in variables mx,mz, ly and in 
variables my, lx, lz (Ho is directed along the y-axis). Setting the determinants 
of these systems equal to zero, we obtain the eigenfrequencies of the two modes 
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FIGURE 3.8 
Precession of the sublattice-magnetization and total-magnetization vectors in an antiferro
magnet with easy axis of anisotropy in the noncollinear ground state + 1 u. Numbers denote 
the positions of the tips of the vectors at successive instants. 

(Table 3.1). Their dependence on HQ is shown in Figure 3.6. As my = 0 for the 
first mode, this mode is exited by the transverse (with respect to Ho) ac magnetic 
field component. For the second mode mx = mz = 0, and this mode is excited 
by the longitudinal (parallel to Ho) ac field component. Thus, the susceptibility 
tensor has the form 

Xi i 0 
0 X2 2 0 

0 X3 3 
The frequency u>\ is the resonance frequency for the components \i i> X3 3, and 
Xa of this tensor, and UJI is the resonance frequency for x n - At Ho = HE ± the 
first mode transforms into the 'ferromagnetic' mode in the parallel ground state 
+2±. Its frequency coincides with the eigenfrequency for a uniaxial ferromagnet 
(Section 2.3) with the corresponding orientation of Ho. 

The eigenfrequencies for arbitrarily Ho orientations are shown in Figure 3.9. 
Using these data, the antiferromagnetic-resonance spectra in a polycrystal can 
be found in the approximation of independent grains (Section 2.4). This ap
proximation is well suited for antiferromagnets if Ho <C HE, because the total 
magnetizations, both steady and ac, are small in this case. One can see from 
Figure 3.9 that very broad absorption 'lines' should be observed in polycrystalline 
antiferromagnets in both cases: of variable Ho at w = const and of variable u at 
Ho = const. 
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FIGURE 3.9 
Eigenfrequencies of an antiferromagnet with easy axis of anisotropy for different angles 
between H o and the axis. Sol id and dashed lines correspond to two modes . It is assumed 
HA <S HE, and the small interval H E 2 — H E 1 is not shown. 

3.2.5 Antiferromagnet with easy plane of anisotropy 

Consider now the case of K < 0, when M\ and M 2 easy directions lie in the basal 
plane. Only the main results will be cited in this case; the method of obtaining 
them is the same as that used above. 

Two ground states exist now for both Ho orientations: a noncollinear state and a 
parallel state (Figure 3.10 and Table 3.2). The equilibrium angles in noncollinear 
states ~~ 11| and ~ 1 j_ are determined by 

s in^± = — ^ (3.39) 
ITLE 

where HE and H A are denned by (3.21), as before, but HA < 0. Comparing 
Figure 3.10 with Figure 3.4, we see that the states " l y , - 2 y , and ~2± do not 
differ from the states + 1 1 | , + 2 | | , and + 2 j _ , respectively. Therefore, the expressions 
for the eigenfrequencies in all the mentioned states with K < 0 are the same as 
in the corresponding states with K > 0 (Table 3.1). The difference is, however, 
in the sign of HA- As a result, the actual dependence of wy 1 on Ho in the 
state ~ly (Figure 3.11) differs from such dependence in + l y state. It coincides 
approximately (if \HA\ < HE) with UJ± 1 vs Ho dependence in the state +l± 
(Figure 3.6). 
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The state ~~ lj_, for K < 0 and H o lying in the easy plane, is an essentially 

new one. The eigenfrequencies in this state are given in Table 3.2, and their 
dependence on H o is shown in Figure 3.11. The character of oscillations of the 
vectors M \ and M 2 in this state is illustrated by Figure 3.12. For the mode with 
frequency U;_L I , the components m x , m z , and ly exist, and this mode is excited 
by the transverse component of ac magnetic field (with respect to H o , which is 
directed along the y-axis). The second mode, with m y , lx, and lz not equal to 
zero, is excited by a longitudinal (parallel to H o ) ac field. 

TABLE 3.2 
Ground states and eigenfrequencies for a two-sublattice antiferromagnet with easy plane 
of anisotropy (HA < 0) at T = 0. 

Field 
direc-

Ground 
state Field 

tiona (Fig. 3.10) range6 

Eigenfrequencies 
(71=72=7) 

Hollzo 
Noncollinear 0<HQ<2HE + \HA\ 

Expression for u>n 1 

coincides with (3.23) 

Parallel 2HE+ \HA\ <Ho 
Expression for u>n, 

coincides with (3.24) 

HQA-ZQ 
Noncollinear 0<HQ<2HE 

1 
(2HE\HA\-\^H$) 

(3.40) 

1 / 2 (3.41) 

~2j. 
Parallel 2HE<Hv 

Expression for u>±_ 1 

coincides with (3.27) 
aZ() is a unit vector perpendicular to the anisotropy plane. 
HHA = K/M°, HE = AM 0 ; it is assumed that \HA\ « HE. 



FIGURE3.il 
Eigenfrequencies of an antiferromagnet with easy plane of anisotropy at H o || zo (sub
scripts ||) and H o -L Zo (subscripts ±) where ZQ is a unit vector of the normal to the easy 
plane. Dashed lines relate to the modes with m — 0. Dotted lines correspond to a small 
distinction of the angle between H a and Zo from 7r/2 

Thus, the frequencies u>± 2 in different ground states + 1 j_ and ~~ 1 1 do not differ 
strongly from one another. On the contrary, the behavior of the frequency OJ± \ in 
~~ 1 x state has no analog in the case of K > 0. This frequency approaches zero at 
Ho —> 0. Such an important feature of the considered mode is due to the fact that 
the angle between M\ and M2 (Figure 3.12) does not change in the precession of 
these vectors. The antiferromagnetic resonance, in this case, can be and really was 
observed at rather low frequencies in weak steady magnetic fields (e.g, [300]). 

Another peculiarity of the antiferromagnetic-resonance spectrum for K < 0 and 
Ho, lying in the easy plane, is a crossover of the branches, i.e., the degeneration 
of the modes at H = He (Figure 3.11). The degeneracy is removed with the 
deflection of Ho from the easy plane. 

The anisotropy in the basal plane influences materially only the first mode for 
K < 0 and HQ lying in the easy plane. It results in the appearance of a gap in the 
spectrum, i.e., leads to a finite w i 1 value at zero field. This value depends on the 
angle between Ho and a certain direction in the basal plane. It should be noted 
that the gap can appear due to other factors, as well, e.g., due to the magnetoelastic 
interaction (Section 12.2). 

Consider now the influence of a weak moment (i.e., of the noncollinearity of the 
sublattice steady magnetizations, Section 3.1) on the magnetic oscillations in the 
antiferromagnet with an easy plane of anisotropy and Ho lying in this plane. The 
energy term (3.7) does not lead to a qualitative change of the ground state ~ l x 

http://FIGURE3.il
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FIGURE 3.12 
Precession of the sublattice-magnetization and total-magnetization vectors of an antiferro
magnet with easy plane of anisotropy in the ground state _ 1 j . (Figure 3.10) for modes with 
frequencies (a) u>j_ i and (b) ljj_2- Numbers are as in Figure 3.8. 

(Figure 3.10), but now 
H0 + HD 

smip± = —— (3.42) 
ItlE 

where Hu = DM0. The term (3.8), in contrary to the term (3.7), is not invariant 
under rotations around the 2-axis. Therefore, this term, aside from the fact that it 
stimulates a certain angle between M\ o and M20, is a source of the anisotropy in 
the basal plane. If, for simplicity, we suppose HQ to be directed along the y-axis, 
the ground state will remain qualitatively the same as in Figure 3.10. Then, the 
effective field Hp = FM° will appear in (3.42) instead of HD. 

In the case of the term (3.7), the eigenfrequency of the first mode (for small 
<P±) is 

-̂j =H0(H0 + HD) (3.43) 

and in the case of the term (3.8), 
x 2 

=(H0 + HF)(H0 + 4HF). (3.44) 

Comparing these expressions with (3.30), one can see that the allowance for 
weak ferromagnetism results in an essential change of the spectrum of the mode, 
for which there was no gap. In the case of the term (3.7), the spectrum changes 
but remains without a gap. In the case of the term (3.8), a gap appears, as one can 
see from (3.44). 

We have considered the antiferromagnetic resonance in the simple case of a 
uniaxial two-sublattice antiferromagnet at T = 0, without taking into account 
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the shape anisotropy of the sample (i.e., assuming it to be a sphere), and without 
regard for the sample dimensions. The study of more complicated cases is beyond 
the scope of this book. We limit ourselves to some brief remarks. 

The shape of the sample, assuming it to be a small ellipsoid, can be taken into 
account, in magnetostatic approximation, in the same way as for a ferromagnet 
(Section 1.5). However, the magnetizations of an antiferromagnet, both steady 
and ac, are small if Ho <C HE- Therefore, in such fields the influence of the 
sample shape on the antiferromagnetic resonance may be neglected. 

The requirement for the sample dimensions to be small, as compared with 
the electromagnetic-wave length, is the condition for the applicability of the 
magnetostatic approximation. As the antiferromagnetic-resonance frequencies 
are usually very high (lie in the millimeter or submillimeter wavelength ranges), 
this requirement is difficult to fulfill in experiment. 

The next remark concerns the influence of temperature. At T > 0 the sub-
lattice magnetizations M\o and M2o differ from M ° and, in general, from each 
other. If their values are found, the above-considered theory of antiferromagnetic 
resonance can be applied almost without changes. It is necessary only to use the 
values of the parameters 7, HA, and HE at a given temperature and to take into 
account the difference between M\ 0 and M2o- We cite here only the expression 
for eigenfrequencies in the antiparallel state + 0 | | found (at HA *C HE) with 
allowance for this difference [122]: 

Here HA and HE are denned according to (3.21) but with substitution of 
v/Mi0M20 for M° , and (3 = A(M]0 - M20)/H0 = Xo||/Xo± where xo|| 
and x o ± are the steady susceptibilities for H o directed, respectively, along and 
perpendicular to the axis of anisotropy. The quantities 7 and HE are almost 
independent of temperature. Therefore, the actual temperature dependence of 
antiferromagnetic-resonance frequencies is determined by the temperature depen
dence of xo || a n d HA-

The last remark is related to antiferromagnets with more complicated magnetic 
structures. The number N of the sublattices, which is equal to the number of 
magnetic ions in a primitive magnetic cell (Section 3.1), can be rather large in 
such substances. The number of eigenmodes in each ground state is always 
equal to the number of sublattices. However, as it has been already mentioned in 
Section 3.1, some sublattices can be combined with each other to form ultimately 
two sublattices with antiparallel magnetizations. Then the above-discussed two-
sublattice theory can be used. It yields, sometimes to a high accuracy, the spectra 
of two modes with the lowest frequencies. But the remaining (N - 2) modes are 
lost. 

In conclusion, we point out the peculiarities of antiferromagnetic resonance, as 
compared with the ferromagnetic resonance. 

(3.45) 
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1. In antiferromagnets, there are several different ground states in different ranges 
of Ho; in every state there are as many modes as there are magnetic ions in a 
primitive magnetic cell. 
2. The character and the value of the magnetocrystalline anisotropy influence ma
terially the antiferromagnetic-resonance spectra; the contribution of the anisotropy 
is determined, as a rule, by the geometrical mean of the anisotropy field and large 
exchange field. 
3. Antiferromagnetic-resonance spectra have, as a rule, gaps (finite frequencies at 
zero steady fields); only one of the branches for H o , lying in an easy plane of 
anisotropy, has no gap; the frequency increases for some branches, and decreases 
for others with growing HQ. 
4. The ac susceptibility-tensor components in antiferromagnets have small values 
in not very high steady magnetic fields. 

The last peculiarity does not exclude, however, the possibility of antiferromag
nets to be used in magnetic devices for the high-frequency part of the microwave 
range. 

3.3 Magnetic oscillations in ferrimagnets 

The theory of ferromagnetic resonance considered in Chapters 1 and 2 is appli
cable with some restrictions, as we will see, to one of the oscillation modes in 
ferrimagnets, just to the mode used in practice. The aim of the present section is 
to prove this statement and to discuss the restrictions. 

3.3.1 Ground states of two-sublattice ferrimagnet 

In contrast to antiferromagnets, the study of ferrimagnets (excluding the regions 
near the compensation points) can be performed, in the first approximation, with
out allowance for the magnetocrystalline anisotropy. 

Consider, according to Schlomann [342], the ground states of a two-sublattice 
isotropic ferrimagnet.6 The energy density can be written as 

U = - ^ A i i M j - l-Ki2Ml - Ai 2 M , M 2 - i f 0 ( M , + M 2 ) (3.46) 

where Ai i, A 2 2 , and A12 are the constants of the exchange interaction inside 
sublattices and between them. Limiting our consideration to the zero temperature, 
we will regard the lengths of the vectors M\ and M 2 as given. To find the 
equilibrium orientations of these vectors we set equal to zero the derivatives 

6 This problem was first solved by Tyablikov [412] on a microscopic model. 
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FIGURE 3.13 
Equilibrium angles of the sublattice magnetizations, the total steady magnetization, and 
the static susceptibility of an isotropic two-sublattice ferrimagnet vs steady magnetic field. 
Mio = I.5M20. 

of (3.46) with respect to 9\ and 9 2 . We get that either sin 9\ = sin 0 2 = 0 or 

N Ho + H + H - H } — H + H -

c o s 6 * i = " r r , , , cosf?2 = " . 7, (3.47 
2 H 0 A M l 0 2 H Q A M 2 o 

where A = —Ai 2 , and H ± = A ( M \ 0 ± M20) are the so-called exchange fields. 
It is easy to see that 

Mi 0 sin 0i = - M 2 o s i n 0 2 . (3.48) 

One can make sure that the energy (3.46) is minimal at 9\ and 9 2 values given in 
Table 3.3. These equilibrium values are plotted vs H o in Figure 3.13. In ferrites, 
usually, A > 10 3 , and the first exchange field H - ~ 10 5 Oe, the second exchange 
field H + is several times larger. 

TABLE 3.3 
Ground states of isotropic two-sublattice ferrimagnet at T = 0. 

Ground state Field range" Equilibrium values of 8\ and 62 (Figure 3.13) 

Antiparallel 0 < i/„ < H- 0]O = O 020 = 7T 

Noncollinear H- < HQ < H+ Formulae (3.4~>) 
Parallel H+ < H0 0\o = 020 = 0 

"H± = A ( M , 0 ± M 2 0 ) . 

It follows from (3.48) that the total steady magnetization M o = M j 0 + M2Q 
is always parallel to H0. The dependence of Mo and xo — M o /'Ho on H o is also 
shown in Figure 3.13. 

To find the ground states at T > 0 it is necessary to take into account the 
temperature dependence of Mi 0 and M20. If the larger (at T = 0) magnetization 
decreases faster with growing temperature than the smaller one, then a temperature 
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compensation point (Section 3.1) appears. A typical example is the rare-earth 
garnets (e.g., [447, 138]), in which the magnetization of the dodecahedral (rare-
earth) sublattice decreases faster with growing temperature than the magnetization 
of the combined (tetrahedral plus octahedral) iron sublattice. 

3.3.2 Oscillations in antiparallel ground state 

As we do not take into account for the present the demagnetizing fields and mag
netocrystalline anisotropy, the effective fields that enter the equations of motion 
are, according to (3.46), 

Hefi,2 = H 0 - A M 2 , , . (3.49) 

Projecting the equations of motion (3.14) onto the coordinate axes and passing to 
the circular variables, we get 

[±LO - 7i (Ho + AM 2 o) - ia iw]mi ± - 7 i A M i 0 m 2 ± = --y\Mi0h± 

7 2 A M 2 0 m i ± + [±uj - j2(Ho - AMio) + i a 2 w ] m 2 ± = 7 2 M 2 0 / i ± . (3.50) 

Setting the determinant of this system with 0:1,2 = 0 and h± = 0 equal to zero, 
we obtain the equation for the eigenfrequencies: 

to2 ± UJ [A (72Mi o - 7i M 2 0 ) - (71 + Ho] 

- 7 , 7 2 t f o [ A ( M i o - M 2 0 ) / / o ] . (3.51) 

Yi>Y2 

Yi<Y2 

FIGURE 3.14 
Eigenfrequencies of a two-sublattice ferrimagnet in the antiparallel ground state. 
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FIGURE 3.15 
Precession of the sublattice magnetizations of a ferrimagnet in the antiparallel ground state 
for (a) the 'ferromagnetic' and (b) exchange modes. A small difference between the values 
of mi _ and mt _ is not shown. 

The signs ± in (3.51) correspond to the two modes of eigenoscillations. It is 
appropriate to replace these signs by the single sign + . Then we obtain an 
equation the roots of which represent the frequency w+ of the first mode and the 
frequency of the second mode with reversed sign (—a>_). It is easy to make sure 
that it will be the equation of hyperbolas in (w, Ho) plane (Figure 3.14). The form 
of the hyperbolas depends on the value of (71 - 72); if 71 = 72, the hyperbolas 
transform into a pair of parallel straight lines. Of course, only the segments of the 
hyperbolas in the limits 0 < HQ < H- have physical sense because only in these 
limits the ground state is the assumed antiparallel state. As the eigenfrequencies 
must be positive, the segments with CJ > 0 give the frequencies w+, and those 
withw < Ogive(—w_). One can see from Figure 3.14 that the dependence of w+, 
as well as of w_, on Ho is, in general (71 ^ 72), nonlinear. The frequency w_ is 
high at Ho = 0 and decreases with growing Ho- At Ho = H-j2 the degeneration 
of the two modes occurs. 

Approximate expressions for u>+ and w_ (when Ho <C H-), obtained by Wangs-
ness [434], have the form 

Mio - M 2 0 

Mi 0/71 - M20/72 
-#0 = 7ef#0 (3.52) 
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FIGURE 3.16 
Effective parameters of ferrimagnets with (a) compositional and (b) temperature compen
sation points, (a) Garnet Y3Fes_xGaxOi2, T = 77 K; g-factor of the tetrahedral sublattice 
G\ was calculated assuming p-factor of the octahedral sublattice GI to be independent of 
a; [331]. (b) Garnet Gd 3Fe 5Oi 2; A H values are for H || (111) [329]. 

M \ M, 072/71 - M207l/72 „ _ , „ . . . . . 
U - S A ( 7 2 M i o - 7 i M 2 0 ) TJ—J 7-R—, H 0 = U ) E - % { H 0 . (3.53) 

M10/71 - M20/72 
The quantity 7ef in (3.52) is the ratio of the total steady magnetic moment to the 
total steady moment of momentum. 

It is easy to make sure, in the same way as for antiferromagnets (Section 3.2), 
that the mode with frequency U>+ is a RIGHT-HAND circular precession, and the mode 
with frequency UI- is a LEFT-HAND precession around the direction of HQ and MQ 

(Figure 3.15). The ratios of the amplitudes of the sublattice ac magnetizations for 
these modes (if HO -C -H-) are 

M, + M10 mi _ 71 , ' + ^ IH '. _! -Li (3.54) 
m,2+ M20 RN.2- 72 

The first relation (3.54) means that the vectors M \ and M 2 are always antiparallel 
to each other. No work is done against the exchange forces in such a movement, 
which is why the exchange constant A does not appear in expression (3.52). For 
the second mode, the vectors M \ and M 2 do not remain antiparallel, and the 
frequency u;_ essentially depends on A. This mode is called the EXCHANGE mode, 
and the first one (with frequency U>+) is called the FERROMAGNETIC mode. 

It follows from (3.52) that the frequency w+ tends to zero when approaching 
the magnetic compensation point and tends to infinity when approaching the 
mechanical compensation point. The frequency w_, which, at low HQ values, 
lies usually in the infrared region, decreases when approaching the compensation 
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points, so that it can appear in the microwave region. Although formulae (3.52) 
and (3.53) hold (approximately) only under condition Hq <C H- = A ( M \ o — 
M20), i.e., far from the compensation points, the mentioned tendencies agree with 
the experiment (Figure 3.16). However, the theory of magnetic oscillations in 
ferrimagnets near the compensation points, as the antiferromagnetic-resonance 
theory, can be developed only with allowance for the anisotropy (see, e.g., the 
paper by Geschwind and Walker [136]). 

3.3.3 Oscillations in noncollinear ground state 

The steady sublattice magnetizations for the noncollinear ground state (Table 3.3) 
can be written in the form 

Afi,20 = (zocos#i,2 + 2/0sin0i,2) Mi,20 (3.55) 

where the angles 6\ and 62 are determined by (3.47). Projecting the equations 
of motion (3.14) with « i , 2 = 0 and h = 0 onto the coordinate axes and taking 
into account (3.49) and (3.55), we obtain a set of six uniform linear equations for 
the components of m\ and m 2 . Limiting ourselves, for simplicity, to the case 
71 = 72, we get from the mentioned system the following equations for the vector 
m = ra\ + m 2 components: 

iu iui ioj 
—mx + Homv = 0 — Homx H mv = 0 — m z = 0. (3.56) 
7 7 7 

It follows from these equations that two modes are possible. For the first mode, 
uj\ = 'jHq (Figure 3.17), my = —imx, and m, = 0. For the second mode, 
u>2 = 0 and m , = my = 0. The appearance of the mode with zero frequency 
(a soft mode) could be expected because the ground state breaks the cylindrical 
symmetry of the energy. 

Equations (3.56) and the frequency w\ = fHo coincide with the corresponding 
expressions for a ferromagnet (Section 1.3). Thus, in the noncollinear state, as 
in the antiparallel state, there exists a 'ferromagnetic' mode. The character of 
precession of the sublattice-magnetization vectors M\ and M2 can be found with 
the use of the initial equations for the components of m\ and m2. For the second 
(soft) mode, an infinitely slow precession of both vectors M\ and M2 around the 
z-axis takes place. For the first mode, the tips of these vectors move along the 
ellipses, but the projections of the ellipses on the xy plane are circles, as well as 
the trajectory of the tip of the total magnetization vector M. One can assure that, 
for the first mode, the angle between the vectors M\ and M 2 does not change in 
the precession; and that is why the frequency of this mode is independent of the 
exchange constant. 

One of the modes in the third (parallel) ground state (Table 3.3) coincides with 
the oscillation mode for a ferromagnet with the steady magnetization M\ 0 + M2 0. 
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CO 

FIGURE 3.17 
Eigenfrequencies of a two-sublattice ferrimagnet with 7 1 = 7 2 . Dashed lines correspond 
to modes with M = 0. 

3.3.4 Damped and forced oscillations 

Let us limit ourselves to the oscillations in the antiparallel state. Then, to con
sider the influence of losses, we have to set equal to zero the determinant of 
system (3.50) with a 1,2 ^ 0. Assume ct\ and 02 to be less than or of the order 
of unity. Assume also that the steady magnetic field is sufficiently low and we 
are far from the compensation points, so that the conditions Ho <C H_ and (for 
the first mode) w <C fi^H- are satisfied. Then, for the first mode, we find 

, lefHp 
u) = 2 (3.57) 

w" - aeiJ (3.58) 

where 7ef is determined by (3.52) and 

a i Mi 0/71 +Q2M20/72 . . . 
Qef — — 5 T 7 — ; 7 7 — 1 • (3-59) 

Mi 0/71 - M20/72 

According to (3.61), a e f tends to infinity at approaching the mechanical compen
sation point. 

The damping of the mode with frequency uj- can be treated in the same manner. 
Assuming 0-1,2 <S 1 and, as before, Ho <C H~, we get an expression analogous 
to (3.58) but with a somewhat different effective dissipation parameter. 

Consider now the forced oscillations, again in the antiparallel ground state. 
Solving system (3.50) with the upper signs in the presence of an ac field h+, we 
find m + = m\ + + m 2 + = X+fr-H where, with the same assumptions as before 
(Ho < H- and o i i 2 < 1), we get 

7ef (M10 - M 2 Q ) 
X+ = - : • (3-60) 

U}+ — U! + LOTTFLO 

This result is of great importance: (3.60) coincides with the expression for the 
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circular susceptibility of a ferromagnet [which is obtained from (1.49) with the 
substitution (1.68)] if we replace M 0 by (Mi 0 - M 2 0 ) and substitute fef and aef 

for 7 and a. 
It follows from (3.60), with regard for (3.52) and (3.59), that 

M i o - M 2 0 

The linewidth (3.61) increases with the approach to the magnetic compensation 
point. It should be noted that this increase, as well as the increase of Au> = 2 a e f W 
at approach to the mechanical compensation point, is a phenomenological effect 
not related to any new relaxation mechanism. 

If 71 and 72 differ only slightly from each other, so that the magnetic and the 
mechanical compensation points are very near to each other, then both AH and 
Aw increase in the field or frequency range in which the compensation points lie 
(Figure 3.16). But if there is a great difference between 7] and 72, then large 7ef 
values can be observed at a mechanical compensation point where the AH value 
is small. This effect was observed [250] in the garnet Eu3Fe5_ xGa xOi2. 

Solving system (3.50) with lower signs at Ho <?; H_ a n d a i i 2 -C 1, we can find 
the susceptibility \ - to be proportional to (71 — ~n)2. The difference between 71 
and 72 is usually small. Therefore, the ferrimagnetic resonance for the exchange 
mode, with frequency w_ (which lies in the infrared range), is a weak effect. 
However, it was observed in rare-earth garnets [360]. 

An arbitrary transverse ac field is the sum of fields with right-hand and left-
hand circular polarizations. Each of them excites ac magnetization with circular 
polarization and the corresponding direction of rotation. As the eigenfrequencies 
CJ+ and differ strongly from each other (except in the small regions near the 
compensation points or near Ho = H-/2), the magnetizations m+ and m _ , as a 
rule, are not exited simultaneously. 

We have not yet taken into account the demagnetizing fields. So, the considered 
quantities \ + and \ - are components of the susceptibility \ °f a substance (a 
ferrimagnet). The transition from x to the susceptibility \ e of a small ellipsoidal 
sample is a magnetostatic problem, independent of the properties of the substance. 
Therefore, all expressions for the eigenfrequencies and x e components, obtained 
in Section 1.5, will be valid for a ferrimagnet with the effective parameters. 

The above-considered theory of magnetic oscillations in ferrimagnets is valid, 
furthermore, only at T = 0, if we regard the parameters Mj 0, 7j, and aj as given 
quantities, which are independent of temperature. But if we take into account the 
temperature dependence of all parameters, the theory will be valid at T > 0, too. 
The lengths of the sublattice steady magnetization vectors MJO, and, hence, the 
length of the total magnetization vector Mo, depend now on temperature and must 
be found, together with the directions of these vectors, as mentioned in Section 3.1. 
For the 'ferromagnetic' mode in low fields and far from compensation points, the 
only parameters for which the temperature dependence is, practically, to be taken 
into account are: the total magnetization Mo, the effective dissipation parameter 
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a ef, and also the effective anisotropy constant (see below). 
To take into account the magnetocrystalline anisotropy in ferrimagnets we have 

to add the energy terms that describe the anisotropy to the energy (3.46). It is 
often assumed, as in the case of antiferromagnets, that the energy of anisotropy is 
the sum of anisotropy energies of sublattices. 

In the most important case of the 'ferromagnetic' mode, at Ho -C if _ and far 
from compensation points, we obtain for the eigenfrequencies and \ components 
the same expressions as for ferromagnets, but the anisotropy constants in these 
expressions are the effective constants. If the additivity of sublattice anisotropy 
energies takes place, the effective anisotropy constants are, simply, the sums of the 
corresponding sublattice constants. The effective anisotropy fields are obtained by 
dividing the effective anisotropy constants by the total magnetization M\ o — M%o-
These fields increase with the approach to the magnetic compensation points 
(Figure 3.16). 

Far enough from compensation points (or if there are no such points in the 
considered ferrimagnet), the influence of the magnetocrystalline anisotropy is, in 
common with ferromagnets, a first-order effect, the oscillations in an isotropic 
medium being the zero approximation. The angular dependence of the resonance 
frequencies or fields are then the same as for ferromagnets. That is why the 
experimental data obtained in ferrimagnets RbNiF3 and YsFesOn have been 
used in Section 2.3 (Figures 2.5 and 2.8) to illustrate the angular dependence 
of the ferromagnetic resonance fields. But near the compensation points the 
magnetocrystalline anisotropy, as it has been already mentioned, should be taken 
into account in the zero approximation, no matter how small the anisotropy is. 

The equivalence of a ferrimagnet—under certain conditions—to a ferromagnet 
holds for an arbitrary number of sublattices. The sublattice steady magnetizations 
may even be noncollinear, but the total magnetization Mo = | MJQ\ should be 
large. Turov has shown [410] that in this case there always exists a 'ferromagnetic' 
mode, for which, in a sufficiently weak steady magnetic field, the 'bunch' of the 
sublattice-magnetization vectors precesses, as a whole, around the Mo direction. 

Ferrimagnets are the only magnetic materials widely used presently at mi
crowave frequencies. Therefore, it is very important that, under the above-
mentioned conditions (which are usually satisfied in practice), ferrimagnets are 
equivalent to ferromagnets. We can 'forget' that they are ferrimagnets and apply 
all the results of the comparatively simple ferromagnetic-resonance theory. 

However, the following peculiarities of magnetic oscillations in ferrimagnets 
are to be kept in mind: 

1. In addition to the 'ferromagnetic' mode, there exist (N — 1) exchange modes 
[N is the number of sublattices), the frequencies of which, in weak steady magnetic 
fields, lie usually in the infrared range. 
2. In strong steady magnetic fields, on the order of AMo, the frequencies of the 
'ferromagnetic' and the exchange modes become comparable and both depend on 
the exchange constants. 
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3. In the vicinity of compensation points, the frequencies of the ferromagnetic 
and the exchange modes draw near and depend on the exchange constants even in 
weak steady fields; magnetocrystalline anisotropy influences here essentially the 
frequencies and the character of oscillations. 
4. In the range of steady magnetic fields from H- = A(M\ 0 - M20) to H+ = 
A(Mi 0 + M20) (in the case of two sublattices) the ground state is noncollinear, 
a soft mode appears in this range in addition to a ferromagnetic mode. 



4 
Fundamentals of electrodynamics of 
gyrotropic media 

4.1 Equations 

In the preceding chapters we considered the behavior of ferromagnets, antifer
romagnets, and ferrimagnets in given ac magnetic fields and obtained the tensor 
magnetic susceptibilities of these substances. However, the ac magnetic field 
cannot be, usually, regarded as given; it is to be found, together with the ac mag
netization, by solving the corresponding electrodynamic problem. The simplest 
of such problems was already treated in Section 1.5. The magnetostatic approx
imation was applicable in that case, and a well-known solution of magnetostatic 
equations was used. We now pass to the general case when full Maxwell's equa
tions, together with boundary conditions, are to be used. 

The aim of the present chapter is to discuss the peculiarities of Maxwell's equa
tions, as well as some methods of solving them and some general consequences of 
them, for the case of gyrotropic media. We define a gyrotropic medium as having 
nonsymmetric tensor parameters e and /x. In this and two following chapters the 
components of these tensors will be assumed to depend on ui, Ho, and Mo but 
not on the wave vector k. The dependence on k, i.e., the spatial dispersion, will 
be taken into account in Chapter 7. 

4.1.1 General equations and boundary conditions 

The fundamental equations of macroscopic electrodynamics, the Maxwell equa
tions (e.g., [246, 191]) are 

divD = 4TT.R. 

divB = 0 

(4.1) 

91 
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Here E and D are the macroscopic electric-field and electric-displacement vectors, 
H and B are the macroscopic magnetic-field and magnetic-induction vectors, and 
J and R are the free electric-current and electric charge densities. The quantities 
E and B are the space and time averages of the microscopic fields, respectively, 
electric and magnetic. The vectors D and H in (4.1) are defined as 

D = E + 4nP H = B - 4-KM (4.2) 

where P is the polarization, i.e., the electric-dipole-moment density, and M is 
the magnetization, which we dealt with in the previous chapters. The equation of 
charge conservation follows from (4.1): 

(97? 
divJ + - = 7 = 0 . (4.3) 

dt 
The boundary conditions, which hold for the field vectors in two adjacent media 

at their interface, follow also from the Maxwell equations (4.1) and can be written 
in the form 

47T 
E\ x no - E2 x no = 0 Hi :< n 0 - if2 x n 0 = — I 

c 
D]n0 - D2n0 = 4TTT? J 5 1 n 0 - B 2 n 0 = 0 (4.4) 

where no is a unit normal to the interface directed from the first medium into the 
second; 77 and I are the surface densities, respectively, of the electric charge and of 
the current. For real media, 77 and I are equal to zero, but they are introduced for 
an interface of dielectric and metal. Now, the following conditions are satisfied, 
to a first approximation, by the fields in dielectric 

47T 
E\ x no = 0 D i n 0 = 47TT/ H\ x no = — / B\no = 0. (4.5) 

c 

To obtain a complete systems of equations the material equations are to be 
added to Maxwell's equations (4.1). The material equations reflect the properties 
of the considered substances and can be found from theories that describe these 
substances or from experiment. As the charge density is related to the current 
density by equation (4.3), it is sufficient to take into account the material equations 
that express the dependence of D, B, and J o n £ and H. It should be noted 
that in some cases, e.g., for metals (Section 14.2), it is impossible to consider 
separately the problems of obtaining the material equations and of integrating the 
Maxwell equations. But for weakly conducting ferro- or ferrimagnets magnetized 
to saturation, these problems can be separated. The Landau-Lifshitz equation 
of motion, as well as the expressions for the tensor \ components, which are 
obtained by solving this equation, can be regarded as material equations for such 
substances. 

The magnetic field in our case is a sum of the steady and ac fields. Suppose 
all the quantities in (4.1), including electric field, to be such sums. Assume that 
the ac components h^, e^,b^, <£-,, p ~ , and j ~ are small as compared with the 
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steady components, respectively, Ho, EQ, B O , D O , RQ, and Jo. Then, if the given 
fields and currents vary harmonically with time, all ac quantities have such time 
dependence, and we can use the method of complex amplitudes (Section 1.3). 

Substituting the sums of steady and ac components of all quantities into (4.1), 
we obtain two independent systems of equations: for steady components and, 
according to the method of complex amplitudes, for the complex amplitudes of ac 
components. The first system, in its turn, divides into two independent systems: 
the electrostatic and the magnetostatic, which has the form 

4-7T 
rotHo = — J 0 divBo = 0. (4.6) 

c 

The system for the complex amplitudes of the ac quantities1 is 

rote + ik0b = 0 (4.7) 
47T 

roth - \k0d = —j (4.8) 
c 

divb = 0 (4.9) 

d\\d = 4np (4.10) 
where ko = ui/c. The boundary conditions for the ac components are of the same 
form as (4.4) or (4.5). 

Consider now the material equations for ac components. Neglecting the small 
'mixed' terms, assume that d depends only on e, and b depends only on h. Then, 
for small amplitudes (in linear approximation) 

d=7de (4.11) 

b = ph (4.12) 
where £ a is the dielectric constant (which can depend, nevertheless, on frequency, 
temperature, etc.) and p is the permeability, which was considered in detail in 
the preceding chapters. The current density can be written as 

j = ae+jexl (4.13) 
where a is the high-frequency conductivity (j = <re is the Ohm law). The 
quantity j e x t is the density of an external current, which is excited by the fields 
not taken into account explicitly in the considered problem. 

Using (4.11)—(4.13), we can exclude d, b, and j from Maxwell's equa
tions (4.7)-(4.10) and obtain 

rote + ifco/I/i = 0 (4.14) 
« 47T 

rot/i - ifc0 £ e = —jext (4.15) 
Later on we will omit, as in the preceding chapters, the words 'complex amplitudes'. 
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div \jlh) =•• 0 (4.16) 

div ( e e ) = 4irpext (4.17) 

where p e x t = (i/w)divj ext and 

e = £ d - i — a . (4.18) 
w 

The tensor e, as distinct from e j , will be called permittivity. We can exclude e 
or /i from (4.14) and (4.16) to obtain a second-order differential equation for each 
of these vectors. 

Let us introduce designations for the tensor p components. (Analogous desig
nations can be introduced for the components of the tensor e . ) Represent p as a 
sum of a symmetric p s and an antisymmetric p a s tensors. The components of the 
former are 

(ps)pq = (ps)qp = Ppq = p'pq - ip'pq P, <-l = 1,2,3 = x, y, z (4.19) 

and the components of the latter are 

(Pas)Pq = -(/*<«)«, = Wapq = Kf^'apq ~ Wapq) V ± <l (4.20) 

where all the quantities p ' p q , p'pq, p ' a p q , and p'aPq are real. Three tensor p a s 

components p a 12, Pali, and pa^i can be regarded as components of the vector 
4 T v G m , where Gm is the magnetic gyration vector (1.44). Then, 

b = /x s/i 4- i47tri x Gm. (4.21) 

The tensor p can be also represented as a sum of a Hermitian (PH) and an 
anti-Hermitian (pan) tensor with components 

(PH)pq = fJ-'pq + iPapq (MaH)p, = l^'apq ~ ip'pq- (4.22) 

4.1.2 Equations for bigyrotropic media 

Consider a medium which is isotropic in the absence of steady magnetization. 
The only preferred direction is then the direction of Mo, and the parameters of 
such a medium have the form 

I1 iPa 0 - i e a 
0 

M 0 £* -iea 
£ 0 (4.23) 

0 0 Mil 0 0 e l l 
(the third axis is directed along Mo). For polycrystalline ferrites in microwave 
range, e can be regarded as a scalar. In visible light and at higher frequencies, p 
differs only slightly from unity. Nevertheless, we will deal with the medium the 
tensor parameters of which have simultaneously the form (4.23). The main reason 
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for considering such a medium (we call it bigyrotropic) is that the antisymmetric 
components of e" and of / I can be of the same order for ferrites in the infrared range 
and for some ferromagnetic semiconductors, even at microwave frequencies. 

Let us consider the peculiarities of the electrodynamic equations for the medium 
with parameters (4.23) in the case of j e x t = 0. Excluding the transverse (with 
respect to Mo) h and e components from the projections of Maxwell's equations, 
we get the following equations for the longitudinal components: 

where 
2 2 

£ ± = £ - - M X = M - — • (4-25) 

Here V j _ is the Hamilton nabla operator in the xy plane: 

d d ^ 2 d2 d2 

V_l = x 0 — + y o ^ - v ± = ^ 1 : + 
ox ay oxA oyA 

It follows from (4.24) that the TE field (with e z = 0 and hz ^ 0) and the TM field 
(with hz = 0 and ez ^ 0) cannot exist in a gyrotropic medium except if d/dz = 0. 
As to the TEM field, its existence is not forbidden by equations (4.24). 

It is possible to exclude ez or hz from equations (4.24) and get the differential 
equation C(hz) = 0 or C(ez) = 0, where £ is a certain fourth-order linear oper
ator [109] (see also [153]). The same equations hold for transverse components 
of e and h. The scalar potential function tp can be introduced [109], which also 
satisfies the equation £(V0 = 0; all e and h components can be obtained from 
this function by differential operations. However, the fourth-order differential 
equation for the function ip can be integrated analytically only in a limited number 
of problems. 2 

The situation becomes simpler in the particular, but important, case when the 
dependence of the tp function on the coordinate z (in the direction of steady 
magnetization) is harmonic. It means that if) = Z(z)ipx(x,y), where Z(z) has 
the form of exp(±ifc zz), c o s ^ z ) , sin(fcz2) or is a linear combination of these 
functions. This case includes also the absence of the dependence on z, i.e., kz = 0. 
If the z dependence is harmonic, so that d2/dz2 = -k\, then £ is a product of 
two second-order operators: 

C = (V 2

X + K 2 ) ( V i + K \ ) . (4.26) 

2 For a detailed discussion of this subject see [153]. 
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The quantities K 2

2 are the roots of the quadratic equation 

/ c 4 - p K 2 + q = 0 (4.27) 

where 

P = ( e n p ± + e ± p \ \ ) k 2 - ( j + j ^ j kl 

Q = e m i e ± p ± k 4
0 + £-^k4

z - 2 e m ( l + k 2 k \ . (4.28) 

Thus, in the case of harmonic z dependence there are two modes; the ipj_ function 
for them satisfies the Helmholtz equation 

ViV-L + K?,2 -̂L = °- ( 4 - 2 9 ) 

The eigenvalues K\ and K2 determine the dependence of the fields on the trans
verse coordinates. After these values and the functions ip\ and ip2 are found—by 
solving (4.29) with corresponding boundary conditions—the e and h components 
can be rather easily calculated. Such a technique of solving the boundary elec-
trodynamic problems for media with parameters (4.23) in the case of harmonic z 
dependence (or for fields independent on z) is cons idered in [ 153]; some examples 
will be given in Chapter 5. 

4.2 Uniform plane waves 

We consider first of all the propagation of a uniform plane wave in an unbounded 
medium with parameters (4.23). The wave is called uniform when the fields 
depend only on one coordinate, in the direction of propagation. For a uniform 
plane wave this coordinate is Cartesian, i.e., the wave front is a plane. 

4.2.1 General relations 

The complex amplitudes of the field vectors for a uniform plane wave can be 
written in the form 

e = enexp(—ifcr) h = ho e x p ( —\kr) (4.30) 

where eo and ho are constant complex vectors and k is the wave vector. Substi
tuting (4.30) into (4.14) and (4.16) with j e M = 0, we get 

k x e - ko*ph = 0 k x h + koee = 0 (4.31) 

where ko = UJ/C. 
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Projecting (4.31) onto the coordinate axes and setting equal to zero the de
terminant of the obtained system, we could find the dispersion relation, i.e., the 
dependence of ui on the length and direction of the wave vector k. This relation 
can be found, however, in a simpler manner if we use the technique considered 
in the preceding section. The quantities that appeared there now have the fol
lowing sense: n = fc sinf9fc and kz = kcosOk, where 8k is the angle between k 
and the direction of the steady magnetizatiom Mo. Substituting these quantities 
into (4.27) and (4.28), we obtain directly the dispersion relation 

k4 (sin29k c o s 2 8 k \ (sin28k 
k4 + 

+ 2 1 + 
ep 

cos 0k 

7k_ cos 2 0k 

+ £±PL = 0 
k-0 L 

£i Pl_ e\\ ̂11 sin 2 0k 

(4.32) 

where e± and p± are determined by (4.25). Two roots of this equation correspond 
to the two normal waves that propagate at the angle Ok to Mo. 

It should be noted that the roots of (4.32), in general, cannot be written in the 
form 

k — ̂ôefMef 
(4.33) 

where eef would depend only on components of e and pei would depend only on 
components of /x. But (4.33) holds if either e or p is a scalar. In particular, for 
scalar e, it follows from (4.32) that 

k1 = klepe((0k) 

ko£ 

2 +te - 0sin2^± \/te_1)2sin4^+4$cos2^ 
2 (^JM. + 

If (4.33) is valid, it is easy to make sure that 

1 

(4.34) 

k' = -̂ k0 (|£ef||Mef| + 4fMef ~ ̂e'fMef)̂2 

k" = ~ k 0 (MlMef l - 4f/4 + £efMef)1/2 (4.35) 

where it has been assumed that eef = £cf - ie"f, Mef = Mef— 'Mef' a r , d k = k' — \k". 
Consider two limiting cases of a medium with scalar e. In the first case, of an 

ideal dielectric, e" = 0, s' = e, and from (4.35), it follows that 

fc' = ̂ Wi"(lMefl+Mef)'/2 (4.36) 

k" = ^ | f c o \ / e (iMefl - Mef)'/2- (4.37) 
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In the second case, of a well-conducting metal, we may assume, to the first 
approximation, that e' = 0 and, according to (4.18), e" = 4ira/u>. Then, it 
follows from (4.35) that 

*' = koJ— ( M - Mrf) 1 / 2 = T-VA^TE" (4.38) 

V W V\ 
k" = koJ— (|/ief| + Mef) ' / 2 = T-VMeTfi- (4.39) 

V W O ] 

Here 

k0 V 27TCT y/lTUU) 
is the skin depth, i.e., the penetration length of an electromagnetic field into metal. 
Note that if the magnetic losses are taken into account (/j" f ^ 0), then k' ^ k". 

If the value of e" is finite but small (e" <§C e'l, we get, taking for simplicity 
fi'Jf = 0, that k' = k0y/e%f and 

e> = Lte»M=^M (4.41) 
2 V E ' e v e 

4.2.2 Longitudinal magnetization 

In the case of so-called longitudinal magnetization, i.e., of wave propagation in 
the direction of steady magnetization (8k = 0) the roots of (4.32) are 

k± = ko\/(e±ea)(}i±Ha)- (4-42) 

Upper and lower signs in (4.42) correspond to two waves. To find the field structure 
for these waves we project equations (4.31) for f9i = 0 onto the coordinate axes 
and, according to the symmetry of the problem, pass to the circular components 
(Section 1.3) of e and h. Then, we get 

ke± ± ifco(/x ± Ha)h± •= 0 

-kh± ± iko(e ± e a ) e ± == 0 (4.43) 

and ez = hz = 0. It is easy to make sure that upper and lower signs in (4.43) 
correspond to the same signs in (4.42). It can be shown, in the same manner as in 
Sections 1.3 and 3.2, that the transverse fields e and h have the right-hand circular 
polarization for the plus signs in (4.42) and (4.43), and have the left-hand circular 
polarization for the minus signs. 

Substituting (4.42) into (4.43), we find 

e± u±pa 

h± \ £±£a 

(4.44) 



4.2 Uniform plane waves 99 

The quantity £± can be called wave impedance of the medium for waves with 
the right-hand and left-hand circular polarizations propagating in the direction of 
steady magnetization. It is easy to make sure that for both waves 

( = r = -ir- (4-45) 

fly llX 
It is clear that all relations, obtained above for 8k = 0, are valid for 6k = 7r, too, 
if the sense of polarization rotation (right-hand or left-hand) is determined in both 
cases with respect to Mo. It follows from (4.42) and (4.44) that for 6k = 0, TT, i.e., 
in the case of longitudinal magnetization, it is possible to introduce the effective 
parameters eef± = e ± ea and ^ ef± = V ± Ha-

The constancy of the field structure in the course of propagation is the definition 
of a normal wave. The waves with right-hand and left-hand circular polarization 
are the normal waves in the considered case of the longitudinal magnetization. 
Any other wave can be represented as a sum of normal waves. The difference 
between their propagation constants kz leads to the variation of the field structure 
(polarization) of the total wave in the course of propagation. 

Suppose, e.g., that at z = 0 there is a linearly polarized wave with the electric 
field e(0) = eoxo. It can be represented as a sum of the right-hand and the 
left-hand circularly polarized waves: 

e ( ° ) = y ^ o - iyo) + y ( x 0 + iyo)- (4.46) 

At z = I the wave transforms into 

e(l) =j(x0- iyo) exp[-i(fcV - ik'i)l] + y (*„ + iyo)exp[-i(fcL - ifc'I)/]. 
(4.47) 

It can be shown that (4.47) corresponds to an elliptically polarized wave and that 
the major axis of the polarization ellipse makes the angle 

#=^(k'+-k'_)l (4.48) 

with the direction of the linear polarization at z = 0. The ellipticity of the wave 
can be defined analogously to (1.101). At z = 0 the ellipticity £ = 1, and at z = / 

£ = cosh" 2 Q|Jfc£ - k'L\l^ • (4.49) 

If there are no losses (fc+ = fc" = 0), the polarization at z = I remains linear 
(£ = 1). 

Formula (4.48) is valid for an arbitrary elliptical polarization of the wave at 
z = 0, as well. In this case, $ is the angle of the turn of the major axis of 
polarization ellipse on the way from z = 0 to z = I. 

The turn of polarization in a longitudinally magnetized medium is the Fara-
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day effect.3 It follows from (4.48) and (4.42) that this effect is caused by the 
antisymmetric components of 7 and p. As the signs of these components are 
determined by the direction of the steady magnetization Mo and are independent 
of the direction of the wave propagation, the sign of the angle # remains the same 
when the wave propagates in opposite direction. This is an important feature of 
the Faraday effect. For instance, the angle •& is doubled when a wave traverses the 
distance I in the forward and reverse directions. 

Let us consider now in more detail the propagation of electromagnetic waves in 
longitudinally magnetized weakly conducting ferromagnet, or ferrimagnet (fer
rite). Two cases are of the most interest: one is realized at microwave frequencies, 
another, in optics. In the first case, e can be regarded as a scalar independent of 
frequency, and the expressions obtained in the previous chapters can be used for 
p components. Suppose that the ferromagnet (or ferrimagnet) is isotropic and 
is magnetized to saturation and, at first, do not take losses into account. Then 
expression (1.58) for p ± pa can be used. Substituting it into (4.42), we get the 
dispersion relation 

( W i , T u ) | ^ - l J - ^ = 0 (4.50) 

where w # and U>M are determined by (1.40) and (1.55), and the upper and lower 
signs correspond to the waves with right-hand and left-hand rotation of the polar
ization, respectively. The u vs k curves for these waves are plotted in Figure 4.1. 
For the wave with left-hand rotation (it can be called ordinary), the u(k) de
pendence differs but slightly from such that would take place if p was a scalar 
independent of frequency. For the wave with right-hand rotation (extraordinary 
wave) the ui(k) dependence contains two branches. At one of them u infinitely 
increases with growing k, approaching the straight line UJ = c^fik. At the second 
branch, w tends to the constant value UJH with growing k. The phase velocity 
D p h =u)/k and the group velocity vgI = duj/dk become very small at this branch 
at large k values. 

One can see from Figure 4.1 that (without allowing for losses) the wave with 
right-hand rotation does not exist in the frequency range UJH < UJ < UH + W M >in 
which the effective permeability n 4- pa is negative (Figure 1.6). If losses are taken 
into account, the extraordinary wave does exist in this range, but the damping of 
it is very strong (k" > k'). 

In the other case, which is realized at optical frequencies, u> ~> UJH,UJM-

From (1.69) we get then to the first approximation, assuming a < l , 

p ' a i ^ ~ H"=a^ p'^0. (4.51) 

Now we may not regard e as a scalar, e'a can be even larger than p'a. But we can 
take e'a < e' and e" < e'. Then, from (4.48) and (4.42) with regard for (4.51) it 

3 We use the term 'turn of polarization' instead of the traditional term 'rotation of the plane of 
polarization'. 
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FIGURE 4.1 
Dispersion relations for electromagnetic waves in an unbounded nonconducting ferromag-
net magnetized to saturation (without al lowing for losses) . 

follows that 

The first term in (4.52) is the 'magnetic' (i.e., determined by P'A) Faraday turn of 
polarization; in the considered approximation it is INDEPENDENT of frequency. Its 
value for usual ferrites(e' ~ 15, Mo ~ 2 0 0 G ) i s ~ 40degcm~~ 1. The second term 
is the 'electric' Faraday turn; it usually depends strongly on frequency because E'A 

changes rapidly with frequency near the absorption lines of the substance. It should 
be noted that, in some papers on the propagation of optical waves in ferromagnets, 
a statement can be found that all the observed effects can be described using only 
E components, i.e., taking P = 1. It follows from the content of this chapter that 
such a statement is absolutely groundless. 

The problems of reflection from and passing through interfaces, normal to the 
direction of propagation, are easily solved in the case of longitudinal magnetiza
tion, as well as the problem of passage through a gyrotropic layer. Waves with 
circular polarization pass through and reflect from the interfaces of different media 
without change of the polarization, and the complex amplitudes of the reflected and 
transmitted waves are easily found from the boundary conditions. The incident 
wave with an arbitrary elliptical (e.g., a linear) polarization is resolved into two 
waves with circular polarization. Their transmission and reflection are considered, 
and then the complex amplitudes of transmitted and reflected waves with circular 
polarization are summed to get the total transmitted and total reflected waves. 
Two results of such calculations are to be mentioned. First, the magnetooptical 

(4.52) 
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Kerr effect, i.e., the turn of the major axis of the polarization ellipse of the wave 
reflected from an interface of an isotropic and lossy gyrotropic media. The second 
interesting result is the oscillating dependence of the angle of the polarization turn 
on the thickness of the gyrotropic layer [140]. 

4.2.3 Transverse magnetization 

In the case of Ok — 7 r / 2 , the solutions of the dispersion equation (4.32) are 

k\ = ko^/ejpl (4.53) 

ki = ka^/lTp\\ (4.54) 

where ex. and p± are determined by (4.25). The system of six equations, the 
projections of (4.31), splits now into two independent systems. One of them 
is (z-axis is the direction of steady magnetization and y-axis is the direction of 
propagation) 

kez — kophx — ikoPahy = 0 

-ipahx + phy = 0 

ko£\\ez - khx = 0. (4.55) 

The second system is obtained from (4.55) by the substitutions e h and 
e «=£ —p. It is easy to show that (4.53) is the compatibility condition of the 
system (4.55), and (4.54) is the compatibility condition of the second system. 

So, for the first normal wave, the nonzero field components are ez,hx, and hy. 
According to the second equation of (4.55), by =- 0 for this wave. Thus, the 
vectors e and b are transverse (with respect to the direction of propagation), 
linearly polarized, and perpendicular to each other. The vector h is elliptically 
polarized in the plane perpendicular to Mo. For the second wave, with the 
dispersion relation (4.54), the nonzero components are hz,ex, and e y ; the vectors 
h and d are now transverse and linearly polarized. 

The wave impedance can be defined, in the case of transverse magnetization, 
as the ratio of transverse (with respect to the propagation direction) components 
of e and h. It follows from (4.55) and (4.53) that the wave impedance of the first 
normal wave is 

Ci 

For the second normal wave, 

C2 

It is clear from the expressions for k\<2 and Ci,2 that the effective parameters for 
the first wave are p±_ and and for the second wave, p\\ andex-
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If a wave with field structure (polarization), different from the field structure of 
a normal wave, propagates in a transversely magnetized medium, the polarization 
of this wave changes in the course of propagation. It should be emphasized that 
the transformation of polarization in this case has the same cause as the Cotton-
Mouton effect [246]. In contrast to the Faraday effect, it does not depend on the 
direction of MQ because pa and ea appear in (4.53) and (4.54) only in second 
powers. This transformation, also in contrast to Faraday effect, occurs in the 
opposite direction when the propagation direction is reversed. 

Consider now the particular case of a transversely magnetized ferrite in the 
microwave range. In this case, e can be regarded as a scalar independent of 
frequency. If the ferrite is magnetized to saturation, then p\\ = 1 and k\ = 
koyjepx. while k2 = k^s/i. The second (ordinary) wave propagates now as in a 
nonmagnetic dielectric. To obtain the dispersion law of the first (extraordinary) 
wave we substitute (1.60) (without allowance for losses) into the expression for k\. 
Then, we get 

The uj(k) dependence that follows from (4.58) contains two branches (Figure 4.1). 
One of them assymptotically approaches, with growing k, the dispersion curve 
of the ordinary wave. The frequency in the second branch tends to the constant 
value u±. 

One can see from Figure 4.1 that the extraordinary wave does not exist (if losses 
are not taken into account) in the frequency range w i < w < UJH + W M , in which 
(Figure 1.6) the effective permeability p± is negative. With allowance for losses, 
the extraordinary wave exists but is strongly damped in this range. 

At the lower limit of the forbidden frequency range p± —> o o , and at the upper 
limit, p± = 0. So, these limits are, respectively, the resonance and antiresonance 
points of the effective permeability. We have come across an analogous situation in 
the case of the longitudinal magnetization. The resonance points of the effective 
permeabilities are different in the two cases, whereas the antiresonance points 
coincide (Figure 1.6). It is easy to show, using (4.34), that the antiresonance 
frequency UJ^KS (defined by the condition pei = 0) is 

irrespective of the propagation direction. 
If the losses are taken into account, the resonance point is defined as a point 

where p"{ is maximal, and the antiresonance point is defined as a point where 
p'ef = 0 and p"f is small. It is easy to make sure that k' = k" at the antiresonance 
point, as well as near the resonance point (where p'tf = 0). Near resonance 
the value of k' = k" is large, approximately proportional to a - 1 / 2 , whereas at 
antiresonance it is small, proportional to a. 

Expressions (4.50) and (4.58) can be regarded as dispersion equations for pairs 
of coupled waves. The first waves in these pairs are magnetic or spin waves. To 

(4.58) 

Wantires = ^ H + (4.59) 
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obtain their 'uncoupled' dispersion relations we must set to zero the expressions 
in the first parentheses in (4.50) and (4.58). Dispersion relations for the second 
waves, which are the electromagnetic waves in a medium with p = 1, are found by 
setting equal to zero the expressions in the second parentheses in (4.50) and (4.58). 
The last terms in these equations represent the coupling of the waves. It results in 
the repulsion of the dispersion curves of spin waves and electromagnetic waves 
(Figure 4.1). Such treatment, 'in terms of coupled modes', brings nothing new 
in the considered problem of waves in an unbounded uniform medium. But for 
more complicated problems it can be very useful. 

4.3 Nonreciprocity 

The presence of e or p antisymmetric components, caused by steady magneti
zation, results in some phenomena in systems containing such media, which are 
referred to as nonreciprocal effects. This term is used because in such effects the 
well-known reciprocical theorem (e.g., [191]) is violated. One of the nonrecip
rocal effects is the turn of polarization of a linearly polarized wave (the Faraday 
effect) in a longitudinally magnetized gyrotropic medium. This effect was con
sidered in the preceding section for an unbounded medium. Analogous effects 
are observed, as we will see in Chapter 5, in waveguides containing gyrotropic 
media, as well. Other nonreciprocal effects, which are possible only in systems, 
containing boundaries between different media, will be studied in Chapters 5 
and 6. 

The aim of the present section is to consider some general relationships that 
can be used in the analysis of nonreciprocal effects. The most important of these 
relationships is the generalized Lorentz lemma. 

The Lorentz lemma was proposed for media with symmetric tensor parameters 
and was used in deriving the reciprocical theorem. We will generalize this lemma 
to a system containing media with arbitrary tensors e and p . The system can 
contain any boundaries, including metallic surfaces. Two ac electromagnetic fields 
with the same frequency and complex amplitudes e\, h\ and ei, hj are excited 
by the external currents, respectively, j e x t \ and je%i 2. 

We write the Maxwell equation (4.14) for the fields with subscripts 1 and 2, 
and equation (4.16) for the same fields, and scalarly multiply these equations, 
respectively, by h2, (—hi), e2, and (—e\) . Then, we sum all the obtained expres
sions and represent the tensors p and e as sums of symmetric and antisymmetric 
tensors (Section 4.1). It is easy to make sure that 

h\psh2 = h2Psh\ h\p3Sh2 = —h2Pas,h\. (4.60) 

Taking into account (4.60) and analogous relationships for the electric fields and 
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c 
Air 

tensors e s and e a s , we get 
^ - d i v ( e i x h 2 - e 2 x / i 1 ) + ^ {h2~pa%h\ - e 2 £ ,

a s e i ) = J e x t i e 2 - j e x t 2 e i . 

(4 .61) 

This expression represents the Lorentz lemma generalized to media with nonsym-
metric tensor parameters. 

Integrating (4.61) over a volume V, we obtain, with the use of the Gauss theorem 
(e.g., [273]), 

J ( e i x h2 - e2 x hx)n0dS + ^ J {h^^hx - e2*ease^ dV 

= [ J e x t i e 2 d V - / i e x t 2 c , d V . (4.62) 

Here S is the surface that encloses the volume V, no is a unit outward normal 
to S, Va is the part of the volume V that contains gyrotropic media, and V\,2 are 
the parts of V in which the currents j e % t i and j e x t 2 exist. The expression (4.62) is 
the generalized Lorentz lemma in the integral form. 

The volume V must be chosen according to the character of the problem. In 
the antenna theory (e.g., [191]) the infinitely large volume V includes both the 
transmitting and the receiving antennae. Then, the surface integral in (4.62) tends 
to zero; and, if p and e of all media are symmetric tensors (in particular, scalars), 
the reciprocity theorem follows from (4.62). 

When waveguide devices are investigated, the volume V is restricted (Sec
tion 5.4) by the walls of waveguides (or of a waveguide junction) and the wave
guide cross sections. The currents j ' e x t 1,2 are in this case, usually, outside the 
volume V, so that the right-hand side of (4.62) is equal to zero. And, if we assume 
the metallic waveguide walls to be ideally conducting, the surface integral over 
the walls is equal to zero, too. Then, it follows from (4.62) that 

c n f 
— 5 1 / ( e P i x fip 2 - e p 2 x h p ) ) n 0 p d S 

- J (h)7i^h2 - el7ase2j dV = J a . (4 .63) 

Here p is the number of an input or an output waveguide, Sp is its cross section, 
no p is a unit normal to this cross section, ep and hp are the fields at it. The 
nonreciprocal microwave ferrite devices, for which J a ^ 0, will be treated in 
Chapter 5. Here we limit ourselves to some general remarks. For a magnetically 
gyrotropic medium, it follows from (4.21) that Pash2 = \Aixh2 x Gm. Taking this 
into account, we get 

J a = 2OJ I Gm(hi x h2)dV. (4.64) 
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The antisymmetric components of \ and p and, hence, the vector Gm are pro
portional to Mo. Therefore, the quantity J a changes its sign when the direction 
of the steady magnetization is reversed. 

The quantity J a can be equal to zero, besides the trivial case pa = 0, for 
two reasons. The first reason is related to the structure of the fields h\ and h2. 
One can see from (4.64) that J a = 0 if the complex amplitudes h\ and h2 are 
parallel to each other in the entire volume V a. This takes place when a small 
ferrite sample is situated in the waveguide at a point of linear polarization of 
the magnetic field. The second reason relates to the symmetry of the device: the 
integrals in (4.64) over different parts of the volume Va can compensate each other. 
A representative example is a ferrite slab located symmetrically in a rectangular 
waveguide (Section 5.2). It should be emphasized that the entire system can be 
reciprocal in the above-discussed sense ( J a = 0), while the field structures are 
nonreciprocal, i.e., different for opposite directions of propagation. 

Thus, the existence of steady magnetization is not sufficient but necessary for 
observing nonreciprocal effects (and designing nonreciprocal devices). This is in 
agreement with the principle of symmetry of the kinetic coefficients (the Onsager 
principle) [246], which, for p components, can be written as 

ppq (w,k,B0) = pqp(uJ,-k,-Bo) (4.65) 

where Bo = Ho + 47rMo. 
It should be noted that antisymmetric components of e (may be of p, too) 

can arise in some substances without any action of steady magnetization. These 
components depend linearly on k and, so, are equal to zero if k = 0. The 
sense of the turn of polarization in such substances changes, as distinct from 
the Faraday effect, to the opposite when the direction of propagation is reversed. 
This phenomenon is called natural optical activity [246], as distinguished from 
gyrotropy, which is discussed in detail in this book. 

4.4 Energy relations 

The energy relations are quadratic (in field amplitudes) expressions that follow 
from Maxwell's equations and represent the relationship between energy flows 
and energy losses in an electromagnetic field. As we are interested in stationary 
processes, when all the linear quantities are harmonic functions of time, we 
consider in the present section, as in Section 4.3, the quadratic relations for the 
complex amplitudes. 

Suppose that there are two real quantities a~ = ao cos(u>t + <pa) and = 
6ocos(wt + fb), and the complex quantities d == aoexp(iw< -I- itpa) and b = 
bo exp(iwi 4- 'upb) are introduced, so that a~ and are the real parts of a and b. 
Then, it is easy to show that the average of the product a^b~ over the period of 
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oscillations is 

a~b„ = / a^b^dt = -Re(ab*) = -Re(a*6) (4.66) 
Jo 2 2 

(the quantities a — aoexp(iy> a) and b = boexp(ipi,) are the complex amplitudes 
of and 6^). Expressions analogous to (4.66) hold for both scalar and vector 
products of vector quantities. 

4.4.1 Equation of energy balance 

We multiply the Maxwell equation (4.14) scalarly by h* and the complex conjugate 
of (4.16), by — e. Summing the obtained expressions, we get 

£ -d iv (e xh*) + (h*ph - e e * e * ) + ej*xt = 0. (4.67) 

The real part of (4.67) can be written in the form 

div77 + P + P e x , = 0 (4.68) 

where 

7 7 = ^ - R e ( e x h*) (4.69) 

P = -^-lm^h*ph-e*7*e*^ (4.70) 

P e x t = ^Re ( e j ; x t ) . (4.71) 

Taking into account the relationships, analogous to (4.66), for the vector and 
scalar products, we make sure that 77 is the time-averaged Poynting vector, i.e., 
the mean value of the density of the electromagnetic-energy flow, P is the mean 
value of the density of the energy losses, and P e x t is the mean value of the density 
of the power of losses due to external currents. Thus, (4.68) is the equation of 
energy balance for the ac electromagnetic field (in differential form). 

Using (4.18) and (4.13), it is possible to rewrite (4.68) as 

div77 + Pm 4- P e = 0 (4.72) 

where P m = —w/(87r) Im(h* ph) is the density of magnetic losses, and 

P e = ^Re(e j*) (4.73) 

is the density of total electric losses due to both ohmic and external currents. 
Integrating (4.68) over a volume V, we find 

f nn0dS + f PdV + [ PMdV = 0 (4.74) 
Js Jv Jv 
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where S is the surface that encloses the volume V and no is a unit outward normal 
to S. Expression (4.74) is the energy balance equation in integral form, i.e., the 
complex Pointing theorem for an ac electromagnetic field. 

4.4.2 Energy losses 

Let us consider in more detail the quantity (4.70). It is easy to show that Hermitian 
tensors pu (Section 4.1) and 7 H do not contribute to P, and the contribution of 
anti-Hermitian tensors can be written in the form 

P = 
UJ 

8Jr" 
-Im (hp aH h* + e a H 1 (4.75) 

So, the energy losses are determined by anti-Hermitian parts of the tensors p and 
e , i.e., by the imaginary parts of their symmetric components and the real parts 
of the antisymmetric components. [That is why the factor i has been introduced 
before the antisymmetric components in (4.20).[ 

Consider, e.g., a medium with permeability as in (4.23) but with scalar per
mittivity. Such a medium represents, for microwave range, a ferromagnet or a 
ferrimagnet (ferrite) which, in the absence of steady magnetization, is assumed to 
be isotropic. For this medium 

\p" 0 
= ip" 0 

0 0 'ill" 
e a H — 

ie" 0 0 
0 ie" 0 
0 0 ie" 

(4.76) 

The complex amplitudes of the components of h and e vectors with arbitrary 
polarization can be written as hp = h'p + \hp and ep = e'p + iep, where p = 
1,2,3 EE x, y, z. Then, as it is easy to make sure, 

P = 
UJ 

8^ [p" ( M 2 + \hy\2) + ^ ' l ^ l 2 + 2p!'a (h'yK - h'X) + £ " M 2 ] 
(4.77) 

For media with tensor e (e.g., for plasmas, both gaseous and solid-state, and 
for ferromagnets or ferrimagnets in optical range) the power of electrical losses 
should be written analogous to magnetic losses in (4.77). 

One can see from (4.77) that the dissipation (positive losses) of electromagnetic 
energy is determined by positive values of p", p'^, and e", if the signs are chosen 
as in (4.19). Such a conclusion cannot be made concerning (as well as e^'). 
because the quantity h'yh" — h"xh'y in (4.77) and analogous quantity for electric 
field components can have different signs depending on the polarization of the 
fields. These quantities are positive for circularly or elliptically polarized fields 
with right-hand rotation (with respect to the direction of steady magnetization), 
and are negative in the case of left-hand rotation. For linearly polarized fields these 
quantities are equal to zero. Thus, the same values of p" and t"a make positive, 
negative, or zero contribution to dissipation of electromagnetic energy, depending 
on the polarization of the field. 



4.5 Perturbation method 109 

For a passive medium (without any intrinsic energy sources), it should be 
P > 0 for any polarization. This leads to the following limitations on the values 
of anti-Hermitian parts of it components: 

M " > 0 Mjf > 0 K ' | < M " (4-78) 

and to analogous limitations on the values of the components of e . The signs of 
/x" and e" can be arbitrary, and just as the signs of p'a and e'a, they depended on 
the direction of the steady magnetization. 

4.5 Perturbation method 

The difficulties we meet with in solving boundary electrodynamical problems 
are especially great in the case of gyrotropic media. Therefore, in this case the 
approximate methods are of particular importance. The simplest and most general 
of them is the perturbation method. The unperturbed system is, usually, a system 
containing no gyrotropic media, and the perturbation is either a small change of 
parameters in an arbitrary large volume or a substantial change of parameters but 
in a small volume. The second case is more interesting from the practical point of 
view. 

The perturbation method is effective in calculating the quantities that are func
t ional of the electromagnetic field, such as eigenfrequencies of resonators or prop
agation constants of waveguides. The perturbation formulae for these quantities 
can be deduced from general quadratic relations, which can be called perturbation 
lemmas. 

To derive these lemmas consider two systems: an unperturbed (initial), with 
scalar parameters po and EQ, and a perturbed, with tensor parameters p and e. 
An electromagnetic field with frequency u>o and complex amplitudes of the field 
vectors ho and eo exists in the initial system, and a field with frequency u and 
complex amplitudes h and e exists in the perturbed system There are no external 
currents in both systems. We write equations (4.14) and (4.16) for the perturbed 
system and the complex conjugates of these equations, for the initial system. 
Then we multiply these equations by the appropriate vectors, as in the derivation 
of (4.61) or (4.67). Summing all the obtained expressions, we find (assuming fi0 

and £o to be real) the perturbation lemma 

div (e x h.Q + x h) + - {uih^ph — wohpoliQ + uje^ e e — oj0eeoe* j = 0 . 
° (4-79) 

In the same manner, but starting from equations (4.14) and (4.16) for both sys
tems (not from the complex conjugate of (4.16) for the initial one), we can obtain 
a lemma that differs from (4.79) by the replacement —> ho and eg —• —eo. 
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FIGURE 4.2 
Gyrotropic perturbations (a) of a waveguide and (b) of a resonator. 

4.5.1 Gyrotropic perturbation of a waveguide 

Consider an infinite waveguide with cross section So filled, in the unperturbed state, 
with a medium the parameters of which are po and eo. A wave with complex 
amplitudes eo = eQexp(—ik^r)) and ho = h^ exp(—ik^orj) propagates in this 
waveguide (77-axis is directed along the axis of the waveguide). The eigenfunctions 
of the unperturbed waveguide e^ and h® and the propagation constant kno are 
assumed to be known. The perturbation is an infinite cylinder with cross section 
5] and parameters p and e inserted in the waveguide (Figure 4.2). The complex 
amplitudes of the field in the perturbed waveguide are e = e°exp(—ikvr)) and 
h = h° exp^ik^rj). The propagation constant kn is to be found. 

Substituting the quantities eo, ho, e, and h into the lemma (4.79) (where, in 
the present case, w = u>o), integrating it over the waveguide cross section So, and 
taking into account the boundary conditions at the waveguide walls, we obtain, 
according to Nikolskii [299], 

w / S i (h°0*6PH0 + e0

0*87E°)dS 

*" - c J S O (e°x x < + e ° ! x *o ) ̂  ( 4 ' 8°) 

Here the subscript _L denotes the transverse (with respect to the waveguide axis) 
components of the eigenfunctions of the waveguide, 6P = p — po, 6 e — e — eo, 
and T70 is a unit vector directed along the waveguide axis. 

Formula (4.80), as well as the lemma (4.79), is rigorous, but the eigenfunctions 
e° and h° are unknown. I f the surface 5j is small as compared with So, then, in 
the denominator of (4.80), we can approximately replace the unknown functions 
e° and h° by the known functions and h®. Taking into consideration the 
formula of the waveguide theory (e.g., [151]) h%A = (r)Q x eQ X)/(o (where £0 is 
the characteristic impedance of the unperturbed waveguide), we get 

kr, - fc^o =• I (h°0*6PH° + e%*87e°) dS (4.81) 
2CJV 0 JSl \ 1 

where iVo = J s J ^ x l d ^ 1S t n e normalization constant of the unperturbed-
waveguide eigenfunctions. 
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4.5.2 Gyrotropic perturbation of a resonator 

Let us derive a formula for the eigenfrequency of a hollow electromagnetic res
onator with a small gyrotropic sample (Figure 4.2). The field (eo, h0) in (4.79) 
represents now the field of one of the modes of the unperturbed resonator, and (e, 
h) is the field of 'the same' mode of the resonator with the sample. ('The same' 
means that this mode transforms into the mode of an unperturbed resonator when 
the sample volume V\ —• 0.) Integrating (4.79) over the resonator volume VQ and 
taking into account the boundary conditions at the resonator walls (regarded as 
ideally conducting), we find [298] 

UJ — u>o 

UJ JV(j (h^noh + e^eoe) dV 

If V\ <C Vo, we may, as in the previous case, replace the perturbed fields in the 
denominator by the unperturbed fields. Then we get - - / (K^h + e*067e) dV (4.83) 

UJ 2W0 JVl V / 

where 

WQ= f e o M 2 d V = / po\ho\2dV (4.84) 
JVo JVo 

is the energy of the electromagnetic field in the unperturbed resonator multiplied 
by 8TT. 

In (4.81) and (4.83), the quantities of the type <5/xh take place. We write 
them down in the particular case of a medium with parameters (4.23). For instance, 

ho 6*Jlh = 6phlLhL + ipaZo (/iJx x ^ - 0 + ^^wKz^z (4.85) 

where 6fi = /x — no, 6/J,\\ = /xy — /xo, the z-axis is directed along the steady 
magnetization Mo, and the subscripts L denote now the components perpendicular 
to this axis. 

If we allow for dissipation, i.e., take into account the anti-Hermitian parts of e 
and \i, the right-hand sides of (4.81) and (4.83) become complex. These formulae 
then give the changes of both the real parts and the imaginary parts of kv or UJ. 
Therefore, they can be used to calculate the decrement of a wave in a ferrite-loaded 
waveguide and the quality factor of a resonator with a ferrite sample, which is 
related to the imaginary part of the eigenfrequency by the expression (1.107). 
4.5.3 Quasistatic approximation 

The perturbed fields in (4.81) and (4.83) differ essentially from the unperturbed 
fields, no matter how small the sample may be, and are to be approximated in some 
way or other. The simplest is the quasistatic approximation, which consists in 
the following: the relation between the perturbed (internal) ac field in the sample 
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and the unperturbed ac field is assumed to be the same as the relation between the 
static internal and external fields. (The external field is the field at the point of a 
waveguide or a resonator where the sample is, but without the sample.) 

This is just the approximation used in Section 1.5. The magnetostatic problem of 
the relation between the internal and the external fields has a simple solution (1.85) 
if the sample is a small ellipsoid in a nonmagnetic medium (po = 1)- Having 
excluded the internal field h from (1.85) and the expression 

h + 4-KTTX = *ph (4.86) 

we obtained, in Section 1.5, the relation between the magnetization m and the 
external field he (now designated as ho). To find the relation between h and ho, 
which we are interested in at the present, we exclude m from (1.85) and (4.86) 
and obtain (for po = 1) 

h= (l + -^NSp^j ho = Th0 (4.87) 

where the superscript - 1 denotes the inverse tensor. If po i 1 1. the quantity Sp is 
replaced by 8p/po. 

Assume that p has the form (4.23), po = 1. and Mo is directed along one 
of the ellipsoid axes. The tensor T components, i.e., the relations between the 
components of h and ho, found on these assumptions, are listed in Table 4.1 for the 
limiting cases of an ellipsoid. Analogous relations hold between the components 
of e and eo-

A necessary condition for the applicability of the quasistatic approximation is 
that at least one of the sample dimensions (d) must be small as compared with 
the length of electromagnetic wave in the sample. If we take into account that the 
transverse diagonal components p and e are of the same order of magnitude as 
other components, respectively, of p and e, then we may write this condition as 

~V\W\d<l- (4.93) 
c 6 

Here d is the diameter of a sphere, the diameter of a cylinder, or the thickness of 
a slab. It must be emphasized that other dimensions of a cylinder or a slab should 
not be small. Then, the internal field will vary in the plane of the slab or along the 
length of the cylinder, but in the same way as the external field. 

If all dimensions of the sample are small, the integration in (4.83) can be 
replaced by multiplication by V\. The integration in (4.81) can be replaced by 
multiplication by S\ if all dimensions of the cylinder cross section are small. 

The second necessary condition for the applicability of the quasistatical ap
proximation (in the considered form), already mentioned in Section 1.5, is that 
the oscillation mode must be uniform. 

The above-obtained perturbation formulae contain the tensor parameters of the 
substance p = 1 + 4nx a n u " £ = 1 + 47TXei (where Xei is the ac electric 



TABLE 4.1 
Relations between components of perturbed and unperturbed fields in the quasistatic approximation. 

Tangential (a) /i0* ^ f -hox + h0l (4.88) 
Slab 

Normal (b) h0x h0y ±h0z (4.89) 
Longitudinal (c) 2 ^ t 1 ^ 2 h0x - - 2 - ^ s

 Th0y -2-^2

£

 Th0x + 2 .̂"t ^ 1 h°y h°* (4.90) 

(/X 4-1) -fla (m+1) ~Ma (M+1) "Ma (M+1) "Ma 
Cylinder 

Transverse (d) JTTlhoz ~ ~^TXh°y h o y + 1h<il ^4'91' 
Sphere (e) ^ ' + 2 ) ^ - — ^ r S 3 f f i 2 fco* +

 3<M +2> 2̂  -^7^ (492> 
(it 4- 2) - Ma (fl+2) - \xa (a* 4- 2) - Ma (M + 2) - Ma Mil + z 

5s 

Direction Notation _̂ 
of magne- in Figure a 

Sample tization (1.9) hx hy hz | 

a. 
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susceptibility). But, if the sample is a small ellipsoid or, in limiting cases, a thin 
slab or a thin cylinder, the external susceptibility tensors \ e and X e i (Section 1.5), 
which relate the ac magnetization m and ac polarization to the external ac fields, 
can be inserted into the perturbation formulae. Consider, e.g., formula (4.83) and 
assume po = 1 and eo = 1. The expression hp 6ph in (4.83) can be rewritten as 
follows: 

6ph = ho*4irxh = 4 7 r h 0 x e h 0 . (4.94) 

The expression e^See, as well as the analogous expressions in (4.81) can be 
transformed in the same way. Thus, the introduction of external susceptibili
ties allows one to exclude the internal (perturbed) fields from the perturbation 
formulae, and there is no need in approximating them. 

If the substance (ferromagnet or ferrite) is isotropic, in the absence of steady 
magnetization, and the sample (an ellipsoid) is magnetized along one of its axes, 
the tensor \ e l s given by (1.112) with \s = 0- Then, the expression hoXeho, 
which appears in (4.83), takes the form 

K x e h 0 = Xl\h2
0x\2 + Xe

y\hoy\2 + ix e

a*o ( K x h0) . (4.95) 

It is easy to make sure that the last term in (4.95) is equal to zero for a linear 
polarization of ho, and is real and has different signs, for circular polarization of 
ho with different senses of rotation. 

4.5.4 Resonator with walls of real metal 

The perturbation method can be used, as well, to calculate approximately the 
parameters of electromagnetic resonators or waveguides with walls made of non-
ideal, in particular, ferromagnetic metal. Consider, e.g., a resonator, a part S\ of 
the surface of which is a boundary with metal having high but finite conductivity. 
The rest of the resonator surface is a boundary with ideally conducting metal. 
There are no gyrotropic samples inside the resonator. 

We integrate (4.79) over the volume of this resonator and take into account that 
the tangential component of the electric field is not equal to zero on S\. Then, 
neglecting the distinction between the perturbed (u)) and unperturbed (wo) values 
of frequency, except in the difference (u — u>o), we get the perturbation formula 
obtained by Slater [367]: 

ui - wo u' - u>o . 1 ic f , , 
UJO U>O 2Q 2 W 0 W 0 7.y, 

Here Wo is determined by (4.84), no is a unit outward normal to S\, and e and h 
are the perturbed field vectors. It should be noted that the real part of the integral 
in (4.96) is the energy flow through 5] multiplied by 87r/c; this is in agreement 
with the definition (1.108) of the quality factor Q. 

According to the perturbation method, it is possible to substitute ho for h 
in (4.96). The unperturbed field h 0 is now the field in the resonator with ideally 
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conducting walls, which is tangential to Si . The relation of the tangential electric-
field component e T to ho can be found from the analysis of the wave propagation 
within the wall in the direction from the surface of the resonator. Note that such 
calculation in the case of nonferromagnetic well-conducting metal leads to the 
Leontovich boundary condition (e.g., [191]) 

~ = - ^ W i (4.97) 
ho 2 

where 6\ is the skin depth (4.40) in metal with \i = 1. The case of ferromagnetic 
metal will be considered in Section 14.2. 





5 
Waveguides and resonators with gyrotropic 
media. Microwave ferrite devices 

5.1 Waveguide with longitudinally magnetized medium 

In this chapter we will study electromagnetic waves in waveguides and oscillations 
in resonators containing gyrotropic media, in particular, the magnetized ferrites. 
We will limit ourselves to the media with parameters (4.23) and often will regard 
e as a scalar. The first two sections of this chapter will be devoted to the so-called 
regular waveguides (infinitely long and with constant cross section) completely 
or partly filled with a gyrotropic medium. 

The case of a medium magnetized in the direction of the waveguide axis (a 
longitudinally magnetized medium) will be treated first. In this case, the longi
tudinal field components satisfy the equations that are obtained from (4.24) by 
the replacement d/dz —> -ikz. It follows from these equations (as mentioned in 
Section 4.1) that, if hz — 0, then ez = 0, too, and vice versa. Thus, the modes 
of the waveguide filled with a longitudinally magnetized gyrotropic medium are 
not TE or TM waves. However, they turn into TE or TM waves when pa —> 0 
and ea —> 0. Therefore, they can be referred to as quasi-TE and quasi-TM waves. 
Furthermore, they turn into TE or TM modes when kz —> 0. Equations (4.24) 
coincide then with the equations for an isotropic medium with parameters ey 
and p± (for TM waves) or with parameters e± and /j.y (for TE waves). In can be 
shown (e.g., [153]) that for magnetically-gyrotropic media ( e a = 0), in particular, 
for ferrites at microwaves, the boundary conditions at kz = 0 coincide, as well, 
with the boundary conditions for an isotropic medium. Therefore, the following 
expressions for the critical wavelengths, analogous with such expressions for an 
isotropic medium, are valid: 

AcrTM = (AcrTM)o \/ £A*l A c rjE = (AcrTE)o Veli\\ (5'') 

where (AcrtM)o and (Acr-rri)o are the critical wavelengths in an empty waveguide. 
To find the propagation constant kz and the field structure in a waveguide with 
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118 5 Waveguides and resonators with gyrotropic media. Microwave ferrite devices 

FIGURE 5.1 
Circular waveguides with longitudinally magnetized ferrite. 

a longitudinally magnetized gyrotropic medium the method of scalar potential 
functions mentioned in Section 4.1 can be used. This method is described in 
considerable detail in [ 153]. Here we will limit ourselves to some remarks. As the 
z dependence is harmonic for a wave propagating—as in our case—in z direction, 
the functions \ i 2 satisfy equation (4.29), and the quantities are the roots 
of (4.27). The boundary conditions at the waveguide walls can be satisfied only by 
some linear combinations of two fields that correspond to the functions ip± i and 
ip±2- These combinations are the normal modes of the waveguide. However, this 
problem can be solved analytically only in a limited number of cases. A circular 
waveguide filled with a longitudinally magnetized medium belongs to them. 

5.1.1 Circular waveguide 

Consider first a circular waveguide [Figure 5.1 (a) ] with perfectly conducting walls 
completely filled with the medium for which p has the form (4.23) and e is a scalar. 
A particular solution of (4.29) in cylindrical coordinates (Figure 5.1) that remains 
finite at p = 0 has the form [293] 

%(> = Jm(Kp)t\p(imp) (5.2) 

where J m is the Bessel function and m = 0, ± 1 . ± 2 , . . . . The scalar function tp 
that corresponds to a normal wave can be written as 

ip = [AiJm(K\p) + A2Jm(K2p)] exp(imv? - ikzz). (5.3) 

Substituting (5.3) into the boundary conditions for the function ip [151] at 
p = po. we obtain a system of two uniform linear equations for Ai and A2. 
Setting equal to zero the determinant of this system, we get the transcendental 
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equation 

F\ — F2 0 

Fl,2 
Kl,2 

- Ki,2 ) Jm(«l,2Po) MPO «? j 2 

(5 .4) 

where J'(kpo) is the derivative of J(fcpo) with respect to the argument. This 
equation was derived independently by Kales [203], Gintsburg [139], and Suhl 
and Walker [397]. Solving it together with the expressions for the roots K\,2 

of (4.27), we can find k\ , k2, and the propagation constant kz. 
It is very important that kz occurs in (5.4), as well as in (4.27), only to the 

second power. Therefore, the value of \kz\ is independent of the direction of 
propagation. At the same time, pa and m occur in (5.4) to the. first powers, as a 
product pam. The sign of pa is determined by the direction of Mo, and the sign 
of m represents the direction of the polarization rotation (right-hand for m < 0 
and left-hand for m > 0) with respect to the direction of propagation. Therefore, 
the sign of pam shows the direction of the polarization rotation with respect to the 
direction of the steady magnetization. The waves with right-hand and left-hand 
rotation with respect to this direction have different propagation constants |fc z+| 
and \kz-|. This distinction, in analogy with the unbounded medium (Section 4.2), 
leads to the turn of polarization, i.e., to the Faraday effect. 

The analysis of equation (5.4) was carried out in detail in [397]. It was shown, 
in particular, that formula (4.48) is to be replaced now by 

We can define a vector which lies in the cross section of the waveguide and is 
rigidly bound to the field structure. This vector can be referred to as a vector 
of polarization of the wave. It plays, in the case of a waveguide, the role of the 
field-polarization vector (Section 4.2), the turn of which is the Faraday effect. 

5.1.2 Circular waveguide with ferrite rod 

The circular (as well as any other) waveguide completely filled with gyrotropic 
medium (ferrite) is disadvantageous from the practical point of view. First, it 
has a low 'quality factor' (i.e., the ratio of the angle •& to the losses). Second, 
strong reflections at the boundary of this waveguide and the empty waveguide 
make matching difficult. These shortcomings can be diminished if the waveguide 
is partly filled with ferrite, e.g., if the circular waveguide contains a circular ferrite 
rod [Figure 5.1(a)]. 

This problem can also be solved strictly. The field in the ferrite rod (p < p\) 
must be represented by a sum of two fields corresponding to k\ and /c 2. The field 
in the isotropic medium (p\ < p < po) w ' t h parameters po = 1 and £0 is a sum 
of TE and TM fields. Each of them should contain Bessel functions Jm(«;op) as 

2\m\ (K+ - K-) I- ( 5 . 5 ) 
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where kzo is the propagation constant in an empty waveguide. To estimate the 
limit of validity of this expression we use formula (4.93) and get, for £o = 10, 

Another variant of the perturbation method (Section 4.5), the weakly-gyrotropic 
approximation, can also be used [285]. Now the waveguide with the same e and 
p but with pa = 0 is regarded as the unperturbed system, and the appearance 
of the antisymmetric component pa is the perturbation; the ratio pa/p is a small 
parameter. The results of calculations of the angle •d by all mentioned methods 
are shown in Figure 5.2. 

The turn of polarization (the Faraday effect) in a circular waveguide can be 
regarded alternatively as a result of energy transfer from a linearly polarized, e.g., 
quasi-TEn, wave to another wave, also linearly polarized quasi-TEn but with 
the polarization vector (or the field pattern) turned through the angle of 7 r / 2 with 
respect to the polarization of the first wave. These waves are the normal waves of 
an empty waveguide, but they become coupled in a waveguide with longitudinally 
magnetized gyrotropic medium. Such treatment can be applied, as well, in the 
case of waveguide with a square cross section. The longitudinally magnetized 
gyrotropic medium leads to the coupling of the waves quasi-TEio and quasi-TEoi 
in this waveguide. 

The treatment in terms of coupled waves is especially useful if the distinction 
between the waves in the waveguide with a gyrotropic medium and the corre
sponding waves in the waveguide with an isotropic medium is small. This takes 
place when the radius of the ferrite rod is small, or the values of ea and pa are 
small. 

The latter case is realized in optics. Consider, for instance, a plane optical 

(5 .6) 

P ! / p o < 0 . 0 5 . 

well as Bessel functions of the second kind (or Neumann functions) N m ( « o p ) 
[293] because the point p = 0 (at which N m ~+ oo) does not belong now to 
the considered region. Thus, six arbitrary constants appear in the expressions for 
field components. The boundary conditions at p — po and p = p\ yield a system 
of six equations. Setting equal to zero the determinant of this system, we get a 
transcendental equation for the quantities kz, K\ , n2, and K,Q, which is to be solved 
together with the expressions for the roots K\ and KZ of (4.27) and the expression 
KQ = kleo-kl. Omitting cumbersome calculations [285], we note that only k\ and 
the product pam occur in the mentioned equation as well as in (5.4). Therefore, 
the properties of the circular waveguide with a longitudinally magnetized ferrite 
rod are, qualitatively, the same as those of the circular waveguide filled with ferrite. 
In particular, formula (5.5) is valid now, too. 

If pi /po <C 1, formula (4.81) with the quasistatic approximation of the perturbed 
field (Table 4.1) can be used to calculate kz± and the angle for the circular 
waveguide with ferrite rod. Such calculation [153], in the most interesting case of 
the quasi-TEn wave, yields 
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FIGURE 5.2 
Turn of polarization in a circular waveguide with ferrite rod [285]. i?i is the angle of the 
turn on a distance I, and FCO is the wave number in free space. Solid curves correspond 
to the rigorous calculation, dashed curves, to the calculation in the weakly-gyrotropic 
approximation, and the dotted curve, to the calculation using (5.6). \x — 1, \xa = 0.5, 
FCO = 0.67r/PO-

waveguide (e.g., [7]), which consists of three dielectric layers with permittivities 
ei , £2, and £ 3 , the permittivity of the middle layer e2 being the greatest. (In fact, 
this waveguide is a thin film with £ 2 on a substrate with £ 1 < £ 2 . a third 'layer' is 
air.) In the absence of gyrotropic media the normal waves in such waveguide are 
TE and TM waves. But if one of the layers is gyrotropic, these waves are coupled. 
If one of them is excited at the input, its energy is transferred into another wave 
during the propagation. Of course, this process can be considered, as well, in 
terms of normal waves of gyrotropic waveguide, which are neither TE nor TM. 
They are not transformed into one another but have different kz values, and this 
results in the transformation of the structure of the propagating wave, which is the 
sum of these normal waves. 

5.1.3 Faraday ferrite devices 

The direction of the turn of the wave polarization in a waveguide with a longitudi
nally magnetized gyrotropic medium does not depend, as previously mentioned, 
on the direction of propagation, and it is reversed when the direction of the steady 
magnetization is changed. This effect, which is a manifestation of the nonrecipros-
ity of such systems (Section 4.3), is used in designing nonreciprocal microwave 
and optical ferrite devices. The devices of such type (referred to as polarization 
or Faraday devices) were investigated by Hogan [183] (see also [247]). 

Let us consider the device shown schematically in Figure 5.3. It is a section 
of a circular waveguide with a longitudinally magnetized ferrite cylinder on its 
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FIGURE 5.3 
Faraday circulator. 

axis and with two pairs of input and output rectangular waveguides. The linear 
polarization of the wave TEn is turned by the ferrite sample through the angle 

= 7 r / 4 . The angle between the pairs of rectangular waveguides has the same 
value. It is easy to see that the wave coming, e.g., from port 1 (Figure 5.3) passes 
into port 2, and the wave from port 3 passes into port 4. As the sign of the angle 
•d is independent of the direction of propagation, the wave from port 2 will pass 
into port 3, and the wave from port 4 will pass into port 1. A device with such 
properties is called a circulator (in the considered case, a four-port circulator). If 
the external steady field Heo is turned to the opposite direction, the direction of 
energy circulation is reversed. 

When matched loads are connected to ports 3 and 4, the circulator becomes 
an isolator, i.e., a device that isolates a generator (connected to port 1) from 
a load, e.g., from an antenna (connected to port 2). If a transmitter and an 
antenna are connected, as before, to ports 1 and 2, respectively, and a receiver is 
connected to port 3, the device works as a duplexer [247]. A Faraday circulator 
and, hence, an isolator or a duplexer have usually, in a frequency band of ~ 10%, 
the following parameters: forward losses less than 0.5 dB and backward losses 
25-30 dB. Changing, continuously or discretely, the magnetic field He o, we obtain 
an amplitude modulator or a switch. The frequencies of modulation as high as 
~ 10 MHz can be reached with comparatively low magnetic-field amplitudes. 
All the above-mentioned Faraday devices can be constructed using the waveguide 
with square cross section, as well. 

A circular or a square waveguide with a longitudinally magnetized ferrite sample 
can also be applied in a controllable phase shifter or phase modulator. In this case, 
the circularly polarized wave is to be used with kz, depending on magnetic field. 
It is worth noting, however, that a linearly polarized wave in a waveguide in which 
only this wave propagates can be used, as well, to design a controllable phase 
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shifter. As an example, the reciprocal Reggia-Spencer phase shifter [326] (see 
also [247]) may be mentioned. 

5.2 Waveguide with transversely magnetized ferrite 

In this section we will study the propagation of waves in waveguides that contain 
gyrotropic media magnetized at right angle to the waveguide axis. First of all, the 
rectangular waveguide completely filled with such a medium will be treated. 

5.2.1 Rectangular waveguide filled with ferrite 

Consider a rectangular waveguide (Figure 5.4) filled with the medium with pa
rameters (4.23). The direction of magnetization, which coincides, as usual, with 
the 2-axis, is normal to the wide waveguide walls. The simplest modes in this 
waveguide are such for which the fields do not depend on z. Let us first ig
nore the boundary conditions. Then, as it follows from (4.24), TE waves (with 
hz = 0) and TM waves (with ez = 0) can exist if d/dz = 0. Substituting 
e = eoexp(—\k yy) and h — ho exp(—ik yy) into equations (4.14) and (4.16) and 
projecting these equations onto the coordinate axes, we obtain two independent 
systems: the following one 1 

kyez - kophx - \kopahy = 0 

dez 

i — - ikoPahx + k0phy = 0 

dhv 

k0£\\ez - kyhx + i - ^ = 0 (5.7) 

and a system for the components ex, ey, and hz. The system (5.7) represents the 
waves TE n o, and the second one represents the waves TM„o (the subscripts n and 
0 indicate the numbers of variations of the field-component amplitudes along the 
axes, respectively, x and z). 

However, the waves TM„o do not exist in this waveguide because they do not 
satisfy the boundary conditions. Indeed, the components ex and ey should be 
equal to zero at the walls z = 0 and z — b and, hence, everywhere because 
d/dz = 0. 

For T E n 0 waves, excluding hx and xy from (5.7), we find 

^ + ^ e z = 0 (5.8) 

1 In (5.7) and later on we omit the subscripts 0 at the components of eo and ho. 
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where 
Kl = fc(fciiM± - fc;;. (5 .9) 

The solution of (5.8), which satisfies the boundary conditions at x = 0 and x — a, 
has the form 

717T 
e z = .4 sin K ^ X K t = — n = 1,2,3, (5.10) 

a 

From (5.9) and (5.10) we obtain the propagation constant 

( 5 . 1 1 ) 

Thus, the structure of the electric field of the waves T E n U in a rectangular wave
guide filled with transversely magnetized ferrite is the same as in the waveguide 
filled with an isotropic medium. It is easy to make sure that the structure of the 
ac magnetic induction is also the same as in the case of an isotropic medium. 
However, the structure of the ac magnetic field is quite different (Figure 5.5) and 
nonreciprocal. It changes with the reversal of the direction of propagation or 
the direction of magnetization and remains the same if both these directions are 
reversed. 

The field structure in a rectangular waveguide filled with transversely magne
tized medium is much more complicated if we al low for the field dependence on 
both transverse coordinates x and z. Normal waves are, then, the superpositions 
of partial waves with two values of K X . They are no more waves TE or TM but 
have six field components [356, 285]. It follows from (5.11) that, if /xj_ < 0, only 
such modes can propagate. The x dependences of the fields are represented, then, 
either by hyperbolic (with imaginary K X ) or by trigonometric functions. In the 
first case, the fields 'press themselves' to one of the narrow (perpendicular to the 
x-axis) walls of the waveguide, depending on the direction of propagation. Such 
modes are referred to as ferrite-metal modes. 
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FIGURE 5.5 
Magnetic force lines of a TEio wave in a rectangular waveguide filled with ferrite for two 
directions of propagation, e = 9, fi = 0 .9, fia = 0.6, fco = 1 .4 l7r/a . 

5.2.2 Rectangular waveguide with ferrite plates 

Let us turn now to waveguides partly filled with transversely magnetized gyrotropic 
medium. The simplest case is a rectangular waveguide with a ferrite plate parallel 
to the narrow waveguide walls (Figure 5.4). We limit ourselves again to the modes 
with d/dz = 0. Equation (5.8) is valid inside the plate; outside the plate 

del 
dx2 

+ Kx0ez = 0 (5 .12) 

k2 - Ie2 (5 .13) 

The solutions of (5.8) and (5.12) that satisfy the boundary conditions at x = 0 
and x = a are 

e z = A sin KXQX 

ez = B sin KX(X — g) + C cos KX(X — g) 

ez = D sin Kxo{a — x) 

0 < x < g 

g < x < g + d 

+ d<x<a. (5 .14) 

Four conditions of continuity of ez and hy at x = g and x = g + d yield a 
system of equations for the coefficients A, B, C, and D. Setting equal to zero the 
determinant of this system, we obtain the equation derived first by Kales, Chait 
and Sakiotis [204]: 

pnx0 cot Kxd(tan Kxog + tan KXOO - (p2 + q2) tan nx0g tan K X 0 / 

+K2

X0 + KXQQ(tanKxog - tanKx01) = 0 (5.15) 

where p = Kx/p±, q = paky/{np±) and I = a — g — d. 
Equation (5.15) contains the product pa ky. Therefore, the roots of this equation, 

|A;+| and \k~\, as well as the field patterns, are different for opposite directions 
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FIGURE 5.6 
Dependence of nonreciprocal difference of propagation constants in a rectangular waveg
uide with ferrite plate on the location and thickness of the plate [Figure 5.4(b)]. Solid 
curves represent the results of rigorous calculation [158], dashed curves correspond to 
the calculation by the perturbation method (Section 4.5). e = 9, LL = 0.9, p a = 0.5, 
ko = 1.447r/a. 

of propagation or opposite directions of magnetization; they remain the same if 
both of these directions are reversed. The replacement g <^ / results in the same 
change of \ky\. If g = I, then = |fc~|. An equation for critical frequency 
(or for critical waveguide dimensions at constant frequency) is obtained by taking 
ky = 0 in (5.15). Then, pa will appear in this equation only to the second power. 
So, the critical values of frequency or of waveguide dimensions are independent 
of the directions of magnetization and propagation. 

The dependence of the nonreciprocal difference 8ky = |fc+| — |A;~| on the 
thickness and location of the ferrite plate obtained by numerical solution of equa
tion (5.15) [158] is shown in Figure (5.6). The results of calculation by the 
perturbation method with quasistatic approximation of the internal field (Sec
tion 4.5) are also plotted. One can see that the perturbation method may be used 
only for d < 0.02a. 

The field structures in a waveguide with a transversely magnetized plate are 
quite different, as it follows from (5.13), for |fcj,| < fc0 and |fc„| > fco- In the first 
case the x dependence outside the plate is represented by trigonometric functions, 
while in the second case it is represented by hyperbolic functions. The field 
structure inside the plate, according to (5.9), depends on the value of p±. If 
Pi_ < 0, i.e., the frequency lies in the range CJ± < w < U>H + W M (Figure 1.6), 
the x dependence of the fields in the ferrite plate is represented by hyperbolic 
functions. In unbounded transversely magnetized ferrite, the wave propagation 
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FIGURE 5.7 
Electric-field patterns in waveguides with magnetized ferrite plates (d/dz = 0) . Solid 
and dashed lines correspond to opposite directions of propagation, (a) fi± < 0 and (b,c) 
n±_ > o. 

in this case would be impossible. In a waveguide containing a ferrite plate with 
p±_ < 0 the wave does propagate, but its field is 'pushed out' of the regions 
where the polarization of magnetic field is near right-hand circular. For opposite 
directions of propagation—as well as for opposite directions of magnetization— 
the fields 'press themselves' to the opposite surfaces of the plate (Figure 5.7). This 
is a manifestation of the nonreciprocal field-displacement effect. 

The transcendental equations analogous to (5.15) can be obtained, in the case 
of d/dz = 0, for rectangular waveguides with an arbitrary number of transversely 
magnetized ferrite plates parallel to the narrow waveguide walls. The most in
teresting is the case of two plates located symmetrically in the waveguide and 
magnetized either in the same or in opposite directions (Figure 5.7). In the first 
case the propagation constants \ky\ do not differ from each other for opposite 
directions of propagation, but the field structures are different. In the second case 
both the | ky | values and the field structures depend on the direction of propagation. 

When the energy losses in ferrite are taken into account, the p components and 
e gain imaginary parts and the dispersion equations, e.g., (5.15), become complex. 
Solutions of these equations yield complex propagation constants ky = k'y — i/c^'; 
the quantities ky are the damping coefficients (decrements) of the waves. If the 
imaginary parts of p, pa, and e are small as compared with the real parts, the 
following approximate formula can be used: 

de' dp>/«-
(5 .16) 

Near ferromagnetic resonance, where p" and p" are of the same order of magnitude 
as p! and p'a, this formula cannot be applied and it is necessary to find the complex 
roots of the dispersion equations. The results of this calculation [158] are shown 
in Figure 5.8. One can see from this figure that, in a position of the ferrite plate 
near the point of circular polarization of the magnetic field, the losses depend 
strongly on the direction of propagation. This phenomenon, which can be named 
nonreciprocal damping, is widely used in microwave ferrite devices. Note that the 
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FIGURE 5.8 
Real and imaginary parts of the propagation constant versus the external steady magnetic 
field for different locations of the magnetized ferrite plate in a rectangular waveguide 
[Figure 5.4(b)] calculated by computer solving of (5.15) [158] . Thickness of the plate 
d = 0 .02a . Frequency is 9.4 GHz, M 0 = 170 G, wr = 2 x 1 0 9 s " 1 , £ = 9, the values of fx 
and fia were obtained using (1.69) . 

maximal damping occurs at the external magnetic-field value that coincides with 
the ferromagnetic-resonance field calculated with formula (1.92) for an ellipsoid 
with the same ratio of dimensions as for the ferrite plate in the waveguide. 

5.2.3 Microwave ferrite devices 

Devices in which the waveguides with transversely magnetized ferrite are used 
can perform almost all functions that perform the Faraday devices discussed in 
the previous section. Their parameters, in most cases, are not worse than the 
parameters of Faraday devices, whereas the constructions are simpler. 

Consider first the isolators. One of them, a resonance isolator, in which the 
above-mentioned effect of nonreciprocal damping is used, is shown schematically 
in Figure 5.9(a). The dielectric plate serves to enhance the concentration of the field 
in the ferrite plate. Resonance isolators of this type have, in centimeter-wavelength 
range, forward losses of 0.2-0.3 dB and isolation (the ratio of backward to the 
forward losses) of more than 100 in a frequency band of approximately 20%. 

Every waveguide that contains points with circu lar (or nearly circular) polariza
tion of the magnetic field can be used to design the resonance isolator. In the case 
of a microstrip or a coaxial waveguide, a dielectric sample should be inserted to 
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Absorbing film 

FIGURE 5.9 
Microwave ferrite isolators using (a) resonance absorptions and (b) field-displacement 
effect. 

FIGURE 5.10 
Coaxial resonance isolator and its parallel-plane analog. 

obtain such points. Microstrip and coaxial waveguides with dielectric and ferrite 
samples cannot be analyzed rigorously, and a parallel-plane waveguide is often 
used as an approximate model. In Figure 5.10, a coaxial isolator and its parallel-
plane analog are shown. It is clear from symmetry considerations that, without the 
dielectric sample, it is impossible to attain different losses at different directions 
of propagation. The microstrip and coaxial waveguides are wide-band. To get 
a wide-band isolator it is necessary only to ensure the ferromagnetic-resonance 
condition in the whole frequency band. This can be achieved, for instance, by the 
use of a nonuniform steady magnetic field. The frequency band of such isolators 
can be as large as an octave, the forward losses being 0.2-0.4 dB, and isolation, 
not less than 50. 

The design of an isolator that uses the above-mentioned field-displacement effect 
is shown schematically in Figure 5.9(b). The dimensions and the position of the 
ferrite plate are chosen to make the electric field of the forward wave equal to zero 
at the place of the absorber. It has been pointed out above that one of the waves is 
effectively 'pushed out' of the ferrite plate if p±_ < 0. This requirement must be 
fulfilled for good performance of a field-displacement isolator. The characteristic 
parameters of this device are: forward losses 0.1-0.3 dB and isolation ~ 100. The 
field-displacement effect has been applied, as well, in constructing nonreciprocal 
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FIGURE 5.11 
Latching ferrite phase shifter. The arrows show one of the two magnetization directions. 

devices, isolators and circulators using wide microstrip waveguides [330]. These 
devices have been called edge guided devices. 

Let us briefly consider the ferrite microwave phase shifters. The rectangular 
waveguide with a magnetized ferrite plate, which has been discussed above, is 
the simplest nonreciprocal phase shifter. The steady magnetic field is, in this 
case, much less (or, sometimes, greater) than its resonance value HKS. Then the 
decrement ky can be sufficiently small at required values of the nonreciprocal 
difference 6k'y, as seen in Figure 5.8. The fields exceeding HKS are used at low 
frequencies to avoid the so-called initial losses caused by intrinsic ferromagnetic 
resonance (Section 8.3). 

To design a reciprocal phase shifter we must put the ferrite plate into the central 
plane of the waveguide (g = / in Figure 5.4) or use two plates symmetrically 
placed and magnetized in the same directions (Figure 5.7). 

A 'toroidal' nonreciprocal phase shifter is shown schematically in Figure 5.11. 
If the ferrite has a sufficiently great value of remanent induction BT and low coer
cive field Hc, then the phase shift can be controlled by short (e.g., microsecond) 
current pulses, and the phase shifter is a 'latching' device (with 'magnetic mem
ory'). It should be noted that the phase shifts in this device can be calculated 
approximately on a model of a waveguide with two ferrite plates magnetized in 
opposite directions (Figure 5.7). The typical parameters of such devices are: 
losses 0.5-1 dB for the phase shift of 360° (i.e., the figure of merit is more than 
300 deg d B - 1 ) in a 10% frequency band. 

5.3 Resonators with gyrotropic media 

We turn now to another fundamental problem of the electrodynamics of sys
tems with gyrotropic media, to the problem of oscillations of an electromagnetic 
resonator containing such medium. 
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5.3.1 Eigenoscillations and forced oscillations 

Consider a hollow resonator containing a medium the parameters of which, 7 
and \i are arbitrary functions of coordinates. Let us neglect, first, all kinds of 
losses, i.e., assume e and /j to be Hermitian tensors (Section 4.1) and suppose the 
conductivity of the walls to be infinite. We introduce the complex amplitudes Cev 

and \Chv of the fields of eigenoscillations (C is an arbitrary real quantity, and e„ 
and hv are the eigenvectors). These complex amplitudes must satisfy the Maxwell 
equations (4.14) and (4.16) with j e x t = 0 and the boundary conditions (4.5). 
Hence, 

rothv = —eev rote„ = — u h u (5.17) 
c c 

and, at the resonator surface S, 

e„ x no = 0 nophv = 0 (5.18) 

where no is a unit normal to S, u>u is the eigenfrequency corresponding to eigen
vectors ev and hv, and v indicates the number of an oscillation mode. 

If e and n are symmetric tensors (in particular, scalars), their components 
are real in the absence of losses. Then, the eigenvectors eu and hv satisfy 
equations (5.17) with real coefficients and can be taken as real. The corresponding 
eigenoscillations are standing waves. However, if /x or e have antisymmetric 
components (which are imaginary in the absence of losses), the solutions of (5.17) 
are complex. It means that the fields of eigenoscillations of a resonator with 
gyrotropic medium are not standing waves. The eigenfrequencies, nevertheless, 
remain real [153], as it should be for a system without losses. 

Consider now the forced oscillations of the resonator, i.e., the excitation of 
harmonic oscillations, with frequency u, under the action of external current 
density j e x t , external charge density p e x t , external magnetization m e x t , and external 
fields at the apertures S\ in the resonator walls. The quantities j e x l , p e x t , and m e x t , 
as well as the external electric field e e x t and the external magnetic induction 6 ext 

at S\, are assumed to be known. The Maxwell equations for the fields of forced 
oscillation and the boundary conditions are written as follows: 

ro te + lkoph = —i47rfcomext (5-19) 

div (jHh^J = —47rdivm e xt (5.20) 

, <-* 47T . 
rot h - iko e e = — j e U (5.21) 

c 

div ( 7 e ) = 47rp e x t (5.22) 

n 0 x (e x n 0 ) = e e x t nQ*ixh - n 0 6 e x t on S\ 

no x (e x no) = 0 no/x/i = 0 on S — S\. (5.23) 
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The complex amplitudes of the forced-oscillation fields can be represented in 
the form 

oo oc 

where e„ and hv are the above-considered eigenvectors, and the coefficients £ l l 

and Hv, as well as the gradient functions <p and i[>, are to be found. (The distinction 
of the signs before V<p and Vip in (5.24) is due to tradition.) 

Note that the eigenvectors ev and hv satisfy the orthogonality relations [153] 

/ e*7v</xiV = / / i * p V ^ d V = 0 (5.25) 
JVo Jvo 

/ e*£e„-dV = I hlph^dV = A„v, (5.26) 
JV0 JVo 

where Vo is the resonator volume and A„„' is the Kronecker delta symbol (Ap
pendix C). 

To find the coefficients £ v and Hv we multiply the first expression in (5.24) 
by £ and then multiply it scalarly by e„ . The second expression in (5.24) is 
multiplied, similarly, by p and by hv. Integrating the obtained expressions over 
Vo and taking into account the orthogonality relations (5.25) and (5.26), we get 
the formulae 

£v = f e*u7edV n v = f K^hdV. (5.27) 
JVo Jv0 

Then we multiply (5.19) by /i* and (5.21) by e," and integrate over Vo. After 
some transformations, using (5.27) and the boundary conditions and taking into 
account that e and p are Hermitian tensors, we obtain ultimately 

_ -\ijjlv + LOvFv - \UIUJvGv 

t-v — ? 5 (5.28) 

where 

Iv=4it / e * j e x , d r 
Jv„ 

(5.30) 

Gu=c I KmtndV (5.31) 
JVn 

Fv = c\ (h* x eat) n0dS. (5.32) 
J Si 
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If the losses are small (p" < p!, ix" < p'a, etc.), they can be taken into account 
approximately by the following substitution in (5.28) and (5.30): 

u>v^Jv+h)'l=w'v + i^ (5.33) 

where ui'v can be assumed to be equal to u)u calculated without allowance for 
losses, and Qv is the quality factor of the resonator for the ^th mode. 

We do not consider the calculation of the gradient functions as they do not play 
an important role in most cases. We note only that tp is determined by p e x t and ip 
is determined by m e x l and 6 e x t . 

5.3.2 Waveguide resonators 

A waveguide resonator is a section of a waveguide bounded by two metal planes 
perpendicular to the waveguide axis. The transverse components of the electric 
field (which is a superposition of fields of the incident and reflected waves) should 
be equal to zero at these planes. This boundary condition can be satisfied by 
the waves of a single mode only if the electric field structure for this mode is 
reciprocal. If the propagation constant k(u>) is also reciprocal, the equation for 
the resonator eigenfrequencies uiv has the form 

fc(w„)=y p = 1 , 2 , 3 , . . . (5.34) 

where / is the resonator length. If the propagation constant is nonreciprocal, then 
k(uj) in the left-hand side of (5.34) is replaced by [k+(u>) + k-(uj)]/2. 

It was shown in the previous section that both electric-field structure and prop
agation constant are reciprocal for waves TE n o in a rectangular waveguide filled 
with transversely magnetized ferrite. Therefore, an equation for the eigenfrequen
cies ijjv of a resonator that is a section of such a waveguide can easily be found 
using (5.11) and (5.34) [247] 

/ U V \ 2

 = U ; H ( W H + W M ) - ^ ( 5 3 5 ) 

where UJVO = (c/'\Je)yJ(niT/a)2 + {pit/l)2 is the eigenfrequency of the rectan
gular resonator filled with isotropic medium with the same permittivity e and 
p = 1. The dependence of u;„ on UJH calculated by equations (5.35) is shown 
in Figure 5.12. It resembles the Wien graph for the eigenfrequencies of coupled 
oscillatory circuits (e.g., [256]). Thus, the resonator with ferrite can be regarded 
as a system consisting of two coupled subsystems: the resonator and ferrite. 

The electric field structure and the propagation constant of a circular waveg
uide with a longitudinally magnetized ferrite cylinder (Section 5.1) are also both 
reciprocal. Therefore, the eigenfrequencies of the waveguide resonator that is a 
section of such a waveguide (Figure 5.13) can be, as well, calculated using equa
tion (5.34). These frequencies will be different for the right-hand and the left-hand 
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FIGURE S.12 
Magnetic-field dependence of the eigenfrequencies of a rectangular resonator filled with 
magnetized ferrite calculated using (5.35) (solid curves). Dashed lines show the uncoupled 
frequencies of the resonator (uvo) and of ferrite (o>x). = 0.5u>vo-
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FIGURE 5.13 
Cylindrical resonators with ferrite samples. 

circular polarizations (relative to the direction of the steady magnetization), i.e., 
for exp(—'vp) and exp(iy?) dependences of the resonator fields on the azimuth an
gle. It should be noted that the repulsion of the wv vs UJH curves (analogous to that 
shown in Figure 5.12) will be much stronger for the right-hand polarized mode 
because in this case the resonator—in terms of coupled oscillations—interacts 
stronger with ferrite. 

5.3.3 Ferrite resonators 

The concept of coupled oscillations can be applied, as well, to open resonators 
consisting of dielectric (with t ~> 1) and ferrite samples. However, of greater in-
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terest are the so-called ferrite resonators, i.e., open resonators that contain nothing 
but a ferrite sample. The oscillations of such resonators, which can be regarded 
as coupled oscillations of an open dielectric resonator and ferrite, are called mag-
netodynamic oscillations. It should be pointed out that these oscillations take 
place in all experiments on ferromagnetic resonance in samples (e.g., ellipsoids) 
of a weakly conducting substance. The treatment of ferromagnetic resonance in 
Section 1.5, in which this fact was ignored, is approximately correct only if the di
mensions of the sample are small in comparison with the wavelength 2ttc/(wy/i). 

The eigenfrequencies of magnetodynamic oscillations can be calculated using 
the method of coupled oscillations in the form proposed by Auld [25]. Let us con
sider briefly this method. We rewrite, first, equations (5.17) for eigenoscillations 
(assuming £ to be a scalar and omitting the subscripts v) in the form resembling 
(5.19) and (5.21): 

rote + ikoh = — ik^A-Km roth. — ifcoee = 0. (5.36) 

These equations can be regarded as equations for forced oscillations of a resonator 
with an isotropic medium excited by the magnetization m . Together with the 
equation of motion of the magnetization (1.36) they form a system of equations 
for coupled oscillations of a resonator and ferrite. 

Taking into account (5.24), we can write (1.36) as 

lum + -)m x H0 + 7M0 x V f = - 7 M 0 x ^ Hvh„. (5.37) 

As Iv = Fv = 0 and G„ is determined by (5.31), expression (5.29) now has the 
form 

2 /• 
Hu = , C U 1 / KmdV (5.38) 

- w 2 Jv, 
where the integration is over the volume of the sample. So, we have obtained 
a system of equations (5.37) and (5.38), in which u>u are the eigenfrequencies 
of the resonator with isotropic medium, hv and Vip are the eigenfunctions of 
this resonator, and uj is the unknown frequency of the coupled oscillations. The 
magnetization m in (5.38) can be represented by an infinite sum of eigenfunc
tions. If the sample dimensions are small, the magnetizations of magnetostatic 
modes (Section 6.3) may be taken as such eigenfunctions. The infinite system of 
equations (5.37) and (5.38) is rigorous, but it is difficult to find its strict solutions. 
Approximate solutions can be found if we limit ourselves to a finite number of 
eigenmodes of the resonator and the sample, which most strongly interact with 
each other. 

This method was used [276] to analyze the magnetodynamic oscillations of a 
ferrite sphere. Only the uniform mode of the magnetization oscillations and the 
two lowest degenerate modes of a dielectric sphere were taken into account. The 
frequency u>\ of these modes is equal approximately (if e > 1) to irc/(Ry/e) where 
R is the radius of the sphere. The calculation yields the following expression for 
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He0(kOe) 

FIGURE 5.14 
Eigenfrequencies of magnetodynamic oscillations of a YIG sphere with 2R = 3.72 mm. 
Solid curves represent the theoretical dependence (5.39), circles represent the experimental 
data [328], the dashed line corresponds to the Kittel frequency of uniform ferromagnetic 
resonance at R —• 0. 

the ferromagnetic-resonance field in a ferrite sphere: 

UJ 4 w 2 

# r e s = - + -2 4ttM 0 -2- (5.39) 
7 7TZ Uj\ — UJ 

The field dependence of the resonance frequency calculated by (5.39) is plotted in 
Figure 5.14 together with experimental data. One can see from this figure, as well 
as from (5.39), that the 'usual' condition for ferromagnetic resonance in a sphere 
(HKS = uj/f) is approximately valid only if ui -C uj\, i.e., at low frequencies or 
for small spheres. In this case, it follows from (5.39) that 

# r e s = - + —MM^e (k0R)2. (5.40) 
7 TT 

It should be noted that the influence of the sample dimensions on the frequency 
of ferromagnetic resonance (or, more correctly, of magnetodynamic oscillations) 
was calculated by Hurd [187] in another way, solving Maxwell's equations by the 
method of successive approximations. He obtained 

HKS = - + -^47rM 0 (e + 5)(k0R)2. (5.41) 
7 45 

If e > 1, this expression differs from (5.40) only by a factor very near to 1. 
Formula (5.41), in contrast to (5.40), is valid at arbitrary values of e, but, as well 
as (5.40), it holds only for small spheres. Formula (5.39) is not limited by this 
condition but is valid only at e 3> 1. 
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5.3.4 Use of perturbation method 

Let us return to the case of a ferrite sample in a hollow resonator. If the volume 
of the sample is small, as compared with the resonator volume, the perturbation 
method with quasistatic approximation of the internal field (Section 4.5) can be 
used to calculate the eigenfrequencies and the quality factors of the resonator. As 
an example of the application of this method, consider a cylindrical resonator with 
the mode T E m n p containing a small ferrite sphere on its axis [Figure 5.13(b)]. 
(Some other examples can be found in [153].) If the sphere is magnetized along 
the resonator axis, the mode with circular polarization should be taken as an 
unperturbed mode because this mode will remain an eigenmode after perturbation. 

The unperturbed-field components can be written in the form [151] (see 
also [153]): 

hz = r^Zipx, hj_ = — VV>j_ e = k0Zz0 x W ± 
az 

ixp 
Z = sinkzz ip± = J\m\( Kp) exp(im<p) kz = — (5.42) 

1 ' e 

where npo is the nth root of the equation J j m | ( i po ) = 0 ( J j m | is the derivative 
of the Bessel function with respect to the argument) and po is the radius of the 
resonator. Using formula (4.83) and Table 4.1, we obtain for the mode T E m 

= - 8 . 4 S 
u l(% 

where R is the radius of the ferrite sphere, and the signs ± correspond, respectively, 
to the right-hand and left-hand polarizations of the mode. 

If the sphere is magnetized in the direction perpendicular to the resonator 
axis and parallel to the ac magnetic field, both the unperturbed and perturbed 
eigenmodes are the modes with linear polarization. In this case, p ± pa in (5.43) 
will be replaced by p\\. 

Resonators with small ferrite samples can be used, as Nikol'skii proposed [298], 
(see also [153]) to measure p components and e of ferrites. For polycrystalline 
ferrites, there are four complex parameters: p, pa, P\\, and e. To find their real and 
imaginary parts it is necessary to measure the changes of the resonance frequency 
and of the quality factor of a resonator in four independent experiments. Suppose 
that a sphere in the cylindrical resonator with T E m mode (Figure 5.13) is used. 
Then the real and imaginary parts of p and pa can be found, according to (5.43), 
from the measurements with a sphere magnetized along the resonator axis and 
put at g = 0. The component p\\ is found using the sphere in the same position 
but magnetized in the direction perpendicular to the resonator axis. To find e the 
sphere must be put at g = 1/2. 

Resonators with small ferromagnetic, ferrimagnetic, or antiferromagnetic sam
ples, mostly spheres, are widely used in measurements of the magnetic-resonance 
parameters: the resonance field and the resonance linewidth. In this case, the 

7r \ U ± Ua — 1 1 Kg £—1 . i 7TO 
— F , P — - cos 2 - p + sin 2 - p 
kol) p ± pa + 2 I £ 4 - 2 / 

(5 .43 ) 
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second term in the integrand of (4.83) can be neglected, either because it is small 
as compared with the first term, or because the frequency difference is measured 
with respect to the frequency of the resonator with the same sample but far from the 
magnetic resonance. The first term in the integrand of (4.83) can be transformed 
according to (4.94), and (4.83) takes the form 

— = - w f (5.44) w Wo Jv, 

where ho is the external magnetic field and \ e is the external susceptibility tensor. 
Consider the most important case in which the sample is in the region of a 

linearly polarized ac magnetic field and the dimensions of the sample are small 
enough to regard this field as independent of coordinates in the volume of the 
sample. Then, taking (4.84) into account, we find from (5.44) that 

6CJ = — iTtUjQQ^yX^' (5.45) 

6{h)=A*av0*"- (546) 

Here x e is the transverse diagonal component of xe> V\ is the volume of the 
sample, Vq is the volume of the resonator, and 

0 = ^ § L (, 4 7 ) 

Jv0 \ho\2dV 

(h® is the field at the point where the sample is located). The factor a can be 
easily calculated for resonators of simple shapes. For instance, a = 2 in the case 
of a sample in the magnetic-field maximum of a rectangular resonator with TE n o 
mode. For other convex resonators, a differs but not very strongly from this value. 
It should be pointed out that 8oj [or S(l/Q)] is the difference between w (or 1 /Q) 
values measured either with and without the sample or, in both cases, with the 
sample but at and far from ferromagnetic resonance. The latter case is more often 
used (if the resonance curve is not too wide). 

5.4 Waveguides and waveguide junctions with ferrite samples 

In this section the properties of waveguides with ferrite samples will be studied. 
We begin with the simplest problem of this type, the problem of a small ferrite 
sample in a regular (i.e., unbounded and with constant cross section) waveguide. 
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5.4.1 Ferrite ellipsoid in a waveguide 

Consider, according to [154], an ellipsoid with parameters p and £ in a regular 
waveguide. The amplitude of the incident wave is given, and the electromagnetic 
field in the waveguide far from the ellipsoid is to be found. The perturbation 
method in such a variant, when the given field of the incident wave is assumed 
to be the unperturbed field acting on the sample, can lead to an approximately 
correct solution only if the ferrite sample is very small. For realistic dimensions 
and parameters of the sample, we must suppose that the sample magnetization is 
determined by the self-consistent field, which is the sum of field ho of the incident 
wave and the field hr radiated by the sample. If condition (4.93) is satisfied, the 
magnetization can be written as 

m = xe{h0 + hr). (5.48) 

The radiation field excited by the magnetization m , in general, is the sum of 
all normal waves propagating in the waveguide and the near (nonpropagating) 
modes. However, it is of no sense to substitute the highly nonuniform near fields 
into equation (5.48), which is valid only for the uniform fields. And if there exists 
only one propagating wave, then only the field of this wave must be taken into 
account. 

Assume, e.g., that the ellipsoid is located (Figure 5.15) at the axis of a rectangu
lar waveguide in which only the wave TEio propagates. The transverse component 
of the given magnetic field of this wave is 

hox = sin — exp(—\k yy). (5.49) 
a 

The radiation field should be calculated by solving the problem of excitation of the 
field in a waveguide by a given magnetization, which is analogous, in some sense, 
to the problem of excitation of the field in a resonator considered in the preceding 
section. We write down the result of such calculation for the field TEio [154]: 

7TX . . , V\ky 

hTX = - m m , sin — ex.p(^ikyy) w = 4n (5.50) 

where V\ is the volume of the ellipsoid and 5 is the area of the waveguide cross 
section. Substituting (5.49) and (5.50) into the projection of (5.48), we find mx 

and the transverse component of the radiation field 

Kx = --r— - - s i n — exp(=Fi/cy?/)- (5.51) 
1 + iwx a 

The reflection coefficient related to the cross section in which the center of the 
sample lies is 

„ _ hrx{y = 0) _ - i w x e 

h0x(y = 0) l+iwxe 
(5.52) 
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FIGURE 5.15 
Dependence of the transmission \D\ and reflection | I ' | coefficients and of the relative 
absorbed power T at resonance on the coefficient of coupling for a magnetized ferrite 
ellipsoid in a rectangular waveguide [154]. 

The transmission coefficient related to the same cross section 

D ^ h0x(y = Q) + hrx(y = 0) = 1 
hox(y = 0) l + i u > x e ' 

The ratio of the power absorbed by the sample to the power of the incident wave 

T = 1 - | r f - |£>|:!. (5.54) 

At ferromagnetic resonance (xe> — 0, \e" = X' res) 

^ - ~q £>„,= _!_ Ttes= , t

2 \ 7 (5.55) 
* res . , ^ r c s . ( -"-res / , . \ 9 

1 + q I + q ( 1 + 9 ) 

Q = wxeres = 47r^-fc y /Y e£ s. (5.56) 

The quantity q can be called the coefficient of coupling of the sample with the 
waveguide. The dependences of r r e s , U r e s , andT r e s on q are plotted in Figure 5.15. 
With increasing q, i.e., with growing sample volume and narrowing resonance line, 
|r | l,D 0 , a n d T -» 0. 

Analogous calculation for the sample at a point of circular polarization of 
the magnetic field with right-hand rotation (with respect to the direction of the 
steady magnetization) shows that, in this case, r r e s = 0 at any value of q, while 
D —» 1 and T —* 0 at q = 0 and q —• oo; the total absorption (T = 1) occurs at 
q = I. The sample located at a point of the left-hand circular polarization does 
not influence, as could be expected, the wave propagation in the waveguide. So, 
a section of a rectangular waveguide with a ferrite sample located at a point of 
circular polarization and magnetized along a normal to the wide waveguide wall 
is a nonreciprocal band-rejection filter. 
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FIGURE 5.16 
Rectangular waveguides coupled by a magnetized ferrite sphere located (a) at points with 
linear polarization of the ac magnetic field (a band-pass filter) and (b) at points with circular 
polarization (a four-port circulator). 

The problem of an ellipsoid in a short-circuited waveguide can be solved, as 
well [154]. Both the external (ho) and the radiation (hr) fields are, in this case, the 
sums of the fields of incident waves and waves reflected from the shorting plane. 
If this plane is located at a distance d = nn/ky (n = 0, 1,2. . . ) from the sample, 
then 

1 - 2q 
l+2q' 

(5.57) 

5.4.2 Coupling of orthogonal waveguides. Ferrite band-pass filters 

Let us discuss now the problem of a ferrite ellipsoid that couples two waveguides. 
Consider, e.g., two rectangular waveguides perpendicular to each other, with a hole 
in their common wall and a small ferrite ellipsoid in the hole [154]. Assume that 
the ac magnetic field is uniform in the volume of the sample and is the sum of TEio 
fields of both waveguides. Of course, these assumptions are not valid strictly, but 
they allow one to solve the problem rather easily and obtain qualitatively correct 
results. 

If the hole is in the middle of both the waveguide wide walls, as in Figure 5.16(a), 
then, with the mentioned assumptions, it follows from (5.48) that 

mx — xe (hoxi + hTxl) + ixl (^0j/2 + hryS) 
mv = ~'lxl (hox\ + Kxi) + X e + hrye) (5-58) 

where the subscripts 1 and 2 correspond, respectively, to the lower and upper 
waveguides in Figure 5.16, and the axes are directed as in this figure. The 
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characteristics of the considered waveguide junction can be obtained [154] in 
the same manner as in the above-treated problem. We cite, as an example, the 
expression for the transmission coefficient in the case of Figure 5.16(a) when both 
waveguides are short-circuited at the distance d from the sample: 

One can see that | D r e s | —• 1 (if kyd = 0,7r) when q —> oo. This means that 
the ferrite sample of sufficiently large dimensions or with sufficiently narrow 
resonance line reradiates almost all power into the second waveguide. 

Ferrite samples in waveguides and waveguide junctions are widely used in 
microwave engineering to design ferrite filters (e.g., [179]), which can be tuned 
over very broad frequency ranges by changing the steady magnetic field. It has 
been already mentioned above that a nonreciprocal absorption band-rejection filter 
is realized with the use of a ferrite sample at a point of the magnetic-field circular 
polarization. Using a sample at a point of linear polarization (at the waveguide 
axis), a reflection-type band-rejection filter can be made. 

The above-considered junction of two short-circuited waveguides with a ferrite 
sample in a hole between them [Figure 5.16(a)] is a band-pass filter. Small losses 
in the center of the transmission band (at ferromagnetic resonance) take place in 
such filter if q ^> 1. But if the sample is put at a point of the circular polarization, 
the minimal losses would occur when q = 1. 

The nonreciprocity, which appears when the ferrite sample is located at a 
point of the circular polarization of the magnetic field, provides a possibility to 
realize a filter-circulator [Figure 5.16(b)]. If the device is feeded from port 1, 
the ac magnetic field of the incident wave has, at the point where the sample 
is located, the right-hand circular polarization (relative to the direction of the 
steady magnetization shown in the figure). Only such a wave, i.e., the wave that 
propagates towards port 2, will be excited by the sample in the upper waveguide. 
There will be no reflected wave in the input port 1, and no power will be transmitted 
to port 4. It is easy to make sure that the power from port 2 is transmitted into 
port 3, and so on. Thus, the device is a circulator (Section 5.1). At the same time, 
it is a filter, which can be tuned by changing the steady magnetic field. 

4iq cos 2 kyde\p(-2ikyd) 
1 + 4qcoskydexp(—ikyd) 

(5 .59) 

<e0 

FIGURE 5.17 
Coaxial ferrite filter. 
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Sn Sn . S]n 

\\s\\ = 
S22 • • Sin (5.63) 

Sn2 • Snn 

The element Spp is the reflection coefficient in the port p in the absence of incident 
waves (i.e., in the absence of sources and unmatched loads) in all other ports. The 

Other waveguides can also be applied in designing microwave ferrite fil
ters [179]. The coaxial filters (Figure 5.17) are the most widely used. As the 
parameters of the coaxial waveguide and of the coils weakly depend on frequency, 
such filters can be tuned (by changing the steady magnetic field) in frequency 
bands up to several octaves, which lie in a very broad range, approximately, 
of 0.1-20 GHz. 

The losses (at the central frequency) of the band-pass ferrite filters, in which, as 
in the above-considered examples, one ferrite sample is used, are 0.5 - 1 dB. The 
bands (at constant magnetic field) are some tens of megacycles. To improve the 
shape of the amplitude-frequency characteristic, filters with two, three, and even 
more ferrite samples can be used. 

5.4.3 General properties of nonreciprocal junctions 

Ferrite band-pass and band-rejection filters discussed above are examples of non-
reciprocal waveguide junctions. To study the general characteristics of such 
junctions the scattering matrix is used to great advantage (e.g., [247]). Let us 
review briefly some properties of this matrix. 

Consider a junction with n waveguide ports (Figure 5.18). In every port there 
are, in general, an incident wave and a wave reflected from the junction. Their 
fields can be written as 

e + = Ap£p exp (-ikzpz) e~ - Bp£p exp (ikzpz) 

ftp = ApHpCxp (-ikzpz) h~ = BpTipexp (ikzpz) (5.60) 

where £ p and Tip are the eigenfunctions of the waveguides that form the ports and 
p is the number of a port (p = 1 ,2 , . . . n) . 

Assuming the junction to be linear, we can write 

n 
Bp = J2SpqAq (5.61) 

or, in the matrix form, 

| |B | | = | |5 | | | |A | | (5.62) 

where | | j 4 | | and are column matrices of the amplitudes Ap and Bp and | | 5 | | 
is a square scattering matrix: 
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element Spq is the transmission coefficient from port q into port P in the absence 
of incident waves in all ports but the q port. 

For a junction without losses the scattering matrix | | 5 | | is unitary2 (e.g., [247]). 
The scattering matrix for a reciprocal junction is symmetric (Spq = Sqp). For a 
nonreciprocal junction, 

Sqp - Spq = 6Spq 7 0. (5.64) 

To find the nonreciprocal difference 6Spq formula (4.63) can be used. The fields 
with subscripts 1 and 2 in this formula are the sums of the fields of incident and 
reflected waves. Suppose that, for a process 1, the incident wave exists only in 
port P, and for a process 2, only in port q. Then, taking (5.60) into account, we 
can obtain from (4.63) 

= L?A^A~- ( 5 - 6 5 ) 

Thus, Ja ^ 0 is the condition for nonsymmetry of the scattering matrix, i.e., for 
the nonreciprocity of the junction. 

Consider, first, a two-port junction. In the absence of losses, the unitary matrix 
of this junction can be written in the form [247] 

HS|| = 
A exp(ia) \ / l — A 2 exp(ia + \IP) 

— \ / l — a 2exp(i/3 — 'UP) aexp(i/3) 
(5 .66) 

where a, a , /?, and IP are arbitrary (but A < 11 real quantities. One can see 
from (5.66) that the two-port junction without losses can be a nonreciprocal 

2 A matrix ||5J| is called unitary (e.g., [293]) if | | 5 | | • | | 5 | | * ----- | | / | | , where | | 5 | | is atranspose matrix 
with elements {S)VQ = SQP, | | 5 * | | is acomplex conjugate matrix with elements (S*)PQ = 5 * ? , a n d 
Hi]! is a diagonal matrix with elements IPP = 1 (a unit matrix). 



5.4 Waveguides and waveguide junctions with ferrite samples 145 

phase shifter but cannot be an isolator. The scattering matrix of an ideal isolator 
(S,, = S22 = Six — 0, IS12I = 1) is not unitary. A junction with such matrix 
can be realized only in the presence of losses. One more interesting conclusion 
follows from (5.66): as |S,, | = IS22I. if w e match an arbitrary two-port junction 
(without losses) from one side, it will be matched from another side, too. 

Let us pass now to three-port junctions. It is easy to show, using the unitarity of 
the scattering matrix, that a reciprocal three-port junction without losses cannot be 
matched simultaneously from all three ports. A nonreciprocal three-port junction 
without losses can be matched from all three ports and then becomes an ideal 
circulator. Let us prove this important theorem. 

If the junction is matched, i.e., S,, = S22 = S33 = 0, then it follows from the 
unitarity of the scattering matrix that 

S*2S\3 — 0 S21S23 = 0 •S'3,532 = 0 

| 5 , 2 | 2 + | S 3 2 | 2 = 1 | 5 2 1 | 2 + | 5 3 1 | 2 = 1 | 5 1 3 | 2 + | 5 2 3 | 2 = 1. (5.67) 

The condition S*2S\3 = 0 can be satisfied if either Si2 = 0 or Si3 = 0. In the 
first case, it follows from other conditions (5.67) that 

5,2 = S 2 3 = S 3 1 = 0 |S 2 , | = |5, 3 | = |S 3 2 | = 1 (5.68) 

and in the second case 

S21 = 5,3 = S 3 2 = 0 |S, 2 | = 15231 = |S 3 , | = 1. (5.69) 

The matrices with elements (5.68) and (5.69) represent ideal circulators with the 
directions of energy transmission, respectively, 1 —> 2 —• 3 —+ 1 and 1 —> 
3 —• 2 —> 1. The direction realized, depends, of course, on the direction of the 
magnetization of the ferrite sample in the junction. 

Circulators with four and even more ports can be made, as well. But then, 
the reciprocity and perfect matching are not sufficient for the junction to be a 
circulator. The phase shifts between transmission coefficients into different ports 
must have definite values. 

Symmetric three-port circulators, called Y circulators, have been designed using 
different waveguides: rectangular, coaxial, microstrip. These circulators are, 
perhaps, the most used microwave ferrite devices. The rectangular-waveguide 
Y circulator is shown in Figure 5.19. Its operation can be explained in the following 
way. The ferrite cylinder in the circulator can be regarded as a ferrite rod in a 
cylindrical resonator with the quasi-TM,io mode (independent of coordinate z 
in the direction of the rod axis). The magnetic force lines for this mode are 
shown in Figure 5.19 in the cases of isotropic (pa — 0) and gyrotropic (pa ^ 0) 
rods. As pointed out in Section 5.3, the field in the resonator is the sum of the 
fields of the right-hand and left-hand circular polarized oscillations, i.e., waves 
propagating in opposite directions 'along the azimuth'. In the case of an isotropic 
(not magnetized) ferrite rod [Figure 5.19(b)] the wavelengths of these waves are 
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FIGURE 5.19 
Y circulator: (a) an example of design, (b) ac magnetic force lines in and near the ferrite 
cylinder when p a = 0, and (c) magnetic force lines when /xa / 0. 

equal, and the maximum of the total field is located opposite the center of the input 
port (e.g., port 1) cross section. The power coming from this port is divided into 
equal parts between ports 2 and 3. However, if the ferrite cylinder is magnetized, 
the wavelengths of the waves propagating along the azimuth in opposite directions 
are different, and the field maximum shifts to one of ports 2 or 3. By choosing the 
proper parameters of the device (dimensions and the value of the steady magnetic 
field) one can make the field minimum to coincide [Figure 5.19(c)] with the center 
of port 2 or 3 (depending on the direction of magnetization of the ferrite cylinder). 
Then, all the power from port 1 will be transmitted into one of these ports. 

The above-stated reasoning can be applied, as well, to other designs of a 
Y circulator because the main part of energy is concentrated in the ferrite sample, 
and the configuration of the surroundings does not play an important role. 

The Y circulator is a resonance device, and its frequency band cannot be very 
large. To broaden it a ferrite sample with a highly nonuniform internal steady 
magnetic field can be used. Frequency bands wider than 30% can be achieved in 
such way. The forward losses of a Y circulator are usually less than 0.5 dB, and 
isolation is more than 20 dB [179, 330, 352]. 



6 
Magnetostatic waves and oscillations 

6.1 Magnetostatic approximation 

It was shown in Section 4.2 that 'slow branches' (with small phase and group 
velocities) appear in the spectrum of electromagnetic waves in an unbounded 
magnetized ferromagnet. Similar branches exist, as well, in the spectra of waves 
in waveguides containing ferromagnetic (or ferrimagnetic) media [356]. Solving 
boundary problems for systems with gyrotropic media, we meet with great diffi
culties. They increase especially in the regions of strong dispersion, in which the 
slow branches appear. At the same time, for slow waves 

fc»fc0=-. (6.1) 
c 

This allows us to use the method of successive approximations. In the zero ap
proximation, taking (6.1) into account, we neglect the term \ko e e in the Maxwell 
equation (4.16). Then, this equation and (4.15) take the same form as the mag
netostatic equations (4.6). In the problems we deal with, j e x t = 0. Hence, the 
equations can be written as 

roth = 0 div (jph) = 0. (6.2) 

Having solved these equations with regard for boundary conditions, we find h 
and m = \h, the dispersion relations for normal waves, the eigenfrequencies of 
resonators, etc. 

In the first approximation with respect to ko/k, the electric field e can be found 
from (4.14) and (4.17). In the case of peM = 0 and constant scalar e , these 
equations take the form 

rote = —koph dive = 0. (6.3) 

In the second approximation, using equation (4.16), we can calculate corrections 
to the dispersion relations and eigenfrequencies. The waves and oscillations for 
which this method can be applied are called magnetostatic waves and oscillations. 

147 
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The above-mentioned zero approximation was already used in Sections 1.5 
and 4.5. However, only ellipsoidal samples were considered, and an additional 
assumption of the uniformity of the ac magnetization was made. Therefore, it was 
possible to use the solution (1.82) of the magnetostatic problem for an ellipsoid. 
Now we have to solve the magnetostatic equations for other boundary conditions 
and without assumption of uniformity of the magnetization. 

With increasing wave number k the exchange interaction (Section 1.1) becomes 
important. But in a certain interval of k values (which will be defined below) it is 
possible to neglect this interaction. Magnetostatic waves with such wave numbers 
must be called nonexchange magnetostatic waves. Often they are called, simply, 
magnetostatic waves, and magnetostatic waves with allowance for exchange in
teraction are called spin waves, although both of them are spin waves, and both 
are magnetostatic waves. Moreover, the greater k is, the more applicable is the 
magnetostatic approximation. 

We consider first the nonexchange magnetostatic waves as a limiting case of 
the waves studied in Section 4.2. If (6.1) holds, it is possible to retain only the 
first term in (4.32). Then, for scalar e, we get 

^ = — 2 * B 5 ^ < 6 4 ) 

where 8 k is the angle between Mo and k. For a ferromagnet magnetized to 
saturation, p\\ = 1, and, neglecting losses, we find from (6.4) and (1.54) that 

One can see from (6.5) that UJ depends on the direction of propagation and lies in 
the range 

in which p < 0. The frequency u is independent of the wave number k, i.e., the 
group velocity v g r = duj/dk = 0. 

The field structure of the considered waves can be easily found using the general 
results of Section 4.2. In particular, for 8k = 0 vectors e and h are transverse and 
right-hand circularly polarized. For Ok = x/2 the vector e is parallel to Mo, and 
h is parallel to the propagation direction. It is easy to make sure that in both cases 
and for arbitrary 8k values, as well, the power flow (Section 4.4) is equal to zero. 
It correlates with the fact that v g r = 0 because the velocity of the energy transport 
coincides (rigorously in the absence of losses) with the group velocity. 

The decrement k" of the nonexchange magnetostatic waves in an unbounded 
medium is infinite for an arbitrary value of the dissipation parameter of the medium. 
This follows from the general relation 

UJ2 = UH {UJH + W M sin (6.5) 

W f f < W < W i E \/UJH{UJH + (6.6) 

UJ" = v„k' (6.7) 

which is valid for an arbitrary dispersion law in the case of small amplitudes and 
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small losses. In this relation, k" is the imaginary part of the wave number for 
a stationary wave (a/ ' = 0), and to" is the imaginary part of the eigenfrequency 
(k" = 0), which differs from the dissipation parameter w r (Section 1.4) only by a 
factor of the order of unity. 

In reality, there are three reasons that lead to finite group velocity and, therefore, 
to finite values of energy flow and damping of magnetostatic waves: the influence 
of the term in Maxwell's equation neglected in the zero magnetostatic approxi
mation, the influence of the exchange interaction, and the influence of boundary 
conditions (Section 6.2). However, in a certain range of k' values the influence of 
all three factors on the dispersion law appears to be small, and expression (6.5) 
can be used in the analysis of some important problems. 

One of them is the degeneration of uniform magnetization oscillations and 
nonexchange magnetostatic waves. Comparing (6.5) with formula (1.92) for the 
eigenfrequency UJQ of uniform oscillations of an ellipsoid (when the directions of 
i?e0 and Mo coincide), we see that LOQ lies either in the interval (6.6) or above it. 
It is easy to make sure that the condition for degeneration (i.e., for ĉ o to lie in the 
mentioned interval) is 

He0 > (NZ + ̂ j^j Mo (6.8) 

where Heo is the external field and NX<YTZ are the demagnetization factors of the 
sample. This condition cannot be satisfied for a thin cylinder magnetized along 
its axis, and it is always satisfied for normally magnetized thin film. For a sphere 
(6.8) can be written as 

2 
wo > ^M- (69) 

We now have to derive the equations that can be used to solve more complicated 
boundary problems in the magnetostatic approximation. According to the first 
equation (6.2), the magnetostatic potential ip can be introduced: 

h = Vxl>. (6.10) 

Substituting (6.10) into the second equation (6.2), we obtain an equation 

div (£VV>) = 0 (6.11) 

which can be called generalized Walker's equation. To obtain the boundary 
conditions we introduce local coordinates £, 77, C with the £ axis coinciding with 
the normal to the boundary surface 5 . It follows then from the general conditions 
(4.4) that on S 

~dj = ^ ^ T = ^ ( M , V ^ = ( M 2 V ^ C (6.12) 

where the subscripts l and 2 correspond to the two media. 
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Let us show that expressions (6.4) and (6.5) can be found from equation (6.11). 
Substituting the complex amplitude IP = 4>O exp(—IKXX — IKYY — IKZZ) (where TPO 
is a constant quantity) into (6.11), we get 

K (PKJ 0. (6.13) 

For a in the form (4.23), equation (6.4) directly follows from (6.13), and (6.5) 
follows from (6.4) if = 1. In the latter case (6.11) takes the form in which this 
equation was first written by Walker [432]: 

(Z axis is directed along Mo). 
For a single crystal magnetized to saturation in the Mo direction, fi has the 

form (2.38), and (6.11) is written as 

^X IKE2 ^ Y ~DY2~ DXDY ~DZ2 = ( 6 1 5 ) 

where \IX,\IY, and \IS have the form (2.39). It should be noted that the antisymmet
ric component pa does not enter (6.14) and (6.15), but it appears in the boundary 
conditions (6.12). To obtain the expressions for UJx, uiy, and ws [in (2.39)] we 
have to substitute in (1.114) the components N™, N^, and N™ of the anisotropy 

tensor iV3" for the corresponding components of the demagnetization tensor iV 
and substitute the sum 7V33 + N$$ for JV33 (Table 2.1). 

For a uniform plane wave, ip = ipoexp(-ikr). Then, it follows from (6.15) 
that 

fix cos 2 tpk + uy sin 2 ipk + ps sin 2<pk + cot 8k = 0. (6.16) 

Here 6k and <pk are the vector k angles in the coordinate system in which the 
polar axis coincides with the Mo direction. The tensor Nm components must be 
written, of course, in the same system. Substituting (2.39) into (6.16), we get 

ui1 = uxu)y-ujl+uJM ^(u>x +ujy) + ^ ( u j - LJy)cos2<pk + w s sin2</?^ sin2r9 f c. 

(6.17) 
Consider first a uniaxial crystal. Suppose that Mo and HQ directions coincide, 

neglect the anisotropy in the basal plane, and take into account only the first 
anisotropy constant in (2.31). Then, using expressions (2.42) (with HA2 = 0), we 
obtain from (6.17) 

(^)2= (H0 + 2HM cos20 o ) {Ho + 2HM c o s 2 0 o ) 

+4irM0[H0 + HAl(3cos20o - 1 - sin2<90cos2</?fc)] sm26k. (6.18) 
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(a) 

FIGURE 6.1 
Coordinate axes for magnetostatic waves in (a) uniaxial and (b) cubic crystals. Axes x', 
y', and z are the crystallographic axes. 

Here H A \ = K\ /M0, 6Q is the angle between Mo and the anisotropy axis z', and 
6k and ipk are the angles of the vector fc (Figure 6.1). 

For a cubic crystal, we suppose again that the directions of MQ and Ho coincide, 
limit ourselves to the case of H\2 = 0, and consider the particularly interesting 
case when Mo lies in the {110} plane. Then, analogously to the previous case 
but substituting expressions (2.47) into (1.114) with ipo = TT/4, we find 

Ho + HM ( - j | + 2cos20 o + | c o s 4 ^ o 

Ho + #a i ( ^ cos 2# 0 + ^ cos 40 o 

+47rMo 
3 5 „„ 15 

— + - cos 20 o + — cos 46»o 
16 4 16 

3 3 9 
+ | — — 7 cos 26o + — cos40, 

16 4 16 
'ô j cos 2(pk | sin 2 (6.19) 

where 6o is the angle between Mo and the direction (100) (Figure 6.1). The 
dependence of the frequency on 6o for different directions of propagation is shown 
in Figure 6.2. One can see from the figure that u> does not depend on <pk when 
Mo is directed along the (100) or (111) axis, and this dependence is the strongest 
when Mo is directed along the axis (110). 

Comparing formulae (6.18) or (6.19) with formula (6.5) for an isotropic medium, 
we see that, if Mo is directed along the anisotropy axis in a uniaxial crystal, as 
well as along the axes (100) or (111) in a cubic crystal, these formulae coincide 
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FIGURE 6.2 
Dependence of the frequency of a magnetostatic wave in a cubic crystal on the direction of 
Ma for different propagation directions. 6a is the angle between the Mo and (100) axis in 
a {110} plane. M 0 = 139 G, K{ = 6 x 103, H0 = 2.5 kOe. 

after the following substitution in (6.5): 

H0^H0 + HA. (6.20) 

Here, HA = 2HA\ for a uniaxial crystal or for the axis (100) in a cubic crystal, 
andHA = —(4/3)HM for the axis (111) in a cubic crystal (in the last case, if only 
the first anisotropy constant is taken into account). These coincidences are the 
manifestations of a general theorem, which states that, for the mentioned directions 
of magnetization (the directions of extrema of the energy of anisotropy) and only 
for them, the solutions of all electrodynamic problems in an anisotropic medium 
are obtained from the solutions in an isotropic medium by the substitution (6.20). 

The validity of the nonexchange magnetostatic approximation is limited, from 
low k values, by the need to use full Maxwell's equations, and from high k values, 
by the need to take into account the exchange interaction. To estimate the lower 
limit the following condition can be used: the difference between the frequency 
(6.5) and the correct value of the frequency, found, e.g., from (4.42) or (4.48), 
must not exceed a certain quantity. For media with narrow resonance lines, jAH 
can be taken as such quantity. Then, we get 

(6.21) 

For a YIG single crystal (4TTM 0 = 1750G, AH =•• 0.3 Oe),*;,™ = 2 5 0 c m " 1 . For 
uniform oscillations in finite samples, k„^n in (6.21) must be replaced by 2 7 r / d m a x 

where d is the smallest of the sample dimensions. 
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The exchange interaction leads to the increase of the frequencies of magnetic 
waves (Section 7.1) by a quantity ~ yDk2 (where D is the nonuniform-exchange 
constant). Requiring that the quantity ^Dk1 should not exceed (for a single 
crystal) 7A / J , we obtain the estimate of the upper limit of the validity of the 
nonexchange magnetostatic approximation: 

(6 .22) 

F o r a Y I G , D = 5.2x 1 0 _ 9 , a n d f c m a x — 6x 10 3. So, there is an interval of k values 
(for a YIG, approximately, 10 2—10 4) in which the nonexchange magnetostatic 
approximation may be used to calculate the frequencies of magnetic waves or 
oscillations. 

6.2 Nonexchange magnetostatic waves in plates and rods 

Magnetostatic waves in single-crystal ferrite films can be used in microwave 
engineering to design miniature devices such as filters, resonators, and delay 
lines. Therefore, we will study these waves in some detail: in this section, in the 
nonexchange approximation and in Section 7.2, making allowance for exchange 
interaction. 

6.2.1 Volume waves in plates 

Consider first an isotropic ferromagnetic plate magnetized to saturation along 
the normal to its surfaces (Figure 6.3). Suppose that both surfaces of the plate 
are metallized and there is no dependence of the fields on the coordinate x in 
the direction perpendicular to the direction of propagation. Then, the solution 
of (6.14) is 1 

ip = (Acoskzz + B sin kzz)e\p( —iky). (6 .23 ) 

The boundary condition at z — 0 and z = d is 

(jlVip^j n 0 = 0 (6 .24) 

or in our case dip/dn = 0. Taking this into account, we get B = 0 and 

(6.25) 

where d is the plate thickness and n = 1,2,3 . . . is the number of half-waves of 
ip (and, hence, of the field components) in z direction. 

1 Here and later on we omit the subscript at the vector fc component in the direction of propagation. 
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FIGURE 6.3 
Dispersion curves of magnetostatic waves in a normally magnetized metallized ferromag
netic plate. M 0 = 139 G, H0 = 3.9 kOe, d = 10 /mi. " 

Substitution of (6.23) into (6.14) leads to 

k\ = -pk2. (6.26) 

As k2 > 0, the propagating waves (k2 > 0) exist only if p < 0, i.e., in the 
frequency range (6.6). Expression (6.26), together with (6.25) and the frequency 
dependence of p (1.54), determine the dispersion relation uj(k). It can be written 
in the form 

w 2 = ^ ( ^ + i r i )W) (6-27) 

where Zn = n-n. In the limiting case of kd —• oo, (6.27) transforms into the 
dispersion relation (6.5) for 9k = 7r/2. For finite k values, unlike the unbounded 
medium, to depends on k, and the group velocity o g r = dw/dk ^ 0. 

In the considered case, w increases with the growth of k (Figure 6.3) and 
t) g r > 0. Such waves are called forward waves. The expression for vp is 
obtained by differentiating (6.27). It follows from this expression, as well as from 
Figure 6.3, that v%! passes through a maximum at a value of k near nir/d. The 
maximal v g r values are of the order of 

For a YIG film (d = 10 pm, n = 1), (v^)^ ~ 2.5 x 10 6 . 
The components of the magnetic field h and magnetization m = xh are found 

easily from ijj = A cos kz z exp(—iky). The electric field e can be found, in the first 
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approximation, from equations (6.3) and the boundary conditions ex = ey = 0 
at z — 0, d. It turns out that, if k, kz -C fco (which is the condition for the 
magnetostatic approximation to be valid), e is small as compared to h. 

Consider now, following Bar'yakhtar and Kaganov [39], a ferromagnetic plate 
magnetized, as before, normally to its surface but not metallized. We have now 
to 'sew together' the fields in three regions: z < 0, 0 < z < d, and z > d, using 
the boundary conditions at the interfaces between these regions. For the potential 
inside the plate, the expression (6.23) is valid, and outside the plate 

D exp( — KOZZ — iky) z > d 

where KQZ is real and positive. In the plate, (6.26) holds, and the substitution of 
ipo into the Laplace equation results in 

KIz = k2. (6.30) 

To satisfy the boundary conditions (6.12) it is necessary, in this case, to take 
ip = -0O and dip/dz = dipo/dz at z = 0,d. This leads to a system of linear 
equations for the coefficients A, B, C, and D. Equating to zero the determinant of 
the system and taking into account (6.26) and (6.30), we obtain the transcendental 
equation 

2Zkd , 
t m Z = W^kdJ2 ( 6 3 1 ) 

where Z = kzd = y/—pkd. 
Equation (6.31) has an infinite number of roots Zn(n = 1 ,2 ,3 , . . .)correspond-

ing to different modes. These roots can be found by numerical or graphical (Fig
ure 6.4) methods. Then, taking into account the frequency dependence of p, we 
obtain the dispersion relation cu(k). It can be written, as before, in the form (6.27), 
but the quantities Zn depend now on kd. The frequency range remains the same 
as for the metallized plate, the w vs k curves are like those shown in Figure 6.3, 
and the estimate (6.28) is valid. 

In the case of a tangentially magnetized plate (Figure 6.5), the potential in the 
plate can be written as 

ip = 0 4 c o s k x x + B s i n k x x ) e \ p (—ikyy - \kzz) . (6.32) 

Substituting it into equation (6.14), we get 

-p(k2

x+ k2

y) = k\. (6.33) 

Consider, for simplicity, a metallized plate. The boundary condition (6.24) leads 
now to 

drp . dip , 
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FIGURE 6.4 
Graphical solution of equation (6.31) for a free normally magnetized plate, kd = 4. Full 
circles represent Zn values for a metallized plate. 

at x = 0 and x = d. Being applied to (6.33), these conditions result in a system 
of equations for the coefficients A and B. Setting the determinant of this system 
equal to zero, we find 

(/i 2fc 2 + £k2

y) sin kxd = 0. (6.35) 

As we limit ourselves, for the present, to the volume waves (with trigonometric 
dependence of the potential in the plate on the coordinate in the direction normal 
to the plate), we assume kx in (6.35) to be real. Then, it follows from (6.35) that 

kxd = nn = Xn. (6.36) 

Substituting (6.36) into (6.33) and taking into account the frequency dependence 
of /i, we obtain the dispersion relation 

2 I , UM I _ / , W ) K \ UJ = UJH \tx>H H TJT2 =UJH [UH -\ 1 

1 _L k l d l * l i COS' ek 

1 + klJ+xl J \ 1 + sitfek+xi/(kd)i J 
(6.37) 

where k2 = k2 + k\ and 0 f c is the angle between the direction of magnetization 
and the direction of propagation (Figure 6.5). 

The dispersion curves, calculated by formula (6.37), are plotted in Figure 6.5. 
One can see that, for 6k = 7R/2, the frequency does not depend on k. In the 
other limiting case of 6k = 0, i.e., when the wave propagates along Mo, UJ lies 
in the range (6.6) and decreases with growing k, i.e., v g r is negative. This means 
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FIGURE 6.5 
Dispersion curves of volume magnetostatic waves in a tangentially magnetized metallized 
plate. Mo = 90 G, Hu = 1.35 kOe, d = \0 pm. 

that the group velocity vector vgT = duj/dk is antiparallel to the vector k and 
to the phase velocity vpxi = kw/k2. Such waves are called backward waves. If 
6k / 0 , 7 r / 2 , the dependence of to on k = (k2 + kl)]/2 is also a decreasing one 
(Figure 6.5), but the angle between group and phase velocities is neither equal to 
zero nor to 7r. This is the consequence of the anisotropy in the yz plane due to 
magnetization in the z direction. The direction of vpri is usually determined by 
the exciting conductor (antenna), and the direction of vgT depends on the direction 
and value of the steady magnetic field and on u. 

We will not consider the problem of magnetostatic volume wave propagation 
in a free (nonmetallized) tangentially magnetized plate, which was treated in 
detail by Damon and Eshbach [82]. We note only that the frequency range and 
the character of the dependence of LO on ky and kz remain the same as for the 
metallized plate. Formula (6.37) also remains valid, but the quantities Xn depend 
now on ky and kz. 

6.2.2 Surface waves 

We have considered as yet only such solutions of equation (6.14) (corresponding 
to the volume waves) for which the dependence of ip inside the ferromagnetic plate 
on the coordinate ( i n the direction of the normal to the plate surface is represented 
by trigonometric functions. However, there exist solutions with k2 < 0, for which 
the dependence of ip on Q is represented by hyperbolic functions not only outside 
the ferromagnet but also inside it. Waves corresponding to such solutions are 
called surface waves. 

For surface waves, the simpler problem of wave propagation along an interface 
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FIGURE 6.6 
Surface wave at the boundary of a ferromagnet with metal or dielectric. 

of half-infinite ferromagnet and half-infinite dielectric (or metal) is also meaning
ful. Gintsburg [141] was the first to study this problem. Consider a half-infinite 
ferromagnet magnetized tangentially to its surface and a wave propagating parallel 
to the surface and normally to the direction of magnetization (6 M = V>M = 7 r / 2 in 
Figure 6.6). Consider first the propagation along the interface of the ferromagnet 
with perfect metal. The potential can be written in the form ip = Aexp(—NX—IKY) 
where K is real and positive, and 

K = SK\K\. (6.38) 

Here, sk = ± 1 where the upper sign corresponds to the propagation in the 
positive direction, and the lower sign corresponds to the propagation in the negative 
direction of the Y axis. 

Substituting ip into equation (6.14), we get 

P (K2 - K2) = 0. (6.39) 

The boundary condition (6.24) leads to 

PK = PAK- (6.40) 

It follows from (6.39) that either 

K=\K\ (6.41) 

or A — 0. The latter case is of no interest because then, according to (6.40), K = 0. 
Note that, according to (1.54), UA changes the sign if the direction of Mo is 

changed from positive, with respect to the Z axis [what was assumed in deriv
ing (1.54)], to negative. Hence, we may write 

Pa = P-aSM (6.42) 

where PA is defined according to (1.54), and SM = 1 if Mo = z0Mo, and 
sM - - 1 if M 0 = - z 0 M 0 . Substituting (6.38) and (6.42) into (6.40) and 
taking (6.41) into account, we get 

— = SMSk = s. 
Pa 

(6.43) 
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It follows from (1.49) or from Figure 1.5 that the ratio p/pa is never equal to 4-1 
and is equal to — 1 at 

UJ = LOH+LOM- (6.44) 

Thus, the frequency of a surface nonexchange magnetostatic wave, propagating 
along the boundary of a ferromagnet with metal, is independent of k and lies 
above the range (6.6). The direction of propagation is determined by the condition 
s = — 1. It is easy to make sure that this condition is equivalent to the condition 

k = n o X Mo ( 6 ' 4 5 ) 

where n o is a unit normal to the boundary directed into the ferromagnet. 
Consider now the wave propagating along the boundary of a ferromagnet and 

a dielectric. The potential in the ferromagnet (a; > 0) is written as before, and 
expression (6.39) holds. In the dielectric (x < 0), Vo = Cexp(nox — iky). 
Substituting ipo into the Laplace equation, we find = k2. So, 

Ko = K = \k\. (6.46) 

From the boundary conditions (6.12) at x = 0, it follows that A — C and 

Ko + pn = pak. (6-47) 

Taking into account (6.46), (6.38), and (6.42), we obtain from (6.47) 

1 + P , = sMSk = s. (6.48) 
Ma 

It is easy to make sure that (6.48) is satisfied only for s — — 1, and 

W-CJH + ^ M - (6-49) 

Thus, the surface wave propagating along the boundary with a dielectric is char
acterized by the same nonreciprocity as the wave at the boundary with metal. Its 
frequency also lies above the frequency range of volume waves but nearer to the 
upper limit of this range. 

Eshbach and Damon [112] studied surface waves at the boundary ferromagnet-
dielectric for arbitrary directions of magnetization and propagation (Figure 6.6). 
It was shown that the waves exist if 

sin 0M sin <J>M > (6.50) 

and their frequencies are determined by a very simple formula: 

w = — —^ : 1 -z sin^M sin</jM- (6.51) 
2 s in#M s m i p M 2 

Expression (6.49) is a particular case of (6.51). 
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FIGURE 6.7 
Dispersion curves for surface waves in a free ferromagnetic plate. Mo = 139 G, H = 
1.25 kOe. 

Passing to the surface waves in plates, we limit ourselves to the simplest but very 
important case of a wave propagating normally to the direction of magnetization 

in a tangentially magnetized plate. Such a wave in a metallized plate is of no 
interest because its frequency does not depend on k, and we consider a free plate 
(Figure 6.7). This problem was studied by Damon and Eshbach [82]. 

The potential inside the plate can be written in the form 

ip = [Aexp(-Kx) + Bexp(nx — Kd)] exp(-iky) (6.52) 

and outside the plate 

f Ctxp(K0x - i k y ) x < 0 

\ D exp(-Kox + K o d - i k y ) x > d. 

Expression (6.46) holds as before, and a system of equations for the coefficients 
A, B, C, and D follows from the boundary conditions. Equating its determinant 
to zero, we obtain 

p 2
a k 2 - (up - / c 0 ) 2 

Taking into account (6.46) and dependences (1.54) of p and p a on uj, u>m, and 
ujh, we find the dispersion relation 

= ( ^ + ^ ) 2 - ( ^ ) 2 e x p ( - 2 M ) . (6.55) 

As it should be expected from the symmetry considerations, the frequency does 
not depend on the directions of Mo and k. It depends on k (Figure 6.7) and lies 
in the range 

W 4 < w < ujh + • (6.56) 

uj2 



6.2 Nonexchange magnetostatic waves in plates and rods 161 

r k _> o J S u r f a c e
 ( k - L M 0 ± n 0 ) 

} Backward vo lume ( k \ \ M Q ± n 0 ) 

k —» °°> 
| Forward volume ( k ± M Q \ \ n Q ) 

FIGURE 6.8 
Regions of existence of nonexchange magnetostatic waves in a free ferromagnetic plate. 
Tin is a unit normal to the plate surface. 

This range adjoins the range (6.6), in which the frequencies of the volume waves 
lie (Figure 6.8). The group velocity of the considered surface wave is positive. 
This is in accordance with the general rule that magnetostatic waves, propagating 
normally to the direction of magnetization, are forward waves, and waves, propa
gating along this direction, are backward waves. The value of the group velocity 
is easily found by differentiating (6.55): 

v „ = - ^ e x p ( - 2 f c d ) . (6 .57) 
4u> 

In contrast to volume waves, this quantity decreases monotonically with growing k. 

Having solved the system of equations for the coefficients A, B, C, and D, we 
find the potentials tp and ip0 and can calculate the magnetic field h — Vip, the 
magnetization m = \h, and, in the first approximation, the electric field e. We 
cite here only some qualitative results of these calculations. The potentials and all 
field components turn out to be nonreciprocal, i.e., their coordinate dependences 
change with the reversal of Mo or fc (Figure 6.9). The fields and magnetization 
'press themselves' to one of the plate surfaces, depending on the direction of the 
Mo x fc vector (or on the sign of s = SMSk)- The magnetic field and magnetization 
inside the plate are elliptically polarized. The magnetic field outside the plate 
is circularly polarized, the directions of polarization rotation being opposite at 
opposite sides of the plate. The electric field is linearly polarized in z direction. 

Seshadri [358] studied a more complicated case when a tangentially magnetized 
ferromagnetic plate adjoins metal at one side (x = 0) and air at the other side 
(x = d). The dispersion relation for the surface wave, in this case, has the form 

1 + 2 — + 2 5 — =exp( -2 fcd) . (6 .58) 
W | K / OJH + W M + SCO 

In contrast to (6.55), s appears in this expression, i.e., the dispersion relation is 
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--ld\' 
FIGURE 6.9 
Potential, field, and magnetization patterns for a surface magnetostatic wave in a tangen
tially magnetized plate. Mo = 139 G, Ho = 1.25 kOe, 4 = 10 /jm. Solid and dashed lines 
correspond to different directions of propagation. 

nonreciprocal. If s = 1, the frequency lies in the range 
WJ. < W < U>H + WM • (6.59) 

When kd —• oo, it approaches the frequency (6.44) of the wave propagating along 
the boundary of ferromagnet with metal. If s = —1, the frequency lies in the 
range (6.56) and approaches, when kd —> oo, the frequency (6.49) of the wave 
propagating along the boundary of a ferromagnet and a dielectric. The curves UJ 
vs k for both values of 5 are plotted in Figure 6.10(c). 

The dispersion relations of surface waves have been calculated, as well, for 
the structures shown in Figure 6.10(d),(e) [58, 457]. An interesting feature of 
these structures is the nonmonotonical dependence u(k) for s = 1: the wave is 
forward at small k values and is backward at large k values. Volume and surface 
waves in some other structures were also investigated (e.g., [8]). By varying the 
thicknesses and the magnetizations of the layers it is possible to approach the 
required dispersion relations, in particular, with approximately constant v& (for 
broadband delay lines) or with linear dependence V%X(UJ) (for pulse-compression 
devices [4]). 

6.2.3 Magnetostatic waves in waveguides with finite cross section 

The existence of slow electromagnetic waves in ferrite-loaded waveguides with 
small cross section was first demonstrated theoretically by Seidel [356]. His, 
rather complicated, analysis was based on full Maxwell's equations. But if the 
waves are regarded from the very beginning as magnetostatic, such problems can 
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FIGURE 6.10 
Frequencies of surface magnetostatic waves in different structures containing a tangentially 
magnetized ferrite plate. Sol id lines and dashed lines correspond to s = 1 and s = — 1, 
respectively. Curves w(k) relate to t = t\ = 2d, (2 = 5<± 

be solved easily. In the case of a metallized rectangular ferrite rod, the solution 
was carried out by Auld and Mechta [27]. 

The magnetostatic potential can be written as 

ip = (Ax coskxx + Bx sin kxx)(Az cos kzz + Bz sin kzz)exp(—iky). (6.60) 

Substituting this into the Walker equation (6.14), we get 

- n (k2

x + k2) = k\. 

The boundary conditions at z = 0 and 2 = 6 (Figure 5.4) lead to 

Bz =0 kz = — (m = 1,2,3 . . . ) . 
0 

(6.61) 

(6.62) 

There are two possibilities to satisfy the boundary conditions at x = 0 and x = a: 

_ SP.AK _ NX 
(N= 1 ,2 ,3 . . . ) 

SKFIA 

A* 

(6.63) 

(6.64) 

The first possibility corresponds to volume waves. Then, from (6.61)-(6.63) 
and the frequency dependence of //, it follows: 

UL2 = U>H 
(rrnr/b)2 

(mr/a)2 + k2 
(6.65) 

The second possibility corresponds to waves with hyperbolic x dependence and 
trigonometric z dependence. In this case, (6.61) transforms into k2 = —fi±k2, 
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and, taking (1.60) into account, we get 

= ( W „ + C M ) ( W » + 1 + ( 7 ) ) ^ 2 / ( F C 6 ) 2 ) • ( « • « ) 

The dispersion relations (6.65) and (6.66) are reciprocal, but the potentials and, 
hence, the field structures are nonreciprocal, as one can see from (6.63) and (6.64). 
Both waves are forward, as would be expected because the direction of propagation 
is normal to Mo. 

The problem of magnetostatic-wave propagation in a longitudinally magnetized 
round rod can also be solved rigorously. We must now use cylindrical coordinates 
(Figure 5.1), in which equation (6.11) takes the form 

(d2ip l c ^ i d2ip\ d2ip 

Consider, for simplicity, a metallized rod. Note that it is the same problem as 
in Section 5.1 but solved now in the magnetostatic approximation. The solution 
of (6.67) can be written in the form 

ip = Jm(/c/>) exp(imi/? - ikz) (6.68) 

where J T O is the Bessel function and m = 0, ± 1, ± 2, The boundary condition 

dip . 1 dip 
p— + ipa - — = 0 at p = po (6.69) op p DIP 

follows from (6.24). Substituting (6.68) into (6.67), we find k2 = -pn2, and it 
follows from (6.69): 

J m (A ) p 
where X = npo, and prime denotes the differentiation with respect to X. This 
equation is much simpler than equation (5.4), which was obtained without using 
the magnetostatic approximation. Taking into account the frequency dependence 
of p and pa, we find from (6.70) the dispersion relation 

W2 = UJH [WH + , , /. K2

MIV2 I \ ) (6'71) 

V 1 + (hpo)21 X^Ju) J 
where Xmn(uj) is the nth root of (6.70). 

If M = 0, equation (6.70) becomes Ji(A") = 0 and has only real roots inde
pendent of U, which correspond to volume waves. Formula (6.71) gives, in this 
case, the explicit dependence U>(K) (Figure 6.11). If M ^ 0, equation (6.70) has, 
at each \M\, an infinite number of real roots, which depend on frequency and the 
sign of MMOZ, i.e., on the direction of polarization rotation with respect to the 
direction of the steady magnetization. For the left-hand rotation, equation (6.70) 
has imaginary roots, too, one root at each value of \M\. These roots correspond to 
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FIGURE 6.11 
Dispersion characteristics of magnetostatic waves in a round metal waveguide filled with 
longitudinally magnetized ferrite. Mo = 2 0 0 G, H a = 1.35 kOe. 

surface waves (Figure 6.11). One can see from the figure that, in accordance with 
the above-mentioned rule, all waves are backward. 

The magnetostatic waves in a nonmetallized rod were investigated by Joseph 
and Schlomann [192]. The volume-wave dispersion characteristics, in this case, 
do not differ qualitatively from the dispersion characteristics in a metallized rod. 
However, the surface waves exist in a smaller range (6.56). 

Magnetostatic waves in ferrite films of finite width are of certain interest from 
the practical point of view. Such films can be regarded as rectangular rods. But 
the problem of wave propagation in a free (nonmetallized) rectangular rod has 
no strict analytical solution. To solve it approximately the method of 'magnetic 

walls'" can be used. According to this method, we exclude the regions z < 0 and 
z > w (Figure 6.12) from consideration and assume fictitious boundary conditions 
( p h ) n o at the planes 2 = 0 and z = w . At the surfaces x = 0 and x = d, the 
real boundary conditions are to be satisfied. Such problem has a simple solution, 
which is a good approximation if the dimension in the direction normal to the 
'magnetic walls' (w in Figure 6.12) is much larger than another dimension (d). 

Consider, e.g., a surface wave. The potential can be written as 

ip = ( F c o s k z z + G s ' m k . z ) (6 .72) 

where tp±_ has the form (6.52) inside the plate and the form (6.53) outside it. The 
boundary conditions at x = 0 and x = d lead to (6.54), and from the boundary 
conditions at the magnetic walls 2 = 0 and z = w it follows that F = 0 and 

kz = — (n = 1 ,2 ,3 , . . . ) . (6 .73) 
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FIGURE 6.12 
Tangentially magnetized ferromagnetic plate of finite width. 

Substituting (6.72) into the Walker equation (6.14), we get, instead of (6.39), 

From the Laplace equation for the potential outside the plate, it follows that 

Expressions (6.54) and (6.73)-(6.75), together with the dependence of fi and fia 

on UJ, determine the dispersion relation. It differs essentially from the dispersion 
relation in an infinite film only for small values of kw. 

Using the method of magnetic walls, O'Keefe and Patterson [303] considered 
a more complicated structure, shown in Figure 6.10(d). Some interesting features 
were found, in particular, the existence of a volume wave in a certain frequency 
range below 

6.2.4 Energy flow and losses 

Let us limit ourselves to magnetostatic waves in plane structures, which are of 
most practical interest. Consider a structure (Figure 6.13) consisting of N ferrite 
and dielectric layers and suppose that v ph and vg, are both directed along the rj 
axis. Then, the energy flow in this direction, related to the unit length of the 
structure in the f direction, is 

where Wj is the mean value of the Pointing vector (4.67), and integration is over 
the thickness of each layer of the structure. The electric field, needed to calculate 
IT,,,, can be found using equations (6.3). If there is no dependence on £, it follows 
from (6.3): 

H(K2 - k2) -k2

z= 0. (6.74) 

(6.75) 

(6.76) 

(6.77) 
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FIGURE 6.13 
A planar structure. 

and, as = 0, we obtain 

(6.78) 

As a simple example, consider a volume wave in a normally magnetized met
allized plate (Figure 6.3). Then, 

The energy flow for a wave in a free (nonmetallized) plate is to be found by 
summing in (6.76) the integrals over three regions: the plate and two dielectric 
half-spaces. The energy flows in different regions may have different signs, but 
the total flow, of course, is in the direction of group velocity. 

The losses of magnetostatic waves have the following sources: magnetic losses 
determined by anti-Hermitian parts of a components (Section 4.4); electric losses 
determined by imaginary parts of e in ferrite and dielectric layers; losses in 
metallic layers; electromagnetic radiation (if the structure is not entirely screened); 
excitation of other types of waves in the structure, first of all, of the elastic waves. 

The first source is, usually, the most important. To find its contribution we can 
use the above-discussed dispersion relation assuming fi and \xa in these relations 
to be complex. If the dispersion relation is written in the form F(ui, UJH, k) = 0 
[as, e.g., relations (6.27), (6.37), or (6.55)], then it is sufficient to make the 
replacement (1.68). Solving the obtained complex equation, we can get k = 
k' — ik". If the losses are small, we can expand F(UJ,UJH + iauj,k' — ik") in 
power series in iauj and (—ik"). Equating to zero the sum of linear terms in these 
series, we obtain 

The quantity u)T can be introduced which characterizes the attenuation of the 
wave per unit time of propagation. If we turn, in the factor e\p(iut — ik'y — k"y), 

(6.79) 

UJ duj 
(6.80) a 
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(a) (b) (c) (d) (e) (f) 

FIGURE 6.14 
Transducers used to excite and receive magnetostatic waves in ferrite films. Microstrip 
transducers: (a) single microstrip, (b) lattice, (c) meander. Coplanar transducers: (d) sym
metric, (e) nonsymmetric, (f) slot-line. 

to the coordinate system moving in the direction of the wave propagation with the 
velocity v g r , we see that in the new system the attenuation is determined by the 
factor exp(—w Tt) where 

, „ 3u) . 
UJT = Vork = aw — . (6.81) 

OLOH 

Comparing this expression with (6.7), we make sure that wT coincides with the 
decrement w" of oscillations (when k" = 0). For the surface wave in a free 
(nonmetallized) film, it follows from (6.81) and (6.55) that 

wT = a (wH + \OJM J • (6.82) 

6.2.5 Magnetostatic waves in ferrite films: excitation, applications 

To excite magnetostatic waves in ferrite films (usually, YIG epitaxial films on GGG 
substrates) thin metal conductors, placed at or near the film surface, are used. The 
simplest exciting element (transducer or 'antenna') is a straight microstrip or 
wire conductor (Figure 6.14). Because of relation (6.1), the wave front of the 
excited wave is approximately parallel to the conductor, i.e., k and vgr vectors 
are perpendicular to it. If the field structure of the wave is reciprocal, waves 
propagating in both directions have equal amplitudes. But if the field structure 
is nonreciprocal, the amplitude is larger in the direction for which the fields have 
greater values at the surface where the transducer is placed. 

As the first approximation, the problem of wave excitation by given currents can 
be treated. Such problems were solved by Ganguly and Webb [134],Emtage [108], 
Kalinikos (see references in [205]), and by others. In reality, the currents in the 
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transducers are not given and should be found together with the amplitudes of the 
excited waves. Such self-consistent theories were worked out by Vugalter and 
Makhalin [431] and Gilinskii and Shcheglov [137]. 

The main result of all theories of magnetostatic-wave excitation is that the 
amplitude of the wave with a certain k value is proportional to the fcth space 
Fourier harmonic of the current. 

A comparatively simple problem (which can be used as a starting point in more 
complicated cases) is the problem of magnetostatic-wave excitation by a linear 
current I at the surface of the film. The solution of this problem can be written in 
the form 

h(r,,0=CIh0(V,0 (6-83) 

where h(ri, Q is the complex amplitude of the magnetic field of the excited wave, 
h°(r), () is the normalized magnetic-field eigenfunction, and C is the complex 
quantity found by solving the problem; it is assumed that d/d£ = 0 where £ is 
the coordinate in the direction of the current. 

Consider now a transducer consisting of N parallel linear conductors with 
currents Ij = \Ij\ exp(i</?j), which are situated at distances lj from a certain point. 
Then, 

N 

h = Ch° ^2\Ij\ exp(i(yj i 4- iklj). (6.84) 
J=I 

In the particular case of equal \ = const = / ) and cophased (<pj = 0) currents 
at equal distances 61 from each other, we get h = CIF^h0 where 'the structural 
factor' 

_ sm(k6lN/2) 
F n - sin(Jfc«/2) • ( 6 ' 8 5 ) 

An analogous expression can be obtained for the antiphased currents (ipj — ifij-i = 7T). The transducer (b) in Figure 6.13 can be regarded as cophased, and 
transducers (c), (d), and (e), as antiphased. 

Expression (6.85) can be used to find the dependence of the intensity of excita
tion on the width b of the conductor. Assuming the uniform current distribution 
over the width of the conductor, we regard the conductor as a system of N equal 
cophased currents I/N at distances b/N. At —• oo we get 

C(b) = C{0)Fb F b = ™ ^ . (6.86) 

According to (6.86), the decrease of the excitation intensity with increasing b 
becomes essential at b > itl(2k). This estimate can be used, notwithstanding that 
the current distribution over the conductor width is far from uniform. 

The power flow of the excited wave, related to a unit length of the transducer, 
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can be written in the form 

P, = P , + + P f = ^ r a d | / | 2 + \RuJI\2 = \R\ rad|/| 2 (6.87) 

where J is the complex amplitude of the transducer current, indices + and — 
correspond to the waves propagating in opposite directions, and P j ^ , Pr rad> 
and Pirad are the radiation resistances. For the complete calculation of the 
magnetostatic-wave excitation, we have to find the current distribution along the 
transducer. The theory of transmission lines with losses (e.g., [191]) can be used 
for this purpose. The radiation resistance P i r ad is the main part of the distributed 
resistance, one of the four distributed parameters of such lines. It was shown [428] 
that the theory of transmission lines with losses can be applied to the receiving 
transducer, as well. 

In conclusion, we list the main distinctive features of magnetostatic waves in 
films. 

1. Broad frequency range (~ 1—50 GHz) limited from above only by the high 
values of the steady magnetic field, and from below, by the rise of domains. 
2. Possibility of tuning by variation of the steady magnetic field. 
3. The range of wave numbers (~ 1 0 - 1 0 4 c m - 1 ) independent of frequency and 
convenient for applications. 
4. Low group velocity controllable by the steady magnetic field. 
5. Possibility to change the dispersion law by simple means, e.g., by the choice of 
the wave type and the thickness of layers. 
6. Comparatively low propagation losses. 
7. Effective excitation by transducers of simple design. 

These features result in broad application possibilities of magnetostatic waves 
in designing miniature controllable and nonreciprocal microwave devices. Among 
them there are delay lines, filters, resonators (e.g., (3, 189,5]), as well as nonlinear 
devices (Section 10.5). 

6.3 Magnetostatic oscillations (Walker's modes) 

In ferromagnetic or ferrimagnetic samples of finite dimensions, magnetization os
cillations with discrete eigenfrequencies should take place. In this section we will 
study these oscillations in the magnetostatic approximation. The uniform mode 
of such oscillations was already considered in this approximation in Section 1.5. 
Nonuniform oscillations were observed, as it became clear afterwards, in early 
ferromagnetic-resonance experiments as subsidiary maxima superimposed on the 
main resonance curve. White and Solt [439] and Dillon [93] were the first to 
resolve these maxima and give a qualitative explanation of them. The rigorous 
theory was worked out by Walker [432] (see also [433]) for the case of an ellipsoid 
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of revolution (spheroid). We will cite the main results of this theory below, after 
considering simpler examples. 

6.3.1 Metallized cylinder 

Consider a 'waveguide' resonator (Section 5.3) obtained from a round metallized 
ferrite rod magnetized in the direction of its axis (Figure 6.15). As the electric-
field structure and the propagation constant k of this waveguide are both reciprocal 
(Sections 6.2), the eigenfrequencies of the resonator are determined by expres
sion (5.34). Substituting it into the dispersion relation (6.71), we get the equation 
for the eigenfrequencies 

(6.88) 

where Xm<n(uj) are the roots of (6.70), m = 0, ± 1, ± 2 , . . . , n = 1 ,2 ,3 , . . . , and 
p = 1 ,2 ,3 , . . . . One can see from (6.88) that the eigenfrequencies depend on 
the ratio of the resonator dimensions and on three integral numbers m, n, and p, 
which characterize the oscillation mode. The range in which the eigenfrequencies 
lie is the same as for propagating waves, both volume and surface: 

WH < w < UJH + WM- (6.89) 

If the cylindrical surface is not metallized, the frequency range would be 

UJH < u) < UH + | W M - (6.90) 

(In this case the plane metal surfaces must be assumed to be infinite in order for 
the problem to have a rigorous solution). 

The components of ft. = Vip and m = \h can be found from the potential 

ip = J m («;p) exp(—imcp) cos kzz (6.91) 

where kz = np/l. It should be noted that by taking into account the boundary 
conditions for the potential (6.91), we can find expression (6.88) without using 
the dispersion relation for the propagating wave. 

6.3.2 Sphere and ellipsoid of revolution 

The problem of magnetostatic oscillations in a sphere is of great interest because 
spherical ferrite samples are widely used for ferromagnetic-resonance experiments 
and in microwave ferrite devices, especially in ferrite filters (Section 5.3). The 
magnetostatic oscillations in a sphere can be treated as a particular case of such 
oscillations in an ellipsoid of revolution (spheroid) analyzed by Walker [432]. 
However, some mathematical difficulties, arising in this way, make an indepen-

U! = U>H { OJH + OJM 1 + 
A"* M 
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Metal 

FIGURE 6.15 
Magnetostatic ferrite resonators: (a) metallized cylinder, (b) sphere. 

dent solution of the problem for a sphere more expedient. Such a solution was 
performed by Fletcher and Bell [119]. 

Consider a sphere (Figure 6.15) of an isotropic nonconducting ferromagnet 
magnetized to saturation. We must find the solutions of the Walker equation (6.14) 
for the potential ip inside the sphere and of the Laplace equation for the potential 
ipo outside it and satisfy the boundary conditions (6.12) at the sphere surface. 
These conditions lead to 

V = ( £ V V ) r0 = ~ <Ar = R (6.92) 

where T*O is a unit vector directed along the radius. To satisfy the boundary 
conditions the solutions for ip and i/>o should be found in a coordinate system in 
which the surface r = R is a coordinate surface. The spherical coordinate system 
r, 9, ip is, of course, such a system, and the solution of Laplace's equation in this 
system has the form [293] 

ip0 = r - ( " + , ) P j l

m | ( c o s 6 » ) e x p ( - i m ¥ 3 ) (6.93) 

where P ! m ' is the first-kind associated Legendre functions [273], n = 1 ,2 ,3 , . . . , 
and m = 0, ± 1, ± 2 , . . . , ± n . 

However, the solution of Walker's equation cannot be obtained in spherical 
coordinates. Therefore, more complicated coordinates 4, V' </> were introduced 
in [119], which are related to the Cartesian coordinates in the following way: 

x = \Jp — \Ry/^2 — 1 sinr7 coscp 

y = y/p— \R\fZ1 — 1 sinr? sin<p 

file:///R/fZ1
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z - y ̂ -^-R^ cos??. (6 .94) 

The solution of (6.14) in these coordinates, finite at r = 0, is 

ip = ^ml(O^ITn|(coS7?)exp(-imV3). (6 .95) 

The sphere surface r = R is the coordinate surface f = £/j where 

= ^ 7 - («-96) 

Substitution of (6.93) and (6.95) into the boundary conditions (6.92) yields the 
equation 

\ P ^ R ) \ 

P)T1(SR) + N - 1 + ^ M = 0 <6-97) 

where the prime denotes the differentiation with respect to the argument. This 
equation and the frequency dependences of p and p a determine the eigenfrequen
cies of magnetostatic oscillations in a sphere. 

As it should be expected, the eigenfrequencies do not depend on R. They 
depend on uifj, U>M » and on three integers n, m, and r. The integer r characterizes 
the number of the root of equation (6.97); by tradition, the number of the root is 
(r + 1) if m > 0 and is r if m < 0. Therefore the quantity of roots is equal to 
(rm-dx + 1) at m > 0 and is equal to r m a x at m < 0. The analysis of (6.97) shows 
that r m a x is equal to the integral part of (n — \m\)/2 [119]. 

The components of h = Vip and m — \ h can be determined, for each mode, 
from (6.95). Positive and negative m values correspond, respectively, to the right-
hand and to the left-hand rotation of the entire h and m pattern around the Mo 
direction. The local polarization of h and m is, in general, elliptic and different 
at different points of the sphere. 

Consider first the case of n = \m\. Equation (6.97) transforms then into 

TO \m\ + 1 , 
p+ —-pa = - ' 1 . (6.98) \m\ I m | 

It is easy to make sure, taking (1.54) into account, that equation (6.98) can be 
satisfied only if m > 0. It has then, for each m value, only one root 

771 4TT 777 

27T7TT̂  = ^ o + 7 T — + l . 
The potential in this case is 

ip = p m e x p ( - i m v 5 ) = (x - iy)m (6.100) 

~T/! 1 * 1 - 1 

^ m . m . O = + , , = 7 # e 0 + 7 ~ , , ^ 0 - (6-99) 

where p = \ / x 2 + y 2 . The magnetization components are 

mx = imy = (x - i 7 / ) m _ I = p m _ 1 exp [ - i (m - l)<p] . (6 .101) 
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The magnetization has, for these modes, the right-hand circular polarization at all 
points, and its amplitude increases with growing distance from the z axis. In the 
simplest case of n = m — 1 the magnetization does not depend on coordinates, 
and the frequency is equal to 7-ffe o- This mode (1,1,0) is the uniform mode studied 
in detail in Section 1.5. 

For the family of modes with n = m + 1, it follows from (6.97): 

m \m\ + 3 , 
M + r—^a = r i • (6.102) 

\m\ \m\ 
This equation is also satisfied only if m > 0 and has, for each m, one root 

m 4TT m — 3 , 

w m + i , m , o = uiH + -z - r W M = iHeO + 7"^-~ 7*5 Mo- (6.103) 

2m + 3 3 2m + 3 
The potential and the magnetization components, for this family, gain an additional 
factor z, as compared with (6.100) and (6.101), so that the magnetization is equal 
to zero at the equatorial plane. The polarization is circular with right-hand rotation 
at every point, as for the family (m, m, 0). 

One can see from (6.99) and (6.103) that, for both considered families, the 
differences ui — ~fHeo are proportional to Mo and do not depend on HeQ. This 
feature, as well as the circular polarization of h and m, takes place only for the 
modes (m, m, 0) and (m + 1, m, 0). 

The frequencies and magnetization components can also be easily found for the 
modes with m = 0. In this case, (6.97) takes the form 

£»Hi = -(" + 1) <6I04) 

where P„(£) are the Legendre polynomials [273]. This equation has no roots for 
n = 1. If 7i = 2 , t henP 2 (£ ) = (3£ 2 - l ) / 2 , the root of (6.104) is ^ = 1/5, and 

2 / 4 

J 2 ,0 , l = w t f [UH + -=^MJ • (6.105) 

The magnetization components for the mode (2,0,1) are 

mx=xx + iXay rny =-ixax + XV- (6.106) 
The magnetization is now elliptically polarized, and the difference OJ — 7 ^ 0 
depends on Heo, as for all magnetostatic modes of a sphere except the families 
(m, m, 0) and (771 + 1, m, 0). 

The calculated field and magnetization components and the eigenfrequencies 
for all magnetostatic modes of a sphere with n < 5 are given in [119]. The field 
dependences of the frequencies for some modes are shown in Figure 6.16. One can 
see in this figure the numerous degenerations of modes: 'accidental' intersections 
of w v s ^ e o curves, as well as the entire coincidence of the frequencies of modes 
( m , m, 0) and (3m -I- 1, 3m, 0). The eigenfrequencies of all magnetostatic 
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FIGURE 6.16 
Eigenfrequencies of magnetostatic oscillations of a sphere versus external static magnetic 
field [119]. Dashed lines indicate the limits of the entire magnetostatic-mode spectrum. 

modes of a sphere lie in the range (6.90) [119]. Hence, the resonance Heo values 
at constant frequency are in the limits 

- - — M o < He0 < - + — M 0 . (6.107) 
7 3 7 3 

It is worth noting that the measurement of differences between the frequencies 
of two magnetostatic modes from (m, m , 0) or (m + 1, m , 0) families is a precise 
and convenient method to determine the steady magnetization Mo. 

Let us now cite some results concerning magnetostatic modes of an ellipsoid of 
revolution (spheroid) magnetized along the axis of revolution [432]. The setting 
up of the problem and the assumptions are the same as in the case of a sphere. 
Many properties of magnetostatic oscillations, mentioned above for a sphere, take 
place for a spheroid, as well. 

In particular, the rule for determining the quantity of modes with given m 
and n remains the same as for a sphere. For the mode families (m, m , 0) and 
(m + 1, m, 0), the difference u> — U>E is independent of u>n and the magnetization 
is circularly polarized. 

The frequencies of all magnetostatic modes of a spheroid (with semiaxes a 
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FIGURE 6.17 
Dependence of the magnetostatic-mode frequencies of an ellipsoid of revolution on the 
ratio of ellipsoid axes [432]. Note that Ho is the internal field. 

and c) lie in the same range (6.90) where now UJH = 7-r7e 0 - jNZM0. At 
ajc 5= oc —• 0 (when the spheroid transforms into an infinitely thin disc), the 
mode spectrum turns into a point UJ = UJH = ~y(Heo — 4-KMQ). At a —> oo 
(infinitely thin cylinder) it turns into a point UJ = JH + wm/2 = ^(HTQ + 2-KMQ) 
(Figure 6.17). 

6.3.3 Damping, excitation, and coupling 

To take the damping of magnetostatic oscillations into account we have to sub
stitute the complex p and pa values into the characteristic equations, e.g., (6.97). 
The imaginary parts w" of the roots of these equations represent the damping. 
It appears that the quality factors of nonuniform magnetostatic oscillations differ 
little from the quality factor of the uniform mode. 

The magnetostatic oscillations in small samples usually are excited by the 
electromagnetic fields of resonators or waveguides in which the samples are placed. 
In the theory of such excitation the following orthogonality relations [318] are 
used: 

0 

(6.108) 

Here v and v' are the joint mode indices including n , m , andr; m „ ( r ) and m u > ( r ) 
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are the normalized magnetizations of different modes, D is the normalization 
constant; the integration is over the volume of the sample; AVV> is the Kronecker 
delta-symbol (Appendix C); and ZQ is a unit vector directed along Mo. 

As the functions m„(r) make up a full system, the magnetization of forced 
oscillations can be written in the form 

m(r) = ^2,Cumv(r). (6.109) 

Taking the orthogonality relations (6.108) into account, we can obtain the follow
ing expression for the coefficients Cv: 

, Lh(r)mt(r)dV 
c „ = Cu? i v . v ; " \ ; (6.110) 

where h(r) is the given field and C is a constant depending on the normalization 
of eigenfunctions m „ ( r ) . 

According to (6.110), the coefficients Cv change in a resonance manner with 
varying u> or HTQ. And if u>" is sufficiently small, the magnetostatic modes are 
excited one after another as ui or Heo varies. 

It is clear from (6.110) that the condition for excitation of a certain mode is that 
the 'excitation integral' in the numerator of (6.110) should not be equal to zero. 
If the field h(r) is uniform, this integral differs from zero only for the uniform 
mode (1,1,0). To excite a nonuniform mode, a nonuniform field is needed. The 
amplitude of the excited mode is greater the nearer the field pattern is to the 
structure of the magnetization of the mode to be excited. 

In reality, the nonuniform magnetostatic modes are often observed when the 
excitation integral in (6.110) seems to be equal to zero. This is due sometimes 
to the inaccuracy of the sample location or to the disturbance of the field by the 
sample holder. But there are also more fundamental reasons of such 'illegal' 
excitation. 

One of them is the influence of magnetocrystalline anisotropy. If Mo is directed 
along the axis in a uniaxial crystal or along (100) or (111) axes in a cubic crystal, 
then, according to the above-mentioned general theorem (Section 6.1), the entire 
spectrum of He0 resonance values of the magnetostatic modes in a single-crystal 
sample will be shifted by the quantity HA with respect to the spectrum in an 
isotropic sample. However, the situation becomes much more complicated for an 
arbitrary Mo direction. In this case, the solutions of the magnetostatic equations 
(the eigenmodes) are no more the Walker modes. But, if the anisotropy is not 
very large, it is advisable to seek the solutions in the form of series in the Walker 
modes. Krivchenkov and Pil'shchikov showed [235] that (for a sphere) only such 
terms in these series are not equal to zero which correspond to the Walker modes 
with the same parity (even or odd) of the n values and with the same parity of the 
m values, relative to the n and m values of the initial mode. 

Let us discuss the same problem in terms of coupled oscillations. We now 
have to say that the anisotropy leads to the coupling of oscillations, which were 
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independent (eigen) modes in an isotropic sample. The coupling results in the 
frequency shift of the original mode and in the excitation of all modes that are 
coupled with it. Near the points of degeneration [i.e., of crossing of the unper
turbed curves co(Heo) of the coupled modes] the repulsion of these curves occurs 
(e.g., [121]). 

Returning to an isotropic medium, we remind the reader that Walker's theory 
is valid for a system with cylindrical symmetry in respect to the Mo direction. If 
this symmetry is broken (for an arbitrary ellipsoid or for an ellipsoid of revolution 
but magnetized in an arbitrary direction), the situation is similar to the above-
considered situation in the case of an anisotropic medium. Any disturbances 
of cylindrical symmetry, including macroscopic defects, as pores, clifts, and so 
on, can be treated (in terms of coupled oscillations) as factors leading to the 
coupling of Walker's modes. This is the second reason of 'illegal' excitation of 
the nonuniform magnetostatic oscillations. 

The third reason is the finite sample dimensions. It was pointed out in Section 5.3 
that, for a sphere with finite radius, the 'retarding' terms in Maxwell's equations 
(discarded in the zero magnetostatic approximation) result in the correction (5.41) 
of the resonance field of the uniform mode. Similar corrections take place for the 
nonuniform modes [318] but decrease with increasing n and m. The influence 
of the 'retarding' terms is also the source of coupling of magnetostatic modes. 
Sui Yangshen has shown [398] that the coupling appears, in this case, between 
modes with the same parity of n and with the same m values. 

According to Walker's theory, the magnetostatic oscillations arise due to the res
onance frequency dependence (1.54) of the a components. This dependence takes 
place for any magnetized isotropic substance. Therefore, nonuniform magneto
static oscillations should be observed even in paramagnets, but the range (6.90) is 
very narrow in this case at not very low temperatures. 

However, neither the specific form (1.54) of the p components, nor the exis
tence of the steady magnetization are the necessary conditions for the appearance 
of nonuniform magnetostatic oscillations. They were observed [45] in a uni
axial antiferromagnet in the antiparallel state (Section 3.2), in which the steady 
magnetization is equal to zero. 
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Spin waves 

7.1 Spin waves in unbounded ferromagnet 

In the preceding chapter, the waves of magnetization were considered in such range 
of wave numbers k that the influence of exchange interaction on the dispersion 
law could be ignored. Now we begin to study the waves with larger k values when 
this interaction is to be taken into account. Such waves are usually referred to 
as spin waves, although this term can be related, as well, to the waves studied in 
Chapter 6. 

In Section 7.1 we consider spin waves in an unbounded uniform ferromagnet 
magnetized to saturation. We will use, as before, the continuum model describing 
the ferromagnet by the magnetization M ( r , t). 

7.1.1 Energy and effective field of exchange interaction 

The energy of exchange interaction in a ferromagnet can be represented by the 
sum (2.11) of the uniform term £ 4 x 0 and the nonuniform term t7 e x ~. The latter 
is equal to the increase of the exchange energy due to the nonparallelism of 
neighboring magnetic moments, i.e., to the dependence of M on coordinates. 
This term can be written in the form [14] 

dMdM 

p = l 5 = 1 

where qps are the components of a tensor *q. Using (2.7), we obtain from (2.12) 
and (7.1) the effective field of the exchange interaction 

Hex = HexO + Hex- = A M + ^ Qx Qx ' (?"2) 

For an isotropic ferromagnet, A and q are scalars, H e x o transforms into (1.57), 
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and HEX^ takes the form 

FFEX~=<JV2M. (7.3) 

In this chapter we deal only with a ferromagnet magnetized to saturation, in 
which M 0 does not change quickly in space. Then, the field HEX^ has only an 
alternating component. Its complex amplitude in an isotropic ferromagnet is 

HEX = <7V 2m. (7.4) 

The quantities D and 77 connected with q by the relations 

rj = 7£) = 1M0g (7.5) 

are also used. All three quantities can be called the nonuniform exchange constants 
or constants of spin stiffness. 

7.1.2 Dispersion law 

The dispersion relation for spin waves was obtained at first by Bloch [52] on the 
microscopic model. This relation was generalized by Holstein and Primakoff [ 184] 
(Section 7.4). On the macroscopic, continuum model, the spin-wave dispersion 
law can be derived by two, quite equivalent, methods. 

The first method is based on expression (6.4), which is valid regardless of 
whether the exchange interaction is taken into account or not; only the form of p 
depends on that (dealing with a ferromagnet magnetized to saturation, we assume 

= 1). To obtain the expression for p we must solve the equation of motion, 
e.g., (2.18) with the effective field (7.4). For a plane wave, m = mo exp(—ikr), 
h = ho exp(—ikr), and it follows from (7.4): 

HEX = —qk2m. (7.6) 

It is easy to make sure that equation (2.18) with this field differs from equa
tion (1.66) only by the replacement 

U H - > u>H +r)k2 (7.7) 

Therefore, we can, without solving anew the equation of motion, make this replace
ment in the final expressions for p components. In particular, we get from (1.54) 

(UH + yk2)(uiH + yk2 + uiM) - u2 _ UJUlM . . 
~ (w/f + Vk2)2 - w 2 >'a ~ {u>H + Vk2)2 - w2 • ( ' 

If the dissipation should be taken into account, it is sufficient to make the replace
ment (1.68) in (7.8) 

The parameters of the medium p and pa now depend not only on frequency but 
also on the wave number k. Such dependence (in general case, the dependence 
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on the direction of fc, as well) is called space dispersion} 

Substituting (7.8) into (6.3) and assuming /xy = 1, we get the dispersion relation 

UJ = I + vk UJH + vk + UJM • 
k 2 

= [UJH + T ] k 2 ) [ u J H + Vk2 + UJM sin 2
 6 k ) . (7.9) 

It can be rewritten as 

uj2 = A 2
k - \ B k \ 2 (7 .10) 

where 

Ak = UJH + vk2 + ^UJM sin 2 0 k \Bk\ = ^UJM sin 2 6 k . (7.11) 

The second method of deriving the dispersion law (7.9) was used by Herring 
and Kittel [180]. They found, first of all, the dependence of the internal magnetic 
field h u on the ac magnetization, which is determined by the magnetostatic 
equations (6.2). For plane waves, it follows from these equations that 

h M = - ^ k { m k ) . (7.12) 

This field is substituted, then, into the equation of motion (2.18), which, in this 
case, takes the form 

\ujm + (UJH + \auj)m x z 0 + -7̂ -2=0 x ( h e x + h M ) = 0 (7.13) 
AIT 

(z0 is a unit vector parallel to Mo). Projecting (7.13) with a = 0 onto the axes x 
and y and equating the determinant of the obtained system to zero, we get (7.9). 

The curves UJ VS k at constant H o = U>H /7 and the curves H o vs fc at constant 
UJ are plotted in Figure 7.1. At very large k values, when r\k2 > UJH,U>M, the 
spin-wave dispersion relation approaches the quadratic law UJ = rjk2, obtained 
in 1930 by Bloch [52]. If UJM < UJH + r)k2, 

UJ S A k = ujH + r)k2 + s i n 2 ^ . (7.14) 

The spin-wave phase velocity u ph — ujjk passes through a minimum at certain 
values of k = k\ and UJ = UJ\ depending on the angle 6 k • In particular, at dk = 0 

fcl = J~f' W l =
 2 U J H ^Phmin = 2^/TjUJH- (7 .15) 

'There exists another type of the space dispersion, a linear dependence of the antisymmetric e 
components on fc leading to the phenomenon of natural optical activity (e.g., [246]). 
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k (10s cm'1) k(\05cm-1) 

FIGURE 7.1 
Dispersion characteristics of spin waves in an isotropic ferromagnet with Mo = 139 G and 
t] = 9.16 x 10~2 (YIG at room temperature): (a) H0 = const = 1 kOe, (b) ui = const = 
2TT9GHZ. 

The group velocity 

«gr = j£ = ^ JUH + Vk2 + ^OJ M s i n 2 6 ^ = 2rjk^ (7.16) 

where £ is the ratio of the approximate value (7.14) of the frequency to the exact 
value. 

Expression (7.9) can be written in the form 

Tjk2
 = wHc{ek)-uH (7.17) 

where 

UHc(8k) = lH0c{6k) = \ju>2 + Q w M s i n 2 0 f c j - sin 2 9k • (7.18) 

One can see from (7.17), as well as from Figure 7.1, that the propagating spin 
waves (with k2 > 0) exist only if Ho < HQc{dk). The quantity # 0 c (#fc) is 
maximal at 8k = 0: 

#0c(0) = - . (7.19) 
7 

The maximal value of k also takes place at 9k = 0 : 

/Cmax = J-- (7-20) 

For YIG at 9 GHz, kmax £ 8 x 10 5 . 
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k k 

FIGURE 7.2 
Degeneration of spin waves with uniform oscillations of magnetization in a ferromagnetic 
sphere: (a) when condition (6.8) is satisfied, (b) when it is not satisfied. 

Let us discuss now the degeneration of the uniform precession of magnetization 
with spin waves. If fc » d~l (where d is the minimal sample dimension), the 
influence of the boundary conditions for the ac fields on the spin-wave dispersion 
law is immaterial. Then, expression (7.9) can be used for the spin-wave frequency, 
together with formula (1.92) for the frequency of uniform precession. It is easy 
to show that the degeneration always exists if the exchange interaction is taken 
into account, contrary to nonexchange spin waves (Section 6.1). The degeneration 
takes place in the range fci < k < k2 (Figure 7.2) if condition (6.8) is satisfied, 
and in the range 0 < fc < k2 if this condition is not satisfied. For an ellipsoid of 
revolution, 

Consider now spin waves in an anisotropic (single-crystal) ferromagnet. We will 
not take into account the anisotropy of the nonuniform exchange constant (which 
usually turns out to be small), i.e., we will regard q as a scalar and use formula (7.4). 
When we substitute the effective field (7.4) into the linearized equation of motion 
for an anisotropic ferromagnet (Section 2.3), we notice that this equation differs 
from the equation without / i e x only by the replacement (7.7). Therefore, it is 
sufficient to make this replacement in the corresponding nonexchange dispersion 
relations, e.g., in (6.18) or (6.19). Let us cite, as an example, the simple expression 

(7 .21) 

= (Ho + H* + Dk2) (H0 + HA + Dk2 + 4TTMOsin 2 0k) (7 .22) 
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which is valid in the following cases: when Mo is directed along the axis—or lies 
in the easy plane—of a uniaxial crystal, when Mo is directed along the (100) axis 
of a cubic crystal, and when it is directed along the (111) axis of such crystal. In 
the first two cases, as it was pointed out in Section 6.1, HA = 2KI/MQ, and in 
the third case HK = - 4 / 3 AT, / M 0 . 

7.1.3 Magnetization, field components, and damping 

To get the ac magnetization components of a spin wave we must find the solutions 
of the system obtained by projecting (7.13) (with a — 0) onto coordinate axes; 
expressions (7.6), (7.12), and (7.9) are to be taken into account. Directing the 
coordinate axes in such way that fc vector will lie in yz plane, we get 

If 0k = 0, then my = —imx, i.e., the ac magnetization is right-hand circularly 
polarized. If Ok / 0, the polarization is elliptical; the polarization ellipse, as it 
follows from (7.23), is compressed in the direction of the fc projection on xy plane. 
The ellipticity (1.101) decreases with increasing /:. 

The electromagnetic-field components of a spin wave can be found using the 
general solutions of Maxwell's equations for propagating waves in an unbounded 
medium (Section 4.2). But the expressions obtained with allowance for exchange 
interaction should now be taken for p and pa. The energy flow can be calculated 
using the general formula (4.69). In contrast to nonexchange magnetostatic waves 
in an unbounded medium (Section 6.1), the energy flow is now not equal to zero. 

To analyze the damping of spin waves we can make the replacement (1.68) in the 
dispersion relation (7.9). Two statements of the problem are possible. In the first 
case, the attenuation of a stationary propagating wave (UJ" = 0) is considered. In 
the second case, we are concerned with the damping of a standing wave (fc" = 0). 
Formula (6.7), which relates k" (for the first case) to the UJ" (for the second case) 
holds, if the losses are small, for an arbitrary dispersion law (Section 6.1). Hence, 
this formula is valid for exchange spin waves, too. 

In the first case (UJ" = 0, k = k' — ik") two real equations that are equivalent to 
the complex dispersion relation give the dependence of k' and k" on UJ. Without 
dwelling on the solution of these equations, we only cite the exact formula 

The dependence uj(k', k") is shown schematically in Figure 7.3. If k" <C k', the 
value of k, found without regard to losses, can be taken for fc'; the value of fc" is 
then obtained from (7.24). But if the condition k" •< fc' is not satisfied, one of 
the quantities, fc' or fc", should be found from the exact equations following from 
the complex dispersion relation; the other can be found using (7.24). 

(7.23) 
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k' 

k' 

FIGURE 7.3 
Dispersion characteristics of a spin wave (9k = 0) with allowance for losses. Dashed 
lines are projections of the curve u>(k', A;") onto the planes (LJ, k') and (k', k"), dotted line 
represents aj(fc') dependence when losses are not taken into account. 

Expression (7.24) shows that k" increases with decreasing k' and becomes 
equal to it at 

When k" exceeds k', the process cannot be referred to as a propagating wave. 
An estimate for a YIG single crystal (AH = 0.3 Oe) gives k^n = 4 x 10 3 . It 
should be noted that the 'disappearance' of spin waves in an unbounded medium 
at k" > k' is the consequence of the decrease of group velocity, and it is removed 
by taking boundary conditions into account. So, spin waves with small k' in plates 
and rods, considered in Section 6.2, do not disappear. 

In the second case (k" = 0, ui — ui' + \u>"), the inequality u>" < u/ is always 
satisfied if a < 1. The complex dispersion equation can now be solved in the first 
approximation assuming u>' to be the same as in the absence of losses. Then, 

where £ is the same as in (7.16). 
The following quantities are often used in examining the damped spin waves: 

the free path 

(7.25) 

LJ" = au)£ (7.26) 

(7.27) 

and time of life 



186 7 Spin waves 

They characterize the damping, respectively, in space and in time of the squared 
spin-wave amplitude. These quantities have direct meaning for the quasiparticles 
that correspond to spin waves (Section 7.3). 

7.2 Spin waves in bounded bodies 

In this section we will study the influence of the nonuniformity of the medium 
and, first of all, the influence of the boundaries between different media on spin-
wave propagation. As in Section 6.2, the equation of motion and the Maxwell 
equations should now be solved making allowance for the electrodynamic bound
ary conditions. The magnetostatic approximation can be used (for nonmetallic 
ferromagnets) 2 even more rightfully than in Section 6.2. But first, the effective 
field of exchange interaction should be substituted in the equation of motion. And 
second, the supplementary (exchange) boundary conditions should be introduced. 

7.2.1 Exchange boundary conditions 

The need of supplementary boundary conditions, when the exchange interaction 
is taken into account, follows formally from the fact that the derivatives of m , 
with respect to coordinates, appear in the equations of motion. Therefore, the 
order of differential equations which are obtained from the equation of motion 
and the electrodynamic equations increases. Solutions of these equations contain 
more arbitrary constants, and 'ordinary' electrodynamic boundary conditions are 
not enough to find these constants. 

The physical reason for introducing the supplementary boundary conditions is 
that the fields, acting on magnetic moments in a thin layer near the boundary, 
differ essentially from the fields inside the sample 

The supplementary (exchange) boundary conditions, as Rado and Weertman 
have shown [325], can be deduced from the equation of motion of the magnetiza
tion, like the electrodynamic boundary conditions are deduced from the Maxwell 
equations. Let us write the equation of motion (2.9) in the form 

where QV2M is the nonuniform part (7.3) of the exchange effective field; HS is 
the effective field of the surface anisotropy, which exists only in the thin boundary 
layer; and HEF includes the external magnetic field and all effective fields which 
vary slowly in space: effective fields of anisotropy, effective fields responsible for 
dissipation, etc. 

1 DM 
+ M X HEF + QM x V 2 M + M X HS = 0 (7.29) 

7 DT 

2Spin waves in metals will be considered in Section 14.2. 
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The surface anisotropy, which describes the special conditions in the boundary 
layer, is usually regarded as uniaxial, with easy or hard axis normal to the boundary 
surface. However, it can be unidirectional, i.e., when the opposite directions of the 
normal to the boundary are not equivalent. A more general case is also possible 
when the easy directions lie on a cone with the axis normal to the boundary. We will 
consider the case of uniaxial surface anisotropy. Then, taking into account only 
the first constant of this anisotropy, we can write, according to (2.7) and (2.40), 

2JX 
HS = — ^ - ( M n 0 ) n 0 (7.30) 

where no is a unit external normal to the boundary of the ferromagnet. 
Consider a boundary of a ferromagnet with a nonmagnetic medium and integrate 

(7.29) over a volume V (Figure 7.4) of a disc 'slit' by the boundary. The thickness 
of the disc 2d is assumed to be small but larger than the thickness ds of the 
boundary layer. The two first terms of (7.29) make negligible contributions, and 
the result of integration can be written in the form 

h + I2 = 0 I\=q f M x V2MdV I2 = 2 f ( M n 0 ) M x n0dV. 
Jv Jv Mo 

(7.31) 
Transforming I\ into a surface integral and assuming the area of the disk a to be 
small, we get 

dM 
/, = -aqM x — (7.32) 

an 

r~di 2K, 
h = <r I (Af no) ( M x n 0 ) d ( (7.33) 

Jo M2 

where ( is the coordinate in the direction of n 0 . Integral (7.33) can be written as 

2K 
; 2 = c T - | ( M n o ) M x n o (7.34) 

which may be regarded as a definition of the constant of the surface anisotropy Ks. 
If Mo does not depend on (, then 

Ks= [ " " # , • < . (7.35) 
Jo 

Substituting (7.32) and (7.34) into (7.31), we get the boundary condition 

dM 2K% 

qM x —— + — j ( n 0 M ) n 0 x M = 0 (7.36) 
an MQ 

which is applied to the vector M in the ferromagnet outside a thin boundary layer. 
This layer is excluded from consideration, and its properties are taken into account 
by a single parameter Ks. 
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In the case of small oscillations of magnetization, we substitute M = Mo + 
m exp(iw£) into (7.36). Then, assuming M 0 = const (in the absence of domains) 
and equating the sum of terms linear in m to zero, we obtain the exchange 
boundary condition for the complex amplitude m: 

Z ° X ~d~n + ^ K n ° m ) n ° x z° + (nozo)no x m] = 0. (7.37) 

Here zo is a unit vector in the direction of Mo and 

This parameter can be either positive or negative, according to the sign of Ks. 
Projecting (7.37) onto the coordinate axes shown in Figure 7.4, we obtain the 

boundary conditions in the form proposed by Soohoo [374]: 

^ + £ m x cos 20 = 0 ^ + £ m „ c o s 2 0 = O (7.39) 
o n o n 

where 0 is the angle between Mo and the normal to the boundary surface (Fig
ure 7.4). If 0 = 0 (normal magnetization), 

d m X i y 
+ £ , m x > y = 0 (7.40) 

d n 

and for0 = 7r/2 (tangential magnetization), 

d m x „ „ d m v 

— ± - Z m x = 0 — a - = 0. (7.41) 
o n d n 

The parameter £ characterizes the degree of fastening ('pinning') of magnetic 
moments at the boundary and can be called the pinning parameter. In the limiting 
case of £ = 0 (no pinning or free magnetic moments), it follows from (7.39): 
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In the other limiting case of perfect pinning (£ —• oo), if 0 ^ TT/2, 

m = 0. (7 .43 ) 

The boundary condition (7.42) was first used by Ament and Rado [16], and 
condition (7.43) was proposed by Kittel [223]. The general case was studied 
by Rado and Weertman [325] and by Kaganov [195]. 

It should be noted that the relative values of the first and second terms in (7.39), 
(7.40), or (7.41) depend not only on £ but also on the rate of change of the 
ac magnetization in the direction of the normal to the boundary surface. For spin 
waves, these values depend on the projection of fc onto this direction. 

7.2.2 Standing spin waves in films 

Proceeding to the study of spin waves in ferromagnetic films, consider first the 
case when the projection of the wave vector onto the film surface fcy = 0 . Such 
standing spin waves can be regarded as magnetization oscillations, uniform over 
the film surface and nonuniform in the direction normal to the surface. Kittel [223] 
predicted that such oscillations can be excited by a uniform ac magnetic field. 
Seavey and Tannenwald [355] corroborated this prediction experimentally. This 
phenomenon was called spin-wave resonance (SWR) and was investigated in a 
wealth of experimental and theoretical works (see, e.g., books [333, 374] and a 
review article [125]). 

Let us consider first the eigenmodes of standing spin waves in films, in the 
absence of damping and exciting field. We have to find joint solutions of the 
equation of motion and magnetostatic equations that satisfy the electrodynamic 
and the above-studied exchange boundary conditions. Solving this problem, 
we can apply the same two methods as in the case of waves in an unbounded 
medium (Section 7.1). Using the second of these methods, we must first find the 
relation between magnetic field and magnetization that follows from magnetostatic 
equations with electrodynamic boundary conditions. From expression (7.12) we 
obtain in the present case, when fc is parallel to no, 

For eigenoscillations, KM is the total ac magnetic field. It is equal to zero 
outside the film and has no tangential component inside. Thus, the electrodynamic 
boundary condition hT \ = hT 2 is satisfied. It is easy to make sure that the second 
boundary condition, bn\ = bn2, is also satisfied by the field (7.44). This field 
must be substituted into (7.13), and the solutions of this equation that satisfy the 
exchange boundary conditions are to be found. 

Consider the case of a normally magnetized film. In this case, r i M = 0 not 
only outside but also inside the film. The cylindrical symmetry of the system 
requires the use of circular magnetization components m ± . The condition of the 
existence of nonzero solutions of (7.13) (with cv = 0) results in the expression for 

h-M = —47rno (mno) . (7 .44) 
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eigenfrequencies 

w± = ± [OJH + r,k2

z) - (7.45) 

As u>± > 0 by definition, oscillations with left-hand polarization (with frequency 
oj-) exist only at imaginary kz and sufficiently large \kz\. The frequency to+ 

(for real kz) coincides with the frequency (7.9) of spin waves propagating in the 
direction of Mo in an unbounded ferromagnet. 

Let us examine the case when the pinning parameter has different values at 
different sides of the film. The exchange boundary conditions, according to (7.40), 
should now be written as 

dm± 
+ £im± = 0 at 2 = 0 dz 

dm± 
+ & m ± = 0 at z = d. (7.46) 

dz 

The solutions can be sought in the form 

m ± = A± coskzz + B± sin kzz. (7.47) 

Substituting (7.47) into (7.46), we get an equation for kz: 

cot kzd= (7.48) 
kz (f i + 6 ) 

In the particular case of £i = £2 = £> (7.48) is equivalent to the equations 

cot~ = j (7.49) 

- t a n - ^ - = - ^ . (7.50) 

If £ > 0, these equations have only real roots, and only right-hand polarized 
oscillations exist. Figure 7.5(a) shows the graphical solution of (7.49) and (7.50) 
in this case. Denoting the roots by kz „ (n = 1,2, 3 , . . . ) and taking into account 
that UIH = -yHeo — UM, we obtain from (7.45) 

— = Heo-^M0 + Dk2

zn. (7.51) 
7 

If £ = 0 0 (perfect pinning), k z n = nir/d, and if £ = 0 (no pinning), k z n = 
(n- \)%/d. 

It is easy to make sure that the roots of (7.49), i.e , the odd n values, correspond 
to the dependences m+(z) which are symmetric with respect to the middle of 
the film, and the roots of (7.50), i.e., the even values of n, correspond to the 
antisymmetric m+(z) dependences. The patterns m+ (z) are plotted in Figure 7.6. 
One can see, in particular, that the solution with v. = 1 at £ = 0 represents the 
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FIGURE 7.5 
(a) Graphical solution of equations (7.49) and (7.50) for £d = 4 and (b) dependence of the 
roots on the value of £d [333] . Solid lines correspond to (7.49) , and dashed lines, to (7.50) . 

FIGURE 7.6 
The ac magnetization patterns for standing spin waves in normally magnetized films with 
symmetric (£i = £2 = £) and antisymmetric (£1 = —£2) exchange boundary conditions. 

uniform oscillation, and its frequency (1.96) follows from (7.51). At £ ^ 0 the 
uniform oscillations do not exist. 

If £ < 0, each equation (7.49) and (7.50) has, in addition to the real roots, one 
imaginary root kz — \ K Z . These roots correspond to the hyperbolic (or surface) 
modes (Figure 7.6). The behavior of real and imaginary roots with changing £ 
is shown in Figure 7.5(b). According to this figure and expression (7.51), the 
frequencies of surface modes decrease with increasing |£| and become equal to 
zero at DK2 = HT0 — 4nMo- At still larger K (or smaller Heo) the eigenmode is 
the left-hand rotating magnetization [215]. 

Another interesting particular case of £1 = —£2 = £ (Figure 7.6) was inves
tigated by Korchagin and Khlebopros [232]. It follows from (7.48) that in this 
case kz = nn/d, independently of the value of £. These boundary conditions 
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can be realized, as Wigen et al. have shown [442], by means of depositing thin 
(d\t2 < d) layers with magnetizations MQ\ < Mi and Mo 2 > Mo onto the film 
(with thickness d and magnetization Mo). 

Now consider briefly the excitation of standing spin waves in a film by a uniform 
ac magnetic field. The magnetization can be sought in the form 

00 

m ± = Y Cnm±r, (7 .52) 

n = l 

where m±n are the magnetizations (7.47) of the eigenmodes. They are orthogonal 
and can be normalized, e.g., so that \JA2

±n + B\n = 1. The coefficients Cn are 
determined by formula (6.110). If the ac magnetic field is uniform, it can be taken 
out of the integral, and the quantity M±n= f m±nAz (7 .53) 

Jo 

remains in the numerator of (6.110). This quantity is the normalized magnetic 
moment of the nth mode related to unit area of the film. 

We will limit ourselves to the case of £1 = £2 = £ > 0. Substituting (7.47) 
(for right-hand polarized modes, which are the only existing modes in this case) 
into (7.53), we obtain for symmetric modes (with odd n values) 

1 (\ kl 
For antisymmetric modes, 9Jl+n = 0, which is clearly seen from Figure 7.6. Thus, 
only symmetric modes (with n = 1 ,3 ,5 , . . . ) are excited by a uniform magnetic 
field. Note that this is also valid in the case of antisymmetric boundary conditions 
(£1 = —£2)- It follows from (7.54) that the effectiveness of excitation is the 
greatest for £ = 00 and approaches zero for £ = 0. 

When the frequency or the steady magnetic field is varied, the Cn values change 
in a resonance manner and the modes are excited one after another (Figure 7.7). 
It can be shown that the condition for the absorption maxima of the neighboring 
modes to be resolved is 

nD 
^ 2 ^ — . (7.55) 

Therefore, thin films should be used to observe the spin-wave resonance. For YIG 
CD = 5.2 x 10~ 9 , AH = 0.5 Oe) and n = 1, <i m a x ~ 3 fim. 

The quantity that is measured in experiments on spin-wave resonance is the 
ac magnetic moment 371. If condition (7.55) is satisfied, the moment for the nth 
mode is 

9 J l ( n ) = SCm+n (7.56) 
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FIGURE 7.7 
Spectrum of standing spin waves ( S W R ) in normally magnetized cobalt film with thickness 
d = 0 .294 urn at frequency of 8.8 GHz [400] , 

where DJl+n is the normalized moment (7.53), S is the film area, and C is the 
multiplier in formula (6.110). At resonance (to = u>'n). taking (6.110) and (7.54) 
into account, we find 

1 1 -yAH 
h + . (7 .57) 

In the case of perfect pinning (£ = o o , k z n = nir/d), the moment is proportional 
to n ~ 2 . 

Spin-wave resonance in tangentially magnetized films was investigated in detail 
by Salanskii and Erukhimov [333]. Here we will make only some brief remarks. 
The field (7.44) is not equal to zero in this case. Substituting it into (7.13) and 
projecting this equation onto axes x and y (the axes are directed as in Figure 6.5), 
we get the expression 

w 2 = [oJH+vkl) (7 .58) 

which coincides with the dispersion relation (7.9) for 9k = TT/2. Equation (7.58) 
has, at constant to, two roots, kx , 2 . One of them, kx x, is positive if ui > OJ± . The 
second root, k\2, is always negative. The partial solutions corresponding to the 
roots k\ , and k\ 2 can satisfy, individually, the exchange boundary conditions at 
both sides of the film only if £ = 0. For all other values of £, the sum of these 
partial solutions satisfies the boundary conditions and, hence, is the eigenmode. 
The partial solution corresponding to kx 2 decreases quickly with distance from 
the surfaces of the film. Therefore, it does not materially affect the dispersion law, 
which can be written in the form similar to (7.49), with certain effective value of 
the pinning parameter £ef [333]. 

Originally metal films were used in the experiments on spin-wave resonance 
(e.g., [355,400,232]). The presence of conductivity was not of great importance 
because the thickness d was much smaller than the skin depth 8 (Section 4.2). 
Later on nonmetal films were used, as well (e.g., [353,456]). In many early works 
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the disagreements with the above-mentioned theoretical dependences took place. 
The main cause of these disagreements was the nonuniformity of the parameters, 
e.g., of Mo, over the thickness of the film [83]. When high-quality uniform films 
became available, the predictions of the theory were confirmed (e.g., [35,32]). The 
spin-wave resonance became one of the techniques for investigation of magnetic 
films, first of all, for the measurement of the exchange constant D. It should 
be noted that the above-mentioned case of antisymmetric boundary conditions 
(£2 = —£1) turned out to be very useful because the value of D can be found 
independently of the £ value. 

7.2.3 Propagating spin waves in films 

In the analysis of propagating spin waves in films a difficulty arises similar to one 
discussed above for standing spin waves in tangentially magnetized films: partial 
solutions, taken separately, cannot satisfy all boundary conditions. However, an 
exception exists: the normally magnetized metallized film with £ = 0 at both 
surfaces. Although this case can hardly be realized, it will help us to reveal some 
features present in more realistic cases. 

It was shown in Section 6.2 that the potential ip — coskzzexp(—ikyy) en
sures the satisfaction of the electrodynamic boundary conditions for a normally 
magnetized metallized plate. It can be easily shown that, if £ = 0, the exchange 
boundary conditions are also satisfied. So, the wave with this potential remains a 
normal wave. Then, substituting k2 = k2 + k2 into (7.9), we obtain 

where, according to (6.25), kz = nir/d and n = 1 , 2 , 3 , . . . denotes the number 
of the branch. If j? -+ 0, (7.59) transforms into (6.27); if d - > 0 0 , (7.59) gives the 
dispersion relation (7.9) of a spin wave in an unbounded medium for 6k = TT/2; 
and if ky = 0, (7.59) transforms into expression (7.51) for the frequencies of 
standing spin waves. The curves u> vs ky calculated with (7.59) are plotted in 
Figure 7.8. 

In all other cases the examination of exchange spin waves propagating in mag
netic films is much more complicated. Two methods (as in the case of an un
bounded medium) can be used. They differ by the order of taking into account the 
magnetostatic equations and the equation of motion. 

The first method was used by Gann [133] (who was the first to solve this 
problem) and then by Filippov [117], De Wames and Wolfram [90], and by many 
others. The dependence m(h), which follows from the equation of motion and is 
expressed by the tensor x , is found first of all. Then we look for the solution of 
electrodynamic equations (in magnetostatic approximation) that satisfies both the 
electrodynamic and the exchange boundary conditions. 

The second method was proposed by Vendik, Chartorizhskii, and Kalini-

(7 .59) 
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FIGURE 7.8 
Dispersion characteristics o f spin waves in normally magnetized metallized films with 
£ = 0 calculated by formula (7.59) (solid lines). Dashed lines represent the characteristics 
calculated by (6.27) without allowance for exchange interaction. HT» = 3 .9 kOe, YIG at 
room temperature. 

kos [420, 421] and was also widely used (e.g., [205]). Apply this method, we 
first find the dependence of the demagnetizing field HM on magnetization m , 
which follows from magnetostatic equations and the electrodynamic boundary 
conditions. Then we look for the solutions of the equation of motion satisfying 
the exchange boundary conditions. 

Let us consider in more detail the main steps of both methods for the case of a 
normally magnetized film assuming that there is no dependence on x (Figure 6.3). 
Using the first method, we must find the solution of the Walker equation (6.14) 
satisfying both electrodynamic and exchange boundary conditions. We substitute 
the potential (6.23) into this equation using formula (7.8) (with k2 = k2 + k2

z) 
for p. Then, we obtain an expression of the same form as (7.59), which is, at 
given UJ and ky, a bicubic equation for kz; the roots of it are \kz \ = kzp(uj) (p = 
1,2,3). Substituting these roots into (6.23), we obtain the potentials tpp, which 
correspond to the partial waves. The sum of these potentials contains six arbitrary 
constants. In the case of a metallized film, there are six boundary conditions: an 
electrodynamic and two exchange conditions at each side of the film. For a free 
film, there are two constants more, in the expressions for the potentials outside 
the film, and two electrodynamic boundary conditions are added. Thus, in both 
cases the sum of three partial waves can satisfy all boundary conditions; so, this 
sum represents a normal wave. Equating to zero the determinant of six or eight 
equations obtained from the boundary conditions, we find the dispersion equation 
F(uj,ky) = 0 . The roots ujn(ky) of this equation correspond to different branches 
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of the spin-wave spectrum. 
Using the second method, we find, first of all, the relationship between the 

magnetization m (regarded at this stage as given) and the field hM, which is the 
effective field of the internal magnetic energy. This field and the given external 
magnetic field he (if the problem of the wave excitation is considered), as well 
as the effective fields of the exchange interaction and of the anisotropy, are to be 
substituted into the equation of motion. All these fields, except the field he, are 
linear functions of the magnetization m(z,y) = m(z) exp(—ik yy). Solutions 
of the equation of motion that satisfy the exchange boundary conditions are then 
to be found. It is advisable [205] to represent the functions mx(z) and my(z) 
as series in the solutions rrij x , y of the equation of motion without the field /IM-
In the considered case of normal magnetization, it is necessary, of course, to use 
the circular components m,j±. These are just the solutions of the above-studied 
problem of standing spin waves in a normally magnetized film because in that 
case fiM = 0. After substituting the mentioned series into the equation of motion, 
we get an infinite system of linear equations for the coefficients in the series. 
The condition of compatibility of these equations yields the dispersion relation 
F(to,ky) = 0. 

Both methods are, of course, equivalent and both lead to calculations that can 
be fulfilled with the use of computers. We will cite some qualitative results of 
such calculations. The frequencies of all branches increase with growing ky, as 
in the simple case considered above (Figure 7.8). But, as distinct from Figure 7.8, 
now the repulsion of some branches takes place. The character of the exchange 
boundary conditions has a great influence on the dispersion relations and on the 
m+ (z) patterns. At small ky values, these patterns are like the patterns in the case 
of ky = 0 (Figure 7.6). 

The dispersion curves of spin waves in a tangentially magnetized film are plotted 
in Figure 7.9. The values of u> at fcy —> 0 (£y is the wave-vector component in 
the direction of propagation) are the frequencies of spin-wave resonance. For 
waves propagating normally to Mo, the frequencies of all branches increase with 
growing &y, and the repulsion of the branches with the same parity takes place. 
If losses are taken into account, the k'J maxima should appear in the regions of 
repulsion. Waves propagating normally to the Mo direction are now no longer 
pure surface waves, as in the nonexchange case (Section 6.2). 

For waves propagating along Mo, the dependences of to on /by are not mono
tone (Figure 7.9). At small /cy values, the influence of magnetic (dipole-dipole) 
interaction and of the electrodynamic boundary conditions dominates. This leads, 
as in the case of nonexchange waves, to the decrease of u> with growing fcy. At 
larger fcy, the exchange interaction dominates and the frequencies increase. 

Comparing the dispersion characteristics of the exchange spin waves with the 
characteristics obtained in the nonexchange approximation (Section 6.2), one can 
see that the latter are approximately valid at sufficiently small fcy and sufficiently 
large values of the film thickness d. It is not obvious, at first sight, that it should be 
so because the exchange boundary conditions always influence the magnetization. 
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FIGURE 7.9 
Dispersion characteristics of spin waves in a tangentially magnetized YIG film for different 
propagation directions (schematically). Solid lines correspond to 6k = TT/2 and dashed 
lines, to 0k = 0. d = 1 /xm, Ha = 1.25 kOe. 

Indeed, these conditions materially influence the distribution of magnetization in 
the regions near the surfaces of the film. With decreasing k\\ and increasing d, 
the relative volume of these regions grows smaller and, hence, the influence of the 
exchange boundary conditions on the dispersion relations diminishes. 

Consider now the exchange spin waves in a film of finite width (a spin-wave 
waveguide) magnetized, e.g., in the direction of a normal to the film surface. The 
boundary conditions, both electrodynamic and exchange, at surfaces x = 0 and 
x = w (for 0 < z < d) must now be taken into account, in addition to the 
boundary conditions at the surfaces z = 0 and z = d. The problem becomes 
much more difficult than in the nonexchange case (Section 6.2), in which it also 
cannot be rigorously solved (except when the waveguide is completely metallized). 
However, if the film width w is sufficiently large, we may approximately substitute 
kx + ky for ky in the dispersion relation and take for kx the allowed ('quantized') 
values kx = nxir/w. It will result in splitting of each branch of the spectrum into 
an infinite number of branches. 

If all dimensions of the film are finite, the spin-wave spectrum, like the spectrum 
of nonexchange, Walker's oscillations (Section 6.3), should be an infinite discrete 
set of eigenfrequencies. To find them, taking into account the effective field of 
exchange interaction and all boundary conditions, is a problem not solved strictly 
until now. But let us discuss the problem qualitatively. Consider, e.g., a rectangular 
film of the width w and the length /. Suppose that the above-considered problem 
is solved for a film of the same width and infinite length, so that we know the 
dispersion law for such a spin-wave waveguide. It is clear that the solution in 
the form of a standing wave with one value of ky cannot satisfy all boundary 
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FIGURE 7.10 
Excitation of a spin wave in a nonuniform steady magnetic field near a turning surface. 

conditions at surfaces y = 0 and y = I. But, if / is sufficiently large, we can 
ignore this fact and suppose that a certain 'quantization' condition takes place, 
e.g., ky = nyir/l. Then, the allowed ky values will mark discrete points, i.e., the 
eigenfrequencies of the spin-wave resonator, at all branches of uj(ky) dependence. 
The intervals between the neighboring frequencies will be larger the smaller the 
length / is. 

7.2.4 Spin waves in nonuniform magnetic fields 

We will now briefly consider the spin-wave propagation in a ferromagnet with 
parameters continuously changing in space. Of the greatest interest is the case 
when this change is due to the nonuniformity of the steady magnetic field. If 
the change of Ho is slow enough, we may assume that an 'ordinary' spin wave 
propagates in such a medium with slow-changing parameters, but the wave vector 
fc changes continuously in space. The condition of slow change can be written in 
the form 

|Vif 0 | « \k\HQ. (7.60) 

At certain surfaces the field Ho can have such value that the wave vector fc = 0. 
Near these surfaces condition (7.60) is not satisfied, and we must find a strict 
solution of the equation of motion with variable parameters. This solution must 
transform into a wave with slow-changing fc at one side of the mentioned surface; at 
another side of this surface it must transform into a spin oscillation with amplitude 
decreasing exponentially in the direction of VHQ. By analogy with a quantum-
mechanical problem of the motion of a particle near a potential barrier [336], the 
considered surface can be named the turning surface. 

The one-dimentional problem of this kind was solved by Schlomann and 
Joseph [346, 347]. The field was assumed to be directed along the z-axis and 
to change monotonically with z (Figure 7.10). One can suppose that the right-
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hand circularly polarized ac magnetization m+ will depend on z, as shown in 
Figure 7.10. Then, a nonzero eigenmoment will arise near the turning plane 
z = ZQ. And if a uniform ac magnetic field is applied in this region, it will 
excite a spin wave with changing k propagating from the turning plane in the 
direction of decreasing HQ. A nonuniform internal field can be realized, e.g., in a 
ferromagnetic or ferrite cylinder put into a uniform external field Ht o. 

A similar problem for a normally magnetized disc was studied theoretically and 
experimentally by Eshbach [111]. In this case, Ho changes in the radial direction, 
the turning surface is a cylindrical surface, and spin waves propagate to the center 
of the disc. 

Morgenthalerand Stancil later (e.g., [384]) investigated in detail the propagation 
of spin waves in films in nonuniform magnetic fields. It was found, in particular, 
that spin waves propagate, as well, along the turning surfaces. Of special interest 
is the case when the closed turning surface bounds a region in which k2 > 0. Spin-
wave oscillations (standing waves) exist in this region; outside it, the magnetization 
decreases exponentially. Such a spin-wave resonator ('magnetic pit') can be 
realized, e.g., by diminishing the external magnetic field in a small region of a 
normally magnetized film [206]. The losses in such resonators (as well as the 
losses of waves propagating along the turning surfaces) are small because there 
are no contributions of the relaxation processes due to the scattering of spin waves 
by defects present at real boundaries. 

7.3 Magnons 

In this section we will use the general principle of corpuscule-wave duality 
(e.g., [243]) and 'translate into corpuscular language' the results obtained above 
on the quasiclassical, continuum model. 

7.3.1 Quantization of magnetic oscillations and waves 

Oscillations and waves of magnetization in magnetically ordered substances can 
be regarded, respectively, as 'crowds' or flows of quasiparticles with energy 

e = hui (7.61) 

and quasimomentum 

p = hk. (7.62) 

These quasiparticles are called magnons. The dependence ui(k), discussed above 
in detail, gives at the same time the dispersion law e(p) of magnons. 

In the case of uniform oscillations, p = 0 and e = HLOQ. In the opposite limiting 
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case of very large k values, when ui a T]k2, 
£ ~ | p 2 . (7.63) 

Comparing (7.63) with the relation between the kinetic energy and momentum of 
a nonrelativistic particle, we see that the magnon with a sufficiently large k can 
be regarded approximately as a free particle with the mass m ^ g = h/(2rj). For 
YIG, m m a g = 5.7 x 10~ 2 7 , which is about six times larger than the mass of an 
electron. The difference between the magnon energy huj and the energy (7.63) 
can be regarded as the potential energy of a magnon in magnetic fields, external 
and demagnetizing, and in the effective field of anisotropy. 

The energy W of magnetic oscillations and waves, in the corpuscular language, 
is the sum of energies of all magnons that exist in the considered body. This sum 
can be approximately divided into two parts: 

W = ^ n ^ + ^ n f c £ t . (7.64) 

v k 
Here n„ are the numbers of magnons that correspond to the modes (including the 
uniform mode) for which the influence of the boundary conditions is important; 
nfe are the numbers of magnons with large k values, which can be treated as 
corresponding to plane spin waves. 

To gain a discrete spectrum, which has been assumed in (7.64), without taking 
into consideration the complicated real boundary conditions, the periodical Born-
von Karman boundary conditions (e.g., [24]) can be used for the second sum 
in (7.64). Then, the allowed values of vector fc projections are 

kx = 2^ ky = 2-^ kz = 2^ (7.65) l\ l2 h 
where l\, l2, and I-} are the periods of the dependence on coordinates x, y, and z, 
respectively, and p\, p2, p 3 are integers. As long as the continuum model is used, 
the values of these integers are not limited. 

Writing the energy in the form (7.64), we suppose that different modes do not 
interact, i.e., the magnon 'gas' is ideal. This supposition is valid if we remain in 
the limits of a linear theory. 

Let us discuss the connection between the numbers of magnons and the ac mag
netization amplitudes. We have to equate the classical high-frequency magnetic 
energy to the quantities n^huj^ or Ukhuk- Consider first the uniform oscillations 
in a small ellipsoid. Their energy consists of the Zeeman energy (2.15), the inter
nal magnetic energy (2.16), and the energy of anisotropy. The last can be included 

formally into (2.16) if we regard the tensor N in this formula as the sum of the 
demagnetization tensor and the tensor N™ (Section 2.1). We write down the high-
frequency energy terms, which are proportional lo the squared ac magnetization 
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components M ^ X and M ^ Y , and take into account the expression 

which follows from the condition of conservation of the vector M length. We 
then find the energy density 

U = 2 W o ( m ~ x + m ~ y " > + \ m l ~ x ( N x ~ N z ) + \ m ~ y ^ N y ~ N ^ • ( 7 - 6 ? ) 

Equating it to U = NO FTUO (where no = n o / V a n d V is the sample volume), we can 
find the connection between no and the amplitudes M ~ X and M ^ Y . If the sample 
is an ellipsoid of revolution magnetized along its axis, and the anisotropy axis of 
a uniaxial crystal or one of the axes (100) or (111) of a cubic crystal coincides 
with the axis of the sample, then the ac magnetization is circularly polarized, and 

2M07/1 

where m 0 = ( m 2 ^ + m 2 ^ ) 1 / 2 . 
For spin waves, we must include the nonuniform exchange energy and the 

energy of the volume demagnetizing field KM into the energy density U, but we 
must exclude the energy of the surface demagnetizing field. The result is again 
very simple when the magnetization is circularly polarized, i.e., for spin waves 
with 9k = 0: 

where MK = ( W l f c x + m 2 ^ ) 1 / 2 . 
Formulae (7.68) and (7.69) are approximately valid, respectively, for an arbitrary 

ellipsoid and for spin waves propagating in an arbitrary direction if HQ + Dk2 3> 
4-KMO, i.e., when the polarization of the magnetization is nearly circular. If 
this condition is not satisfied, formulae (7.68) and (7.69) give only the order of 
magnitude. 

Taking into account (7.68), (7.69), and (7.66), we obtain an important formula 

M 0 - MZ = N-YH (7.70) 

where N = no + NK • This means that each magnon of both the uniform precession 
and spin waves reduces the Z projection of magnetization by a quantity 7/1 = gpB 

[g is the g-factor and ps is the Bohr magneton (1.14)]. 
For nonuniform magnetization oscillations (e.g., the Walker modes, Section 6.3), 

only the numbers of magnons in the whole sample have meaning. To find them 
we must equate the high-frequency magnetic energy of the sample, for a certain 
mode, to the quantity 1x^001^. In the case of circularly polarized magnetization 
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(with the amplitude m„), we obtain 

* = 2 m f v

m * ( r ) d V ' ( 7 7 1 ) 

If uniform oscillations, Walker's modes, and short-wavelength spin waves si
multaneously exist in a sample, the total change of the z component of the sample 
magnetic moment DJl is 

M 0 V - < m z = \ VnQ + Y n v + V^nk\ih = n-yh. (7.72) 
^ v k ' 

The transverse DJl components are equal to zero for all nonuniform modes, both 
Walker's modes and spin waves. Calculating 9DT2 = 9Jt2 + Tly + 9Jl2

z and taking 
into account (7.72) and (7.68), we get [376] 

2R = M0V - (n - n 0 V ) 7ft. (7.73) 

Thus, all magnons, except magnons of uniform oscillations, diminish the vector 
97t length. 

The numbers of magnons are proportional to the squared ac magnetization 
amplitudes, just as the numbers of particles in quantum mechanics are proportional 
to the squared moduli of the wave functions. We can suppose, therefore, that an 
analogy should exist between the equation of motion of magnetization and the 
Schrodinger equation. Indeed, it is easy to make sure that, in the case of circular 
polarization, the equation of motion for the ac magnetization amplitude has the 
form of Schrodinger's equation. Schlomann was the first to point out this analogy. 
Tsukernik [407] showed that it takes place in the general case of noncircular 
magnetization polarization, too. 

The magnon energy e and quasimomentum p are real quantities by definition. 
The dissipation of energy of magnetic oscillations and waves is taken into account, 
in the corpuscular language, by the finite magnon mean time of life and finite 
mean path length lk. It follows from (7.68) and (7.69) that rk is equal to the 
relaxation time (7.28) of the squared oscillation or wave amplitude. The mean 
path length lk, for spin waves, is given by (7.27). For oscillations, both uniform 
and nonuniform, lk is equal to zero. 

For damped free oscillations, the numbers of magnons decrease, approaching 
the equilibrium (thermal) values, due to the collisions with magnons and other 
quasiparticles (Chapters 11 and 12). For stationary (forced) oscillations and waves, 
the constancy of magnon numbers is maintained by the processes of their creation, 
e.g., due to the annihilation of electromagnetic-field photons. 

7.3.2 Thermal magnons 

The magnons we considered above correspond to coherent oscillations and waves 
and can be called coherent magnons. They usually have distinct fe values and 
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distinct values of energy HLJ where to is the frequency of the field that excites them. 
Of course, such a distribution in the fc space is nonequilibrium one. At the same 
time, in magnetically ordered substances at any temperature T > 0 there exist 
noncoherent, thermal magnons, which are in thermodynamic equilibrium with 
other quasiparticles, first of all, with phonons. The distributions of such magnons 
in the fc space and over the energies are very broad and depend on temperature 
and magnetic field. These distributions are determined by the dispersion law of 
magnons (which was discussed in detail above) and by their statistics. 

The magnetic moment of a magnon, as it follows from (7.70), is 

m = -z0fh = -z0gpn (7 .74) 

where ZQ is a unit vector in the direction of Mo. Magnons being the elementary 
excitations of the electronic magnetic system, we can believe that the magneto-
mechanical ratio 7 of magnons should be the same as for electrons. It follows, 
then, from (7.74) that magnons are quasiparticles with the moment of momentum 
(spin) equal to unity. The particles with an integer spin obey the Bose-Einstein 
statistics (e.g., [244]). If the total number of particles (or quasiparticles) in the 
system is not fixed, which is the case for magnons, the chemical potential for the 
system is to be set to zero. Then, the number of particles in a state with energy e 
(the distribution function) is [244] 

" = e x p ( £ / K T ) - I" ( 7 - ? 5 ) 

Thermal magnons materially influence the thermodynamic properties of mag
netically ordered substances, in particular, the temperature dependences of magnetization M(T). To find this dependence we use formula (7.70), in which 
Mo is now the magnetization M (0 ) in the absence of magnons, i.e., at T = 0, 
M 2 — M(T), and n is the number of all equilibrium magnons per unit volume. 
The first sum in (7.64) can be neglected now. Calculating the second sum, we 
replace the summation over all k states by the integration over the k space. Then, 
using the periodic boundary conditions (7.65), we get 

n=^Lmk- (7-76) 

Let us consider an isotropic ferromagnet and assume, for simplicity, the dispersion 
law to = nk2. This will not lead to a great error because we will integrate over 
the entire k space, and the states with large k values will make the greatest 
contribution. Substituting (7.75) into (7.76) and integrating over the vector fc 
angles 0k and cpk, we obtain 

M (0 ) - M(T) = ,.".7. (7-77) k2dk 

exp (hnk2 JKT) 
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FIGURE 7.11 
Temperature dependences of magnetization. Points represent experimental data for 
EuO [334], CdCr2Se4 [385], and YIG [465]. Straight lines corresponding to the law (7.78) 
intersect the axis of ordinates at points [—4.288 — (3/2) In 17]. For EuO and YIG, these lines 
are drawn according to the 77 values obtained by other methods [309, 252]; for CdCr2Se4, 
they are drawn through the experimental points. 

The calculation of the integral in (7.77) results in 

/ K T \ 3 / / 2 

M(0)-M(T) = 5.863 x lO'^h l—j = 5 .157 x l ( T 5 ? r 3 / 2 T 3 / 2 . (7.78) 

This is the well-known three-halves power law obtained first (on the microscopic 
model) by Bloch [52]. 

The use of expression (7.78) is one of the ways to measure the exchange 
constant 77. The experimental dependences M ( 0 ) — M(T) for ferromagnets EuO 
and CdCr2Se4 and ferrimagnet YsFesO^ (YIG) are plotted in Figure 7.11. For 
YIG the three-halves power law is poorly satisfied, especially at high temperatures. 
The reason is that the spin-wave spectrum for this ferrimagnet contains 20 branches 
(Section 3.3), and the disregard of all of them but the lowest, 'ferromagnetic', 
branch is permissible only at low temperatures. The position of the asymptotic 
straight line at low temperatures agrees with the value of 77 = 0.092, found for 
YIG by a more precise method (Section 12.4). 

For EuO, the three-halves power law is satisfied badly for another reason: the 
magnetization of this ferromagnet is very high (4TTMO = 24 000 G at 4.2 K 
[284]), and neglecting the term UJM sin 2 Ok in the spin-wave dispersion relation 
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is not permissible. For CdCr2Se4 with magnetization five times smaller, this 
reason is not so important. The law ( 7 . 7 8 ) is valid for this ferromagnet in a broad 
temperature range and yields w = 5 . 9 x 10~~ 3. 

The magnon contribution to heat capacity can be found in an analogous manner: 

d f 

( c „ ) m a g = -jfi Jk

nEdk- (?-79) 
The calculation results in [ 2 2 7 ] 

(c„)™g = 0 .1 1 3 K 5 / 2 ( / 1 « ) - 3 / 2 T 3 / 2 = 0 . 7 1 ? r 3 / 2 T 3 / 2 . (7.80) 
This contribution can be extracted from the measured heat capacity of a nonmetal-
lic ferromagnet by taking into account that the lattice (phonon) contribution is 
proportional at low temperature to T 3 . Thus, the measurement of cv can also be 
used to find the value of 77. 

7.4 Elements of microscopic spin-wave theory 

Up to now we have regarded the ferromagnet as a medium characterized by the 
magnetization depending continuously on coordinates. But in reality a ferromag
net, as any solid, is built of discrete microscopic objects: atoms, ions, electrons. 
To study the influence of the microscopic structure of ferromagnets on their be
havior, in particular, on the spin waves, we have to apply microscopic models and, 
hence, quantum-mechanical methods of analysis. 

Spin waves were proposed in 1 9 3 0 by Bloch [ 5 2 ] on a microscopic model with 
allowance only for the exchange interaction between the electron spin moments. 
Ten years later Holstein and Primakoff [ 1 8 4 ] constructed the microscopic theory 
of spin waves taking into account, in addition to the exchange interaction, the 
Zeeman interaction of spins with the external magnetic field and the magnetic 
(dipole-dipole) interaction. Since then the microscopic spin-wave theory was an 
object of numerous theoretical investigations; this theory is presented in many 
excellent books (e.g., [ 1 4 , 2 2 6 , 4 1 2 ] ) . The aim of the present section is to give a 
brief outline of this theory. 

We will use the Heisenberg model of a ferromagnet (Section 1.1), which is 
a system of electron spin moments localized at crystal-lattice points and bound 
with each other by the exchange interaction. We will see below that the micro
scopic approach must be used for spin waves with large k values, comparable with 
1 / a (where a is the lattice constant). For such waves, the influence of boundary 
conditions is negligible, only the spectrum becomes discrete. However, the dis
crete spectrum can be obtained, in the unbounded medium, by use of the cyclic 
boundary conditions, as pointed out in the preceding section. Therefore, only 
an unbounded ferromagnet will be treated in the present section. The magne-
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tocrystalline anisotropy and other effects caused by spin-orbital interaction also 
will not be taken into account, they are described rather well by the quasiclassical 
continuum theory. 

Then, the Hamiltonian of the model should contain the operators of the ex
change energy, of the Zeeman energy, and of the energy of the dipole-dipole 
interaction. The first is the sum of expressions (1 .26). The second can be written 
by analogy with classical expression (2.15) taking into account that the projection 
of magnetization onto the z-axis (directed along the magnetic field) is 

Mz = -jhJ^Sj- 0 7- 8 1) 
/ 

Here, Sj is the z projection of a spin Sf at the lattice point / , and the summation 
is over all spins in a unit volume. 

For simplicity, we neglect at present the dipole-dipole interaction. Thus the 
Hamiltonian takes the form 

H = ^E^rEE tfr sfsf (7-82) / / f'*f 
where S f S r = S J S ] , + S y

f S y
f l + S z

f S z
f l . The operators Sx

f'y
f',z obey the com

mutation relation [226] 

[s*f,Sy
fl]=\Aff,S} (7.83) 

and the two others obtained from (7.83) by cyclic interchanging of indices; A//< is 
the Kronecker delta-symbol (Appendix C). 

7.4.1 Diagonalization of the Hamiltonian 

Our objective is to transform the Hamiltonian (7.82) into 

n^U0 + J2nkek'k) (7.84) 
fc 

where the summation is over all allowed fc values and nk is an operator whose 
eigenvalues are integers. Then t / 0 will be the ground-state energy, £(fc) will be the 
energy of an elementary excitation, i.e., of a magnon, and hk will be the operator 
of the number of magnons in a certain state. 

The conversion of the Hamiltonian (including the energy of the dipole-dipole 
interaction) into the form (7.84) was carried out in [184] by means of the famous 
Holstein-Primakoff transformations. The first of these transformations is the 
transition from the spin operators SXj'v'z to new operators af and d/ . 

Let us pass first to the cyclic combinations 

S f = S x
f ± i S y (7.85) 



7.4 Elements of microscopic spin-wave theory 207 

and then to the operators d* and d/ which satisfy the following commutation 
relations 

AF,A+, \ = AFFL [AF,AF<] = 0 4 , = 0. 

Assuming the expression 

S + CL+" 

to be valid, it can be shown that 

S+ = \/l~S I 1 - — a + o / J A F 

}AF 

SJ = \ /2Sd+ ( 1 -
2 5 

AJAF 

(7 .86) 

(7 .87) 

1/2 

(7 .88) 

where, as well as in (7.87), 5 is the spin quantum number, so that the eigenvalues 
of S) are S, ( 5 - l ) , . . . , ( - 5 ) . 

The operators that satisfy the commutation relations (7.86) are the operators of 
CREATION and ANNIHILATION of particles obeying the Bose-Einstein statistics [244]. 
When they act on the wave functions of the particles in the SECONDARY-QUANTIZATION 
REPRESENTATION (in which the functions consist of the numbers of particles in 
different states), the operator A'J increases the number of particles in the / state 
by unity and does not 'touch' the numbers of them in all other states (e.g., [84]). 
The operator A / decreases the number of particles in the / state by unity. The 
operator d ^ d / = N; is the operator of the NUMBER OF PARTICLES in the / state. In 
our case, AJ and d/ are the operators, respectively, of creation and annihilation of 
spin deviations (i.e., of the change of SZ by ±1) at the lattice point / . The state 
of the ferromagnetic sample is represented by the numbers of spin deviations at 
all lattice points. 

As the operator expressions (7.88) are very complicated, we expand the radicals 
in power series and limit ourselves to the first terms of these series: 

ISHJ SJ 25d+. (7 .89) 

This seems to be a very rough approximation, especially for small 5 values. The 
main assumption of the Holstein-Primakoff theory is that this approximation is, 
nevertheless, permissible at sufficiently low temperatures when the mean numbers 
of spin deviations 

FIF < 1. (7 .90) 

According to the eigenvalues of 5 Z , the numbers of spin deviations at a lattice 
point must satisfy the condition 

RIF < 25 . (7 .91) 

This condition restricts the allowed ('PHYSICAL') region in the entire spin-deviation 
space, and so, the spin deviations differ from normal Bose-particles. The exact re
lations (7.88) ensure the fulfillment of (7.91), but the approximate relations (7.89) 
do not. 
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Substituting the new operators af and ay into the Hamiltonian (7.82), we get 

H = U0 + H2 + H, (7.92) 

UQ = --rhSNH -S2J2^2 Iff (7-93) 

H2 = lHH^a+

faf + 2 5 ^ ^ / / / - [ a+ay - a+ay^ (7.94) 
/ / / ' 

/ / ' 
Here the sums are over all lattice points, N is the number of these points, and 
/ ^ / ' in all double sums. 

The Hamiltonian (7.95) can be neglected at sufficiently low temperatures when 
condition (7.90) is satisfied. But the Hamiltonian (7.94) does not have the required 
form (7.84). This implies that the spin deviations localized at lattice points are 
not the elementary excitations of a ferromagnet. 

To obtain such excitations (which should be collective excitations of the entire 
considered system) the second Holstein-Primakoff transformation is to be per
formed. We have to pass from the r space to the fc space, i.e., to carry out the 
Fourier transformation of the operators af and ay: 

The wave vectors in (7.96) are defined nonuniquely (e.g., [24]), an arbitrary 
vector of the reciprocal lattice can be added to fc Therefore, the fc space should 
be restricted to the first Brillouin zone. We will use, as in the preceding section, 
the periodical Born-von Karman boundary conditions. The allowed fc values are 
given, then, by (7.66). But now, in the case of a discrete lattice, these values are 
limited by the first Brillouin zone. The number of the allowed fc values in this 
zone is equal to the number of spins N in the periodicity volume. We will take 
this volume as 1 cm 3 , thus, N will be the number of spins per unit volume. 

The operators a~£ and ak obey the commutation relations similar to (7.86), with 
replacement of / by fc. Therefore, they can be regarded as creation and annihilation 
operators of some quasiparticles. These quasiparticles are not localized at lattice 
points but belong to the entire lattice. The operator 

n f c = al&k (7.97) 

is the operator of the number of these quasiparticles. The eigenvalues of this 
operator nk = 0 , 1 , 2 , . . . are the numbers of quasiparticles in the fc states. 

Substitution of (7.96) into (7.94) yields 

Hz = -yhHY^nk + 2 S ^ n f c J 3 1 - exp (ifcr 9)] Ig (7.98) 
fc fc g 



7.4 Elements of microscopic spin-wave theory 209 

where rg=rf—rf,Ig = Iffi, and the last sum is overall lattice points except 
one, the initial. The Hamiltonian (7.98) has the desired form of (7.84), and 

ek{k) = fhH + 2Sj2 [! - e x p ( i f c r s ) ] Ig. (7.99) 

9 
Thus, the transition to the operators a'i and ak has brought approximately the 

Hamiltonian (7.82) of the Heisenberg model into the diagonal form. Therefore, 
these operators can be regarded approximately as the creation and annihilation op
erators of the elementary excitations of this model, i.e., of spin waves or magnons. 
Such is the case, however, only if the dipole-dipole interaction is not included 
into the Hamiltonian (7.82). 

The spin-operator S projections and, hence, all quantities that depend on them 
can be represented as functions of &l and ak. In particular, substituting (7.96) 
into (7.87) and summing over all lattice points, we get 

^SJ = -SN + ^ n k . (7.100) 

The relation (7.70) follows directly from (7.100); the relation (7.72) can be ob
tained in a similar manner [376]. 

7.4.2 Discussion of the dispersion law 

The dispersion relation (7.99) is to be compared with the classical expression (7.9) 
for 6k = 0 because, for this direction of spin-wave propagation, there is no 
influence of the dipole-dipole interaction. In both cases the magnon energy is 
the sum of the Zeeman term and the exchange term, the difference is in the form 
of the latter. Now it contains the microscopic parameters S and Ig, and the k 
dependence is more complicated and governed by magnetic structure. 

The exchange integrals Ig decrease quickly with increasing distance rg between 
the spins. Therefore, it is reasonable to take into account only the nearest neighbors 
in (7.99). Consider, first, a simple cubic spin lattice (Figure 7.12). Calculating the 
sum in (7.99) over six nearest neighbors, we get 

ek = fhH + 4SI] (3 — cosfc xa — coskya — coskza) (7.101) 

where I\ is the exchange integral, which is assumed to be independent of the r 9 

direction. As another example, consider aface-centered cubic lattice (Figure 7.12), 
in which the number of the nearest neighbors Z = 12. Now it follows from (7.99) 
that 

ek = •yhH + 4SI\ [6 — cos(fcx + ky)a\ — cos(kx — ky)a\ — cos(/c J / + kz)a\ 

— cos(ky — kz)a\ — cos(kz + kx)a\ — cos(fc2 — fc,;)ai] (7.102) 

where a\ — a/\/2, and a, as in (7.101), is the distance between the nearest spins. 
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In the long-wave-length limit (ka <C 1) both expressions (7.101) and (7.102) 
reduce to 

ek = -yhH + ^ZSIia2k2. (7.103) 

This coincides with the classical expression if 

1 ZSh 2 

v=-—f-±a2. (7.104) 

It is easy to obtain analogous formulae taking into account also the next-nearest 
neighbors (the second coordination sphere). Then, for a simple cubic lattice, 

V = Y (ji + a2 (7.105) 

and for a face-centered cubic lattice, 

V=^r(h+h)a2 (7.106) 

where I] and h are the exchange integrals, respectively, in the first and second 
coordination spheres. 

If the exchange integrals are unknown, the following expressions can be used 
to estimate the value of n: 

1 i 
T ? = - A M o 7 c r (7.107) 

6 
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FIGURE 7.13 
Dispersion characteristics of spin waves in a ferromagnet with simple cubic spin lattice 
for different directions of propagation calculated (solid curves) by formula (7.101), i.e., in 
the nearest-neighbor approximation and without allowance for dipole-dipole interaction. 
Dashed curve corresponds to the continuum despersion law. 

1 K T c a 2 

They result from (1.24), (1.21), and the relation 

hJsTtj (7109) 

which can be found, in the nearest-neighbor approximation, by equating (2.13) to 
the exchange term in (7.93). Formula (7.107) can be rewritten as 

D = - H z a 2 (7 .110) 
6 

where He is the 'molecular' field (1.22). 
As an example, consider the ferromagnet EuO with NaCl structure, lattice 

constant o)AT = 5.141 A, and T c = 69.5 K [284]. The E u 2 + ions (S = 7/2) form 
a face-centered cubic lattice with a = a i a t / \ /2 . The following values of exchange 
integrals were found from the neutron-diffraction experiments [309]: I\ = 0.606K 
and/2 = 0.119K. From (7.106) we find n = 1.75 x 10~ 3 , which agrees rather well 
with the temperature dependence of magnetization (Figure 7.11). Using (7.108), 
we get T) = 1.34 x 1 0 - 3 . 

For the ferromagnet CdCr2Se4 (another example), the values of exchange inte
grals are unknown. To estimate 77, using (7.108), we take for a the mean distance 
between the C r 3 + ions in this ferromagnet with rather complicated, spinel struc
ture. This distance can be easily found taking into account that the elementary 
cell with AIAT = 10.75 A [284] contains 16 C r 3 + ions. Using the values of 
T c = 130 K [284] and S = 3/2, we find from (7.108) 77 = 6.2 x l O " 3 , which is 
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to be compared with the value 5.9 x 10~ 3 found from the three-halves-power law 
for the magnetization (Section 7.3). Such excellent coincidence is accidental. But 
it follows from both examples that expression (7.108) can be used to estimate the 
exchange constant n for ferromagnets. An attempt to use this expression, as well 
as other cited formulae, for ferrimagnets meets difficulties connected, first of all, 
with the uncertainty in determining the value of a. 

Thus, the results of the microscopic and the continuum theories of spin waves 
coincide if ka -C 1, but differ materially when this condition is not valid. Ac
cording to the continuum theory, the dispersion law is isotropic (i.e., uik depends 
only on k) if the dipole-dipole interaction and the magnetocrystalline anisotropy 
are not taken into consideration. The microscopic theory, even without allowance 
for these interactions, results in a strong dependence of uk on the direction of fc 
with respect to the axes of spin lattice (Figure 7.13). The values of k and u>k are 
unlimited in continuum theory. In microscopic theory the k vectors are defined 
only in the first Brillouin zone (i.e., k < 10 8) and u>k does not exceed the value on 
t h e o r d e r o f 4 Z S / i / / i ~ 1 0 1 4 - 1 0 1 5 . 

Let us discuss briefly the magnon contributions to the thermodynamic character
istics of a ferromagnet, according to the microscopic theory. These contributions 
depend, in general, on three factors: the statistics of magnons, the region in k space 
over which the summation (or integration) is carried out, and the dispersion law. 
Magnons are approximately Bose-particles in both theories, continuum and mi
croscopic. The fact that the summation in the microscopic theory is performed 
over the first Brillouin zone has no great effect because, at sufficiently low tem
peratures, there are few magnons with large fc values. The third factor, i.e., the 
distinction in the dispersion law, is the most important. 

The calculation of the magnetization temperature dependence, analogous to that 
considered in Section 7.3 but with the use of the dispersion law (7.101) (without 
the Zeeman term), results in the following expression (e.g., [214]): 

M(0) - M(T) = C 3 / 2 T 3 / 2 + C5/2T$I2 4- C 7 / 2 r 7 / 2 + . . . . (7.111) 

The coefficient C 3 / 2 is the same as in (7.78), and the consequent coefficients 
contain the lattice constant a: the coefficient C$/2 contains it to the second power, 
the coefficient C 7 / 2 , to the fourth power, and so on. The estimates show that all 
higher terms can usually be neglected at T < Tc / 2 . 

7.4.3 Allowance for dipole-dipole interaction and anisotropy 

The Hamiltonian of the dipole-dipole interaction can be obtained by replacement 
OJl —• 'yhS in the classical expression, which is the double sum of the ener
gies (1.3). This Hamiltonian should be added to the Hamiltonian (7.82). Then, 
after the two above-considered Holstein-Primakoff transformations, the entire 
Hamiltonian will contain, apart from the terms of the second and fourth order in 
operators d£ and ak, also terms of third order in these operators. The quadratic 
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term of the Hamiltonian will have the form (e.g., [214]) 

Afcd^d f c + - (Bkaka-k + P^d+d + J (7 .112) 

A f c = w H + 2 ^ / 9 [l - exp(ifcr 9)] + -iaM sin 2 0k 
(7 .113) 

9 
Bk = -ujm sin2ekexp(\2ipk). (7 .114) 

Here u>m — i^ixN^hS', 8k and tpk are the vector fc angles in the spherical 
coordinate system with the axis oriented along the direction of magnetization. 

The Hamiltonian (7.112) has no diagonal form (7.84). It means that now the 
operators a~£ and ak are not the operators of magnon creation and annihilation. 
One more transition, to new operators c~£ and ck, the third Holstein-Primakoff 
transformation [ 184], also referred to as the Bogolyubov transformation is needed 
to bring the Hamiltonian into the diagonal form. This problem is studied in detail 
in many books (e.g., [14, 412]). We will cite here only the main result: the 
dispersion relation is now 

where Ak and Bk are determined by (7.113)and (7.114). The difference between 
this dispersion law and expressions (7.9) and (7.10) obtained in the continuum 
theory is only in the form of the exchange term. The influence of the long-range 
dipole-dipole interaction is the same in both microscopic and continuum theories. 

The dipole-dipole interaction, as mentioned above, does not manifest itself for 
spin waves with 6k = 0 . If 8k ^ 0 but \Bk\ <C Ak, the expression ek = hAk, 
which is the generalization of expression (7.14), is approximately valid. The 
operators c~l and ck differ, in this case, but slightly from dj!" and ak, so that dj}~ 
and dfc can be regarded approximately as the magnon creation and annihilation 
operators. For most ferromagnets and ferrimagnets \Bk\/n ~ 0.1 K. Therefore, 
the considered approximation is valid for thermal magnons, except at very low 
temperatures. For coherent spin waves with k < 10 6 , this approximation is valid 
only at very high frequencies. 

The magnetocrystalline anisotropy (the main contribution to which makes the 
spin-orbital interaction) can be taken into account only phenomenologically in 
the considered microscopic theory based on the Heisenberg model because this 
model does not allow for the orbital moments. At not very large k values we may 
simply replace the term Dk2 in the continuum spin-wave dispersion relation by 
its microscopic analog. At large k values, the magnetocrystalline anisotropy, as 
well as the dipole-dipole interaction, makes a relatively small contribution to the 
dispersion relation. In this case, the exchange interaction plays the main role. The 
contribution of it, as we have seen (Figure 7.13), is strongly anisotropic. 

(7 .115) 
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7.4.4 Interaction of magnons 

The main assumptions of the Holstein-Primakoff theory are: (i) the possibility 
to replace the radicals in (7.88) by their series expansions; (ii) the possibility to 
neglect all terms in the Hamiltonian on the order higher than two in the operators 
a\\ and ak (or c~l and ck if the dipole-dipole interaction has been taken into 
account); such terms include the terms (7.95), the third-order terms which arise 
due to the dipole-dipole interaction, and the higher-order terms in the expansions 
of the radicals. 

The second assumption is warrantable at low levels of excitation, i.e., for 
thermal magnons, at sufficiently low temperatures. The neglected terms represent 
the collisions of magnons, which have small probabilities at small numbers of 
magnons. 

The first assumption gives rise to strong doubt. The replacement of the radicals 
by the series removes the 'automatic' limitation of the spin-deviation numbers nj 
at each lattice point, and this limitation is to be brought into the theory 'artificially'. 
Dyson [104] showed that the allowance for the properties of spin operators Sf, 
which leads to the limitation of nj, is equivalent to an additional, kinematic 
interaction of the repulsion type. Is should be taken into consideration only at 
T<Tc/2. 

According to Dyson, the higher terms in the Hamiltonian, which are discarded 
in the Holstein-Primakoff theory, lead to another, dynamic, interaction of the 
attraction type. It leads to the correction of the spin-wave dispersion law, which is 
more essential than the correction caused by the kinematic interaction but is also 
small at low temperatures. The dynamic interaction yields an additional term in 
the M(T) dependence, which is proportional to T4 [105]. This term can be also 
neglected at T < T c / 2 . 

Thus, the 'Holstein-Primakoff magnons' [Bose-particles with dispersion law 
(7.114)] are not the elementary excitations of the Heisenberg ferromagnet. But 
they can be approximately regarded as such at a sufficiently low level of excitation 
of the spin system. 

At higher levels of excitation (for thermal excitations, at higher temperatures) 
the elementary excitations differ materially, in their dispersion law and properties 
of their creation and annihilation operators, from the Holstein-Primakoff magnons. 
However, they can be called magnons or spin waves. The dispersion relations of 
such excitations and their contributions to thermodynamic quantities have been 
calculated by the use of more potent modern theoretical techniques (e.g., [412, 
370,414]). The only condition of the validity of the spin-wave (magnon) concept 
is the relation 

£kTk>2irh. (7 .116) 

It means that the magnon time of life should be larger than the period of oscillations 
which correspond to the magnon energy. 



8 
Magnetic oscillations and waves in 
unsaturated ferromagnet 

8.1 Oscillations of domain walls 

We have supposed until now that the ground state of a ferromagnetic (or a fer-
rimagnetic) body is the uniform magnetization. However, such a state is an 
equilibrium state only in sufficiently high magnetic fields or for very small sam
ples, less than ~ 1 fim. In lower fields, in particular, in zero field, samples of 
larger dimensions split into magnetic domains. The magnetizations inside the 
domains are approximately uniform but vary from one domain to another, so that 
in zero field the magnetization averaged over a volume containing many domains 
is usually equal to zero. The cause of the rise of domains is that the magnetic 
field excited by the sample diminishes materially when the sample is split into 
domains, and so, the total energy (or free energy, at T > 0) is minimized in their 
presence. 

The transition from the magnetization direction in a domain to that in the 
neighboring domain occurs gradually but, mainly, in a boundary layer, the so-
called domain wall. The thickness of this layer is usually small as compared with 
the dimensions of domains. 

This chapter is devoted to high-frequency magnetic processes in such 'unsat
urated' (i.e., split into domains) ferromagnetic samples. In the present section, 
the processes caused by oscillations of domain walls are studied, and in the next 
section, the processes caused by precession of magnetization inside domains will 
be considered. 

8.1.1 Domain walls and domain structures 

The behavior of magnetization in a domain wall was first studied by Landau 
and Lifshitz in their famous paper [241], Let us consider, following [241], two 
neighboring domains in a ferromagnetic uniaxial single crystal and a plane domain 
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FIGURE 8.1 
Turn of magnetization vectors in the Bloch domain wall. 

wall between them (Figure 8.1). At sufficiently large distances from the boundary 
(x = 0) the magnetizations M\ and M2 in the domains are directed along two 
different easy axes, in the considered case, along the opposite directions of the 
2-axis. The energy of magnetocrystalline anisotropy would be minimal if the 
magnetization turns abruptly from one of these directions to the other. But the 
exchange energy would be large in that case; this energy is smaller the smoother 
the turn. Magnetic energy, which is due to the demagnetizing fields in the wall, 
becomes equal to zero when the vector M lies in the boundary plane because, 
then, no magnetization components perpendicular to the boundary arise. Such 
domain walls, which are called Bloch walls, take place in most cases. 

The dependence of the magnetization angle 9 in the Bloch wall on x (Fig
ure 8.1) can be found by solving the variational problem of minimizing the sum 
of anisotropy and exchange energies. Having solved this problem, Landau and 
Lifshitz found [241] 

where K\ is the first constant of uniaxial anisotropy, q is the nonuniform exchange 
constant (Section 7.1), and 

can be named the wall thickness. It is the distance at which the magnetization 
turn mainly (by ~ 75%) takes place. The anisotropy and the exchange energies 
are equal when (8.1) holds, and the total energy of the domain wall per unit of its 
surface is 

cos 6 = — tanh ( ——- \ / — = — tanh —x 
I M o V q b 

(8.1) 

(8.2) 

(8.3) 

Analogous calculations in the case of a cubic crystal (e.g., [61]) lead to the values 
of 6 and Ws of the same order. For YIG at room temperature (|K\ \ = 5.5 x 10 3, 
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FIGURE 8.2 
Domain structures in a plate of uniaxial ferromagnet. 

Q = 3.76 x K T 1 1 ) , B = 3.6 x 10~ 5 cm, and WS = 0.4 erg c m - 2 . 
In thin films with easy axes of magnetization lying in the plane of the film, 

Bloch walls do not correspond to the minimum of total energy because of the 
demagnetizing fields and, hence, of the magnetic energy arising due to magne
tization components normal to the film surface. Then, the Neel walls appear, in 
which the magnetization lies in the plane perpendicular to the domain boundary 
and parallel to the film surface. 

The form and the dimensions of domains depend essentially on the dimensions 
of the sample. Consider, e.g., a plate of uniaxial ferromagnetof the thickness / with 
surfaces normal to the easy axis. Suppose that the domains are layers ('stripes') 
of the width d parallel to this axis [Figure 8.2(a)]. To find the domain width we 
have to minimize the sum of the wall energy (8.3) (related to a unit of the plate 
surface) and the magnetic energy, which in this case (if related also to a unit of 
the plate surface) is of the order of 

The minimization results in 

WM ~ Mid. (8 .4 ) 

Near the sample surfaces, more complicated domain structures usually arise. 
One of them is shown in Figure 8.2(b). In this case, the domain width is determined 
by a compromise between the wall energy and the anisotropy energy in the surface 
prisms because the magnetic energy is equal to zero. This results in 

Such a structure, predicted by Landau and Lifshitz [241 ], exists in a certain interval 
of /. For smaller I values (in thin films), the simple structure shown in Figure 8.2(a) 
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is more advantageous, and for larger / values, more complicated surface structures, 
as shown in Figure 8.2(c), arise. 

The structures similar to that shown in Figure 8.2 can arise in cubic crystals, 
as well. If K\ > 0, the magnetization directions in the prisms [Figure 8.2(b)] are 
also easy directions, and the domain width d is determined by the compromise 
between the wall energy and the magnetoelastic energy (Section 12.1). In the case 
of K\ < 0, the anisotropy energy plays the same role as before, and formula (8.6) 
is valid on the order of magnitude. For YIG the domain width d is of the order of 10~2\/1. In real crystals, domain structures like those shown in Figures 8.2(b),(c), 
and even more complicated ones, arise inside the sample near different defects, 
as pores, grain boundaries in polycrystals, etc. In real crystals, the parallel-plane 
layered structure usually transforms into a labyrinth structure (e.g., [95]). 

One can see from (8.5) or (8.6) that the domain dimension d is proportional 
to y/l. Therefore, a sufficiently small sample (/ < IQ) will not split into domains. 
For small samples expression (8.5) should be used, and 

W 
k~W (8-?) 

For YIG, lo ~ 1 0 - 5 c m . 
When an external magnetic field HE is applied, a new term, the Zeeman en

ergy (2.15), arises in the energy of the sample. Now the equilibrium is reached 
when a mean magnetization M emerges in the direction coinciding or near the 
direction of HE. This mean magnetization can be formed in two ways [70]: (i) by 
the shift of domain walls leading to the growth of the domains in which the mag
netization makes an acute angle with HE {displacement processes); (ii) by the 
turning of the magnetization vectors in domains (rotation processes). 

The displacement processes dominate at small external fields and are completed 
with the disappearance of the domain structure. The rotation processes continue 
after vanishing of the domains and are completed when the magnetization is 
directed along HE. 

The magnetization processes become more complicated when the domain struc
ture undergoes transformations at certain HE values or at certain temperatures. An 
important example is the rise of the so-called bubble domains in films with large 
uniaxial anisotropy (K\ > 2-KMQ). In such films, at certain values of the external 
magnetic field applied normally to the film surface, the above-discussed layered 
(or stripe) domain structure transforms into isolated cylindrical domains with di
ameters of the order of 1 pm. The bubble domains exist in a certain magnetic-field 
range from H„A„ to HM!A where HMN is the so-called field of elliptical instability 
and HMAX is the collapse field. ATH< H„UN the equilibrium structure is the stripe 
domains, and at H > the uniform magnetization is the equilibrium state. It 
should be noted that bubble domains can be generated, annihilated, and moved 
in the plane of the film by rather simple means (e.g., [301]). Owing to these 
properties, the bubble domains in epitaxial ferrite (usually, with garnet structure) 
films are applied in computer memory and signal-processing devices. 
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8.1.2 Equation of motion of a domain wall 

If the frequency of the ac magnetic field is much less than all the characteristic 
frequencies of a ferromagnetic sample, the change of its magnetization is occur
ring quasistatically. This means that the magnetic state at a certain moment is 
determined by the value of the ac magnetic field at the same moment (but, of 
course, with impact of the magnetic prehistory of the sample). With the growth 
of the frequency of the ac magnetic field, the inertia, first, of the domain-wall 
displacement and, then, of the magnetization rotation, begins to influence the 
ac magnetization. Proceeding to study the first of these dynamic processes, we 
have to derive, first of all, the equation of motion of a domain wall. 

Suppose that the steady magnetic field is either absent or small, so that the 
domain structure is conserved. The ac magnetic field is assumed not to make 
equal angles with the magnetizations of the neighboring domains, otherwise the 
displacement processes would not take place. 

The displacement of a domain wall is a result of the turns of the magnetization 
vectors in the wall. Therefore, the equation of motion of the wall must be based on 
the equation of motion of the magnetization (Section 2.1). The effective field in 
this equation includes the effective fields of anisotropy and of exchange interaction, 
as well as the demagnetizing field caused by the variation of magnetization in the 
wall. Such theory was developed by Landau and Lifshitz [241] for the case of a 
uniaxial ferromagnet and the magnetic field applied in the direction of the easy 
axis, i.e., along the z-axis in Figure 8.1. The dissipative term in the equation 
of motion was taken as in (1.61). It was shown that the equation of motion has 
a solution depending on coordinate x (Figure 8.1) and time in the combination 
(x — vt) where 

M0H , 
v = (8 .8) 

P = ^ R \ — - (8-9) 

This solution corresponds to the displacement of the wall without its deformation. 
Expression (8.8) written in the form 

(IT 
p— = M0H (8 .10) 

d t 

can be regarded as an equation of motion of the domain wall. The right-hand side 
of (8.10) is the force acting on the wall. 

Becker [43] and Doring [103] later showed that it is necessary to add an elastic 
force and an inertial term to the equation of motion (8.10). Then this equation 
takes the form 

m * - ^ + p—+ C,x = MQH (8 .11 ) 
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which is the equation of a harmonic oscillator. The appearance of the inertial term 
m w d 2 a ; / d ( 2 in (8.11) is associated with kinetic energy of the moving wall. It was 
shown [43] that the effective mass (per unit surface of the wall) is 

m w ~ (8.12) 

where b is the wall thickness (8.2). Expression (8.12) is also valid for cubic 
crystals. For YIG, b = 3.6 x 10~ 5 cm and m w ~ 10~ 1 0 g c m - 2 . 

The presence of the term ĉ a; in (8.11) is caused by the fact that, in a real crystal, 
the domain wall at equilibrium is located in a 'potential well', and when it moves 
from this equilibrium position, an elastic force — c,"r arises. The coefficient £ can 
be related to the initial static susceptibility xi — M/Ho where M is the mean 
magnetization in a small steady field Ho caused by the displacement process. 
This magnetization is a result of the shifts of the neighboring walls in opposite 
directions by the distance x, so that 

2x 
M=—M0 (8.13) 

o 

where d is the domain width. Equation (8.11) gives in the static case C,x = MQH, 
and taking (8.13) into account, we get 

< = M f . ( 8 . 1 4 ) 

8.1.3 Dynamic susceptibility 

Solving equation (8.11) with a harmonic ac field hexp(iu>t) and passing then 
from x to the mean ac magnetization mexp(iwi), according to (8.13), we get the 
dynamic (high-frequency) susceptibility caused by the domain-wall displacement 

Here, 

- l 

(8.15) 

(8.16) 

is the eigenfrequency and 

(8.17) 

is the quality factor. The dependence X||(<^) is of the resonance type if Qw > 1 
and of the relaxation type if Qw < 1 (Figure 8.3). 
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FIGURE 8.3 
Magnetic spectra caused by domain-wall oscil lations (schematically): (a) of resonance-type 
(<3w = 5) and (b) of relaxation-type ( Q w = 0.2). 

From (8.16), taking into account (8.12), (8.14), (8.2), (8.6), and (8.3), we obtain 

When this expression is used to estimate the value of wow. the sample dimension 
must be taken for / in the case of a single crystal, and the mean grain dimen
sion (usually 1 0 ~ 3 - 1 0 ~ 4 cm), in the case of a polycrystal. Then, for the YIG 
polycrystal (with \ \ ~ 10), we get / o w = u>ow/27r = 25^15 MHz, and for the 
cobalt-ferrite polycrystal (\i ~ 3), / o w = 200-300 MHz. For single crystals, the 
/ o w values will be several times greater. 

From (8.16) and (8.17), with regard to (8.9), (8.12), and (8.2), a simple formula 
for the resonance-line width follows: 

However, trying to estimate the value of A in this formula, we come across some 
difficulties. The ferromagnetic-resonance experiments, commonly used to get this 
value, are performed generally at higher frequencies. Taking the A value obtained 
by Gait [132] from the direct measurement of domain-wall velocity in a nickel-
ferrite single crystal, we get A / w = 35 MHz. An estimate of / o w in a polycrystal 
of this ferrite yields, according to (8.18), / 0 w = 280 MHz. So, in this case, as 
well as in many others, the estimates result in Q w > 1, i.e., in the resonance-type 
frequency dependence of \\\• 

The frequency dependences of the real and imaginary parts of the permeabil
ity in the absence of a steady magnetic field are called magnetic spectra. The 
experimental magnetic spectrum for the cobalt-ferrite single crystal is shown in 
Figure 8.4(a). It is determined, certainly, by the domain-wall oscillations be
cause the eigenfrequencies of the rotation process (Section 8.2) should be much 
higher in this ferrite with very large anisotropy. The experimental values of 

(8.18) 

A w w = — — = 7T7A. (8 .19) 
W 
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FIGURE 8.4 
Magnetic spectra (a) of single-crystal cobalt ferrite [312] and (b) of polycrystal nickel 
ferrite [288] at room temperature. The region of domain-wall oscillations is denoted by I 
and the region of natural ferromagnetic resonance, by II. 

/ow = 360 MHz and A / w = 25 MHz [Figure 8.4(a)] agree with the estimates 
using the formulae (8.18) and (8.19). 

As distinct from single crystals, narrow regions of resonance variation of p! and 
p" caused by domain-wall oscillations are never observed in polycrystals. The 
reason for this is the spread in forms, dimensions, and orientations of domains. The 
magnetic spectra caused by domain-wall oscillation s are very broad in polycrystals 
and often overlap with the regions of resonance p' and p" variation [Figure 8.4(b)] 
caused by rotation processes, which will be considered in the next section. 

8.2 Ferromagnetic resonance in samples with domain structure 

The ac magnetizations in the neighboring domains are strongly coupled, analo
gously, in some sense, to the ac sublattice magnetizations in antiferromagnets and 
ferrimagnets (Section 3.1). An important difference, however, is that in an antifer-
romagnet or ferrimagnet the sublattices are 'mixed' on the microscopic level and 
the coupling is performed by the exchange interaction. Domains, on the contrary, 
are macroscopic regions coupled mainly by the demagnetizing fields, which arise 
at the domain boundaries and, as we will see below, at the sample surfaces. We 
will study in this section the coupled oscillations of the domain magnetizations, 
i.e., the ferromagnetic resonance in the presence of domains. 

The equations of motion for the magnetizations in the domains have the same 
form (3.3) as for the sublattice magnetizations, but j = 1 ,2 , . . . is now the number 
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of a group of identical domains. The mean magnetization is 

M = J2vjMj (8.20) 
j 

where r]j = Vj/ £V Vj is the relative volume occupied by the domains of the j th 
group. The effective field acting on the magnetization Mj in the domains of the 
jth group can be written, analogously to (2.7), in the form 

H e f j = — 
dU d ( dU 

dMj ^ dxp \didMjldXj,) 
(8.21) 

Here, U is the energy density per unit volume of the entire sample (which is the 
reason for the factor 1 /t]j arising in this formula). The energy U must include 
all kinds of energy associated with domains: the domain-wall energy and the 
magnetic energy caused by the demagnetizing fields. 

Let us consider the energy of the demagnetizing fields at the plane boundary of 
two domains. The condition of the continuity of the magnetic induction component 
normal to the domain boundary is 

H i T i 0 - H 2 n 0 = - 4 7 T ( M ] n 0 - M 2 T I 0 ) (8.22) 

where the indices 1 and 2 correspond to the neighboring domains, and n o is a unit 
normal to the boundary. In the case when the domains are infinite plane layers of 
equal thickness, the demagnetizing fields satisfying the conditions (8.22) are 

H M h 2 = ± 2 7 r ( M l n - M 2 „ ) n 0 (8.23) 

where M\^2N are the normal components of M\i2. The energy of these fields is 

f / M w = ^ M i , 2 = ^ ( M | n - M 2 n ) 2 . (8.24) 

The demagnetizing fields for more complicated domain structures were found by 
solving the appropriate magnetostatic problems [425, 194]. 

A rigorous theory of magnetization oscillations in an unsaturated sample can 
be developed only under some simple assumption as to the domain structure. 
Nagamiya [295] was the first to work out such a theory for a disk of tetragonal 
ferromagnet. The case of a spheroid of uniaxial ferromagnet was investigated 
by Smit and Beljers [371], and the ferromagnetic resonance in a sphere of cubic 
ferromagnet was studied by Artman [23]. In all these theories a regular and simple 
domain structure consisting of thin parallel-plane layers of equal thickness, was 
assumed. Domain walls were regarded as infinitely thin and immovable, and 
their energy was not taken into account. The domain walls can be assumed to be 
immovable (i.e., the domain structure does not change when the external steady 
magnetic field is applied) if the field makes equal angles with the magnetizations 
of both domain groups (as in Figure 8.5). Then, the magnetizing of the sample 

file:///didMjldXj
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(a) (b) 

x 

HeC)/HM 

FIGURE 8.5 
Ferromagnetic resonance in an unsaturated sphere of a uniaxial ferromagnet (K\ > 0) 
[371]: (a) accepted domain structure, (b) eigenfrequencies vs external steady magnetic 
field. Vectors Mi o and M20 lie in the yz plane, HA , == (4-K/3)MQ. 

is achieved only by the turning of magnetization vectors in the domains, i.e., by 
rotation process. This condition was satisfied in all mentioned theories. 

8.2.1 Ellipsoid of uniaxial ferromagnet 

Assume, according to [371], that the easy axis of anisotropy coincides with one 
of the ellipsoid axes and the steady magnetic field is perpendicular to this axis 
(Figure 8.5). Then, in compliance with the above-mentioned condition, the domain 
structure shown in this figure will not change with the growth of the steady 
field Heo, and the directions of M\ and M 2 will approach the He0 direction until 
the domain structure disappears at Heo — Hs. The ac magnetic field lies in the 
plane perpendicular to the anisotropy axis (Figure 8.5). 

The following energy terms are taken into account: the Zeeman energy Uz, the 
anisotropy energy (7 a n , and the magnetic energies associated with the demagnetiz
ing fields both at the ellipsoid surface (UM<;\) and at the domain boundaries (UMW)-

As the domain widths are equal (771 = 772 = 1 /2) , the Zeeman energy is 

Uz=- (Mi + M 2 ) [He0 + h exp(iwi)] . (8 .25) 

The anisotropy energy, according to (2.40), can be written in the form 

(8 .26) 

Assuming the domain width to be much less than the sample dimensions, we can 
neglect the magnetization nonuniformity when calculating UM el- Then, according 
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to (2.16), 

UM d = \ (NJPX + NYWY + NZWZ) (8.27) 

where MXTVTZ are the components of M — (M\ + M 2 ) / 2 and NXTVTZ are the de
magnetization factors of the sample. The energy Um w is written in the form (8.24) 
w i t h M i , 2 n = Mi , 2 j , . 

The equations of motion of the domain magnetizations have the form (3.3). 
Following [371], we will use the method of spherical coordinates (Section 2.1) 
and write the equations of motion, by analogy with (2.20)—but without dissipation 
terms—in the form 

3 0 1 , 2 = 2 7 DU D<PIA = 2 7 DU 

DT M0SINOLT2D<PIt2 DT M0 SIN 9U2 D9IA ' 

where 6\T2 and <pi,2 are the polar and the azimuthal angles of M"i, 2. 
First of all, we have to find the EQUILIBRIUM values ( # 1 , 2 ) 0 and ( ^ 1 , 2 ) 0 of these 

angles. The equilibrium conditions are the extentions of conditions (2.22). Restrict 
ourselves, for simplicity, to the case of TPN — 7 r / 2 (Figure 8.5); as it has been 
already emphasized, the condition 9N = 7 r / 2 is to be satisfied to exclude the 
domain-wall displacement. Then, from symmetry considerations, 

(<P\ )o = ( ^ 2 ) 0 = | ( # 1 ) 0 = 7 T - (62)O = 00. (8.29) 

The angle # 0 is found from the condition DU/D8\ = 0 at 9\ = 0 , which yields 

s in6 0 = at HE0 < HS 

00 = I at HEO > H% (8.30) 

where HS = 2HA1 -I- NYM0 and, as before, HA j = K\ /M0. 
Now we have to LINEARIZE equations (8.28). Taking #i, 2 = (#i, 2)o+ai, 2exp(ia;rj) 

and TP\<2 — ( ¥ ' 1 , 2 ) 0 + /Si ,2 exp(iw£), we expand the derivatives in (8.28) into power 
series in ac components of #i, 2 and </?i,2. We restrict ourselves to the first two 
terms of the series and take into account the equilibrium conditions. In the 
obtained four linear equations, we pass to the new variables = (A\ ± Q 2 ) / 2 
and /J* = (F3\ ± / ? 2 ) / 2 . In these variables, we get two INDEPENDENT systems: 

2 (UEE + UEIEI) A+ - ^TOF3+ = 0 

I(,U>A+ +2 + Uvm) (3+ = HM0 SIN 90 COS<PH (8.31) 

2 (UEE - UETE2) &~ - KUJP~ = HM0cos90 sinIPH 

I&a- + 2 (UW - U^i) P~ = 0- (8.32) 

Here UEE = UEL9L = UE2E2 and UVV = UMV>X = U ^ 2 (UBLE,, UEIE2, etc., are 
the second derivatives of the energy U with respect to the corresponding angles), 
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£ = Mosint9 0/7> and iph is the angle that the ac field h makes with the domain 
boundaries (Figure 8.5). 

The first mode [which corresponds to system (8.31)] is excited by the h compo
nent perpendicular to HE o, and the second mode [corresponding to system (8.32)] 
is excited by the h component parallel to i? e o- The eigenfrequencies of these 
modes, w i and wy, are obtained by equalizing to zero the determinants of (8.31) 
and (8.32). Taking into account expressions (8.24)-(8.27) for the terms of the 
energy U, we get [371] 

\ 2 
^ = (2tfA i + 4TTMO) (2HA i + NXM0) 

(2HA, + NXM0) [2HA, + (NX + NY)M0] 2 

2 H A L + N Y M 0

 H ' ° ( 8 - 3 3 ) 

( ^ ) 2 = 2 H A , (2HAl + ^ M o ) - ^ ~ ^ * e V (8-34) 

The curves of w± and wy vs # e o computed with (8.33) and (8.34) are plotted, 
in the case of a sphere, in Figure 8.5. The existence of domains leads, first, to 
the fact that the frequency OJ± of the mode excited by the transverse (with respect 
to Heo) ac field does not go to zero at any value of Heo. Second, a mode arises 
that is excited by the ac field parallel to iT eo- The frequencies LU± and wy, in 
the absence of Heo, i.e., the frequencies of the so-called 'natural' ferromagnetic 
resonance, are finite and different. 

In a more general case of an arbitrary value of the angle cp#, two modes are 
excited at any orientation of h [425]. The eigenfrequencies of these modes, at 
all values of Heo, lie between the above-considered frequencies cw± and u;y and 
coincide with them at Heo = 0 and Heo = HS. 

8.2.2 Sphere of cubic ferromagnet 

Consider, following [23], an unsaturated single-crystal sphere of a cubic ferro
magnet, suppose the field Heo to be directed along the (110) axis, and take into 
account only the first constant K\ of the cubic anisotropy. In this case, the layered 
domain structure with domains of equal width are conserved in certain intervals 
of Heo values. If K\ > 0, the equilibrium magnetizations M\Q and M20, at 
Heo = 0, are directed along the easy axes [100] and [010] (Figure 8.6). With 
growing Heo these magnetizations, lying in the (001) plane, approach the JEfeo 
direction. If K\ < 0, the magnetizations M\ 0 and M20 are directed, at Heo — 0, 
along the easy axes [111] and [111]. With growing Heo, the magnetizations M\ 0 
and M20, lying in the (110) plane, approach the i f e o direction. 

The calculation, similar to the above-considered, shows that, for a cubic crystal, 
two oscillation modes take place, as well [23]. One mode, with frequency u>x, 
is excited by the ac magnetic field perpendicular to if eo> and the other, with 
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FIGURE 8.6 
Domain structures accepted in the calculation of the ferromagnetic-resonance conditions 
in an unsaturated sphere of a cubic ferromagnet [23] . Vectors M m and M 2 0 lie in the 
plane (001) for Ki > 0 and in the plane (110) for K\ < 0. 

Heo/HM Heo/\HAl\ 

FIGURE 8.7 
Ferromagnetic-resonance eigenfrequencies in an unsaturated sphere of a cubic ferromag
net [23] . Accepted domain structure is shown in Figure 8.6. HA\ = (4n/3)Mo for 
K\ > 0, and \HAI\ = ( l / 2 ) M o for K\ < 0. Dashed lines indicate the regions in which 
the accepted domain structure exists. 

frequency is excited by the field parallel to Heo. The dependences of both 
frequencies on the steady magnetic field Heo are shown in Figure 8.7. 

In this section we have regarded the domain walls as immovable. However, 
the magnetization oscillations within domains and the domain-wall oscillations, 
more rigorously, should be considered simultaneously [425]. Three eigenmodes 
then take place. Their frequencies differ most strongly from the frequencies of the 
magnetization oscillations in domains (considered in this section) and from the 
frequencies of the domain-wall oscillations (Section 8.1) when these unperturbed 
frequencies approach each other. 
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FIGURE 8.8 
Results o f experimental investigation o f ferromagnetic resonance in an unsaturated YIG 
single-crystal sphere [269]. (a) Dependence of r e sonant , e frequency on an external steady 
magnetic field; bold lines represent values calculated according to [23] (Figure 8.7), circles 
denote the experimental data, (b) Absorption curves at frequencies shown in (a); D is the 
transmission coefficient through a resonator containing 1 he YIG sphere. 

The susceptibility tensor of a ferromagnetic sample with domain structure is 
defined by the expression 

where TO is the ac magnetization averaged over all domains and h is the external 
ac magnetic field. It should be noted that this definition makes sense only under 
the condition that the domain widths are small as compared with both the sample 
dimensions and the electromagnetic wavelength. If this condition is satisfied, TO 

and, hence, the tensor \ can be found by solving the equations of motion, e.g., 
(8.31) and (8.32) containing the external field h. As distinct from the susceptibility 
tensor of a sample magnetized to saturation, the tensor \ will have, in general, 
all nine components passing through resonance at the eigenfrequencies of the 
unsaturated sample. 

In both considered examples the domain structure was regular, i.e., it contained 
a small number of_groups of equivalent domains (two groups in these examples). 
In this case, the \ e components obtained by solving the coupled equations of 
motion for these groups and, hence, the amplitudes and widths of ferromagnetic 
resonance curves corresponding to each coupled mode should be of the same 
order of magnitude as for a sample magnetized to saturation. This is convincingly 
illustrated by Figure 8.8. 

But if the domain structure is irregular, contains many domains of different 
dimensions and shapes (as is always the case in polycrystals), then a single 
but 'nonuniformly broadened' and distorted resonance curve is observed. The 

m (8.35) 
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irregularity of the domain structure is the main reason for the fact that the region 
of the 'natural' (in the absence of a steady magnetic field) ferromagnetic resonance 
in magnetic spectra of polycrystals is usually very broad (as, e.g., in Figure 8.4). 
This region sometimes overlaps with the region of domain-wall oscillations [288]. 

The boundaries of the natural ferromagnetic-resonance region in polycrystals 
can be estimated in the following way. One can see from (8.33) and (8.34) that 
u± and at HeQ = 0 depend on the demagnetization factors Nx and Ny, in 
the considered case, of the polycrystal grains. Allowing for arbitrary forms and 
orientations of the grains, we see that these factors can vary from 0 to 47T, and 
therefore, 

umm = 2 7 # A l w m a x = 7 (2HA j + 4TTMO) . (8.36) 

This estimate was first made by Polder and Smit [320]. The value of w m a x 

is very important because it is the borderline frequency of the so-called initial 
losses in ferrites: at frequencies less than Wma*, large losses caused by the natural 
ferromagnetic resonance prevent the use of the material in devices operating at 
zero or small steady magnetic fields. 

8.2.3 Nonuniform modes in unsaturated samples 

Rigorous analysis of nonuniform modes (Walker's oscillations and spin waves) 
in samples with domain structure must be based on the simultaneous solution of 
the equations of motion for all domain groups and the electrodynamic equations, 
with regard to all boundary conditions. They include the conditions at the sample 
surface and at the domain boundaries, assuming the domain-wall thickness to be 
small as compared with the domain dimensions. Even with this assumption and 
for simple regular domain structures, like the above-considered, the solution leads 
to complicated integro-differential equations [38]. A rather simple solution is 
possible only when the wavelength of the nonuniform mode is much larger than 
the domain dimensions. Then, the problem can be solved in the same way as for 
the sample without domains but using the averaged susceptibility \ e -

The nonexchange oscillation modes found in such way are of two types. The 
modes of the first type are excited by the transverse (with respect to i f e o ) ac mag
netic field and transform into conventional Walker's modes at i / e o higher than the 
saturation field. The modes of the second type excited by the longitudinal ac field 
have no analog in saturated samples. 

An approximate analysis of spin waves in the presence of domain structure is 
possible under one of the following conditions: 

2TT 27T 2l7 
( i ) -j^d,b ^ T ~ d > 6 ( 3 ) y < r f > 6 - ( ° 7 ) 

Here k is the wave number of the spin wave, d is the domain width, and 6 is the 
domain-wall thickness. 
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In the first case, an averaged tensor x e can be used. As d ~ 1 pm and, hence, 
fc <C 10 5 , the exchange interaction can be neglected for many substances, e.g., for 
YIG, and the waves are the nonexchange magnetostatic waves (Section 6.2). 

In the second case, the domain-wall energy can be neglected, as in the case (1), 
but the averaged susceptibility tensor cannot be used. The solutions of the mag
netostatic problem for neighboring domains must be found and bound with each 
other by the conditions at the domain boundaries. 

Consider, for example, nonexchange magnetostatic waves in a plate of thick
ness / with an easy axis of anisotropy perpendicular to the plate surface. Suppose 
that a simple layered domain structure [Figure 8.2(a)] takes place. The potential 
in the nth domain can be written in the form 

ipn = (Az cos kzz + Bz sin kzz)(Axn cos kxnx + Bxn sinkxnx)e\p(-ky) 
(8.38) 

[compare with (6.60)]. The values of Az, Bz, and kz must be the same in all 
domains, otherwise it would be impossible to satisfy the boundary conditions at 
domain boundaries. In the expressions for the potential outside the plate, the 
factors depending on x and y should be the same as in (8.38) in order to satisfy 
the boundary conditions at the plate surfaces. The factors depending on z in these 
expressions must be: Cexp(—K Z OZ) at z > I and Dexp(/c 2o^) at z < 0. The 
equation for kz, which follows from the boundary conditions at the plate surfaces, 
will differ from (6.31) only by the replacement d —* I. Substitution of (8.38) 
and the potential outside the plate, respectively, into the Walker and the Laplace 
equations results in the expressions 

k\ = (k2

xn + fc2) 4 , = fc2

n + k2 (8.39) 

from which one can see that the kxn values in all domains are equal. 
Consider now the simplest modes with the same potentials in all domains 

magnetized in the same direction. Then, it is sufficient to take into account 
the conditions at the boundary of a domain with its neighbor. These conditions 
are satisfied [69], analogously to the case of a plate magnetized to saturation 
(Section 6.2), either under the condition (6.36) (but now d is the domain width) 
or under the condition pkx + pak2 = 0. The first possibility corresponds to 
volume waves, with trigonometric x dependence. In the second case, the x 
dependence is hyperbolic (fc2 < 0), i.e., a surface wave propagates along the 
domain boundary [287, 85]. It should be emphasized that the considered solution 
is not valid if the condition 27r/fc > 6 is not satisfied, so that the domain wall 
cannot be regarded as infinitely thin. 

For sufficiently large k values, i.e., in the third case in (8.37), it is possible to 
assume approximately, paying no attention to domain walls, that in each domain 
there exist independent spin waves with the dispersion laws as in the unbounded 
medium with the magnetization of the domain. In Section 10.3 it will be shown 
that such approximation is adequate in the study of parametric excitation of spin 
waves in unsaturated samples. 



9 
Nonlinear oscillations of magnetization 

9.1 Ferromagnetic resonance in strong alternating fields 

In all preceding chapters we dealt with linear relations between ac components 
of magnetization and magnetic field, which were found by solving the linearized 
equations of motion, e.g., (1.66) or (2.18). But the initial equation of motion for 
the magnetization, the Landau-Lifshitz equation (2.6), is nonlinear. Hence, at 
sufficiently high amplitudes of the ac magnetic field and magnetization, the linear 
relation between them gets broken and nonlinear effects arise. In this chapter 
some of these effects will be studied. 

9.1.1 Rigorous solution of equation of motion 

The Landau-Lifshitz equation can be solved rigorously, at arbitrary amplitudes of 
the ac field, only in a few particular cases. The simplest case is the magnetization 
precession in the ac field with circular polarization. This problem was solved 
by Skrotskii and Alimov [364]. The solution depends materially (as distinct from 
the linear case) on the form of a dissipative term in the equation of motion. Con
sider first equation (1.64) with a dissipative term in the Bloch-Bloembergen form. 

Assume in (1.64) that 

where Ho = ZQHQ is the internal steady field and is the transverse ac field with 
right-hand circular polarization. Now, in studying nonlinear processes, we have to 
do away with the complex-amplitude method (in any case, in its simple form used 
in previous chapters) and use the instantaneous values of all ac quantities. So, 

H = Ho + h, (9.1) 

h~ = ho (xo cos ut + 2/o sin wt). (9.2) 

From symmetry considerations, we may seek the solution in the form 

M = mo [xo cos(u>r. + <j>) + yo sin(wr. + ip) + ZQMZ] . (9.3) 

231 
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Substituting (9.1)—(9.3) into (1.64) and projecting the obtained equation onto the 
coordinate axes, we get three equations for mo, </>, and Mz. Solving them, we find 
Mz and the nonlinear susceptibility, which can be defined as 

X+ n = exp(i</>). (9.4) 
ho 

The values of M z and of the imaginary part of x+ n at resonance (ui = 7-ffo) are 

Mz = M0(l + ^-J>) X " „ r e S = - M x m . (9.5) 

The resonance nonlinear susceptibility is proportional to Mz res, and both quantities 
decrease with the growth of ho (Figure 9.1, curves B). 

The solution of equation (1.62) with the dissipative term in the Gilbert form 
leads to different results [364] (Figure 9.1, curves G): 

Mo , au> 

MZKS = 0 X + n r e s - - ^ - at ho > — (9.6) 

In (9.5) and (9.6) h0 is the amplitude of the internal ac magnetic field. But ex
pressions (9.6) are valid strictly, and expressions (9.5) are valid approximately for 
a sphere, too, if ho is the amplitude of the external field. Actually, the equation of 
motion for the magnetization of a small ellipsoid (with the Gilbert-type dissipative 
term) has the form 

^ = - 7 M x ( H e 0 + ^ - J V M ) + ^ M x ^ (9.7) 

where Heo and / i e ~ are the steady and the ac external fields. For a sphere, N is 
a scalar and the demagnetizing field NM drops out of the equation. Then, (9.7) 
coincides with (1.62) after the replacement of the external fields by the internal 
ones. This fact was pointed out in Section 1.5 for linearized equations, but it takes 
place in the case of strong ac fields, too. 

Different behavior of the ac magnetization for different forms of the dissipative 
term results in, seemingly, the possibility to favor one or the other form using the 
experiments on ferromagnetic resonance in strong ac fields. But this possibility 
usually cannot be realized because another nonlinear process, the parametric 
excitation of spin waves (Chapter 10), arises at field amplitudes much less than 
a w / 7 and prevents the manifestation of the above-considered nonlinear process. 

A strict solution of the nonlinear equation of motion was found, as well, for an 
ellipsoid of revolution (spheroid) in a steady field parallel to the axis of revolution 
and a circularly polarized ac field. The solution, in this case, can also be sought 
in the form of (9.3). But the nonlinear eigenfrequency u>on now has the form 

wo„ = 7 [ # e 0 + (Nx - NZ)MZ] (9.8) 
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0 1 2 0 1 2 

FIGURE 9.1 
Dependence of Mz and of the nonlinear susceptibility at resonance on ac field amplitude, 
found by solving the equations of motion of magnetization with dissipative terms in the 
B loch-Bloembergen form (curves B) and in the Gilbert form (curves G). The field hSM — 
uiT/f in the case B , and / i s a t = aui/y in the case G. In both cases hSM = AH/2 where AH 
is the width of the linear resonance curve. 

CO (Do CO (Oo 

FIGURE 9.2 
Solutions of the equation of motion of magnetization for an oblate spheroid (Nz — N± > 0) 
at different ac field amplitudes (schematically). Arrows show the directions of the steady-
magnetic-field change. 

which differs from the linear eigenfrequency by the substitution of Mz for the 
steady magnetization Mo. According to (9.5) or (9.6), Mz decreases with grow
ing mo. Therefore, the eigenfrequency increases with the growth of mo when 
Nz > N±_ (i.e., for an oblate spheroid) and decreases when Nz < A ' I (i.e., 
for a prolate spheroid). The amplitude mo, in its turn, depends on the eigenfre
quency won- Such self-consistent dependences can lead to instability. 

Assume, e.g., that, in the case of a disk, at the frequency of the ac field u > won. 
the amplitude mo has accidentally grown. Then, Mz will decrease and u>on will 
increase and, so, come nearer to to. This will lead to the further growth of 7rio, 



234 9 Nonlinear oscillations of magnetization 

and so on, until won reaches u. The problem was solved strictly by Skrotskii and 
Alimov [364]. They showed that the instability results in a nonunique dependence 
of mo and Mz on w o r i Y e o in certain intervals of these parameters (Figure 9.2). 
The nonuniqueness arises when the amplitude of the ac magnetic field with circular 
polarization exceeds the critical value hcr depending on the sample shape. For a 
sphere, ha = oo. For a thin disk, the critical field is the lowest: 

ftcrmin ~ 2 v ^ F M o ' ( 9 9 ) 

For a YIG single crystal (AH ~ 0.5 Oe), / i c r m in — 0.004 Oe, i.e., about 50 times 
smaller than the field AH/2, at which, as we have seen, the saturation of ferro
magnetic resonance in a sphere takes place. 

It is easy to make sure that the instabilities occur at the middle parts of the 
Mz and mo vs UJO curves (Figure 9.2). As a result, the resonance curves (i.e., the 
dependences of the absorbed power on ui or Heo) turn out to be non-Lorentz, and 
hysteresis takes place. In electrodynamic systems containing nonspherical ferrite 
samples, low-frequency self-oscillations can arise at sufficiently high microwave-
power levels. 

Weiss [438] was the first to observe such nonlinear phenomena in ferrite disks. 
Anderson and Suhl [19] explained them using an approximate solution of the 
equation of motion, the obtained hcr value differs from the exact value (9.9) only 
by a factor of the order of unity. It is worth noting that the work [19] was the 
first step to Suhl's theory [391, 392] of the parametric excitation of spin waves 
(Chapter 10). 

The instability in the nonlinear motion of the magnetization at high power 
levels can be caused not only by the shape anisotropy of the sample but also by 
other kinds of anisotropy (e.g., by the magnetocrystalline anisotropy) that lead to 
the dependence of the eigenfrequency on the ac magnetization amplitude. Such 
dependence and, hence, the instability can arise also because of the change of the 
anisotropy constants due to the heating of the sample by the ac field. This effect 
was explained by Damon [81]. 

9.1.2 Approximate methods 

One of the methods of approximate analysis of nonlinear magnetization oscilla
tions uses the conservation of the vector M length: 

Ml + Ml + M] = Ml (9.10) 

whence, in the case of Mx,My >C Mo, it follows that 
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Then, we can use the method of successive approximations and find Mx and My, 
in the first approximation, from the linear theory. For an isotropic ferromagnet 

Mx = Re [(xhx + \Xahy) exp(iwi)] 

My = Re [(-\Xahx + xK) exp(iwi)] . (9.12) 
Here hx and hy are complex amplitudes of the ac magnetic field: of the internal 
field if x and Xa are components of the linear susceptibility tensor, or of the 
external ac field if x and Xa are components of the external susceptibility of the 
sample (Section 1.5). Substituting hx = hxo and hy = hyoexp(i<p) (where hxo 
and hyo are real quantities) into (9.12) and using (9.11), we find 

MZ=M0-6MZ+Mz2 (9.13) 

SM> = 4M0 l(\x\2
 + \Xa\2) (hlo + hlo) 

-4&mip(x'Xa+x"x'a)h*ohyo] (9.14) 

Mz2 = -^o{(x'2-x"2-Xa2 + Xa 2){hlzcos2wt + hy0cos(2u,i 4- <p)] 
+2(X'x" -xWa) [h2

xQsm2wt + h2

y0sm{2ujt+ <{,)}}• (9.15) 
The quantity 6MZ represents the effect of detection of the magnetization oscil

lations. One can see from (9.14) that this effect takes place at any polarization of 
the ac field. For the linear polarization of this field (when, e.g., hyo — 0) 

* M * = 4^(lx|2
 + I X a | 2 ) ^ o < 9 ' 1 6 ) 

and for the right-hand circular polarization (hxo = hyo = ho, ip = — 7r/2) 

6 M z = i | x + X a | 2 / i ° - ( 9 - 1 7 ) 

At resonance [x' = x'a - 0. x" = x'L = 7M 0 / (2ao ; ) ] , expression (9.17) 
coincides with the expression that follows from (9.6) in the case of small ampli
tude ho. It should be noted that the 8MZ value following from (9.5) is twice as 
large as (9.17). This results from the fact that equation (1.62), from which (9.5) 
follows, does not ensure, in contrast to equation (1.64), the conservation of the 
vector M length. 

The considered effect of detection can be observed by two methods (Figure 9.3). 
One of them, used by Bloembergen and Wang [57], is the recording of the emf 
induced in a coil adjacent to the sample. Another method is the recording of the 
magnetostrictive deformation of the sample by using the piezoelectric effect in a 
quartz or ferroelectric sample fastened to the ferromagnetic sample [190]. The 

file:///Xahy
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FIGURE 9.3 
Ferrite detectors using (a) magnetic induction and (b) magnetostriction [190] . 

sensitivity of such ferrite detectors is much less than the sensitivity of commonly 
used semiconductor detectors. But the ferrite detector, which uses the volume 
effect, is more resistant to high power, repeated temperature changes, and radiation 
damage. 

The harmonic functions with frequency 2co appear linearly in (9.15); hence, we 
can use now the method of complex amplitudes. Applying the formulae for \ and 
\ a , which follow from (1.39) after the replacement (1.68), we obtain from (9.15) 
a very simple expression for the complex amplitude of MZ 2'. 

m z 2 = - ^ ( h 2

x + h2

y). (9 .18) 

Expressions (9.15) and (9.18) represent the effect of frequency doubling. It follows 
from (9.18) that this effect is absent if the field is circularly polarized, provided 
that the tensor x 0 T Xe has cylindrical symmetry, which has been assumed in 
deriving (9.18). 

The above-considered approximate method has essential limitations. First, the 
vector M length conservation holds, as was already mentioned, not for every form 
of the dissipative term in the equation of motion and, as we will see in Chapter 11, 
not for all relaxation processes. Second, using this method, we can find only the 
nonlinear terms of the longitudinal magnetization component MZ. Now we are 
going to discuss a more universal method of successive approximations [153]. We 
seek the solution of the equation of motion in the form 

M = M0 + M{]) + Mi2) + . . . (9 .19) 

and assume that Mo > M ^ > Limiting ourselves to the uniform 
magnetization oscillations, we write the effective field (Section 2.1) as 

H e f = H0 + h^- NM (9.20) 

where HQ and h ~ are the given magnetic fields (Ho > /i~) and is the entire 
tensor of demagnetization factors, including the demagnetization factors of all 



9.2 Harmonic generation and frequency conversion 237 

kinds of anisotropy. 
Substitute now (9.19) and (9.20) into the equation of motion (2.6). To the zero 

approximation, neglecting M ( 1 ) , M^ ..., and h^, we obtain the equilibrium 
condition (1.86) (with the replacement of He0 by Ho). To the first approximation, 
retaining terms of the first order in M ' 1 ' and and taking into account the 
equilibrium condition, we get the linearized equation 

) + 7 M ( 1 ) x (H0 - iVM 0 ) - 7 M 0 x 7VM ( , ) 

4- u>r(\ +xoN ) m ( , ) = - 7 M 0 x +ujrxoh~ (9 .21) 

where xo = Mo/\Ho — NMQ\. TO the second approximation, retaining terms 
of the second order and taking into account the equilibrium condition and equa
tion (9.21), we obtain the equation for M^2\ Proceeding with this process, we 
make sure that the nth-order magnetization (n > 2) satisfies the recurrent equation 

^ + 7 ^ M W x ff'"-4' + W r ( l + xo iV )m("» = 0. (9 .22) 

k=0 
The effective fields H^~k^ in this equation have the following form: 

H^] = Ho - NM0, H{J]=h^ - 7V~M(1), H{J]
 = -NM^ (k > 2). (9 .23) 

The considered method can be used either to calculate the magnetization of 
an ellipsoid in a given external field or to find the magnetization in a given 
internal field h^. And if in the latter case the substance is isotropic, we must 
take N= 0 in all expressions (9.23) but the first one. Then equations (9.22) are 
simplified: 

— + 7 M ( r l ) x H 0 -I- w r M ( n ) = - 7 M ( n _ 1 ) x (9 .24) 

dt 
where H0 = Heo — NMo is the internal steady field. The magnetization M ' n ) 

now depends not on all magnetizations of lower order but on Mo and M ( n ~ ' ' 
only. It should be noted that equations (9.24) are also valid for a sphere if is 
the external ac field and HQ is replaced by the external steady field Heo-

9.2 Harmonic generation and frequency conversion 

The approximate methods considered above will be applied in this section to 
the study of nonlinear effects in which magnetization components arise with 
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frequencies other than the frequency of the external field. The frequency doubling, 
mentioned in the previous section, is one of such effects. 

9.2.1 Frequency doubling 

Consider first in more detail the component M z > , for which expressions (9.15) 
and (9.18) were already found. When the ac magnetic field is circularly polarized 
and tensor \ n a s cylindrical symmetry, the tip of vector M moves along the 
circular trajectory, and no ac component of Mz appears (as well as no transverse 
M components with frequencies other than the frequency u> of the ac field). But 
if the system has no cylindrical symmetry or the ac field is not circularly polarized, 
the Mz component with frequency 2u> arises, as shown in Figure 9.4. One can see 
from the figure that the amplitude of this component 

( 9 - 2 5 ) 

where mx o and my o are real (not complex) amplitudes of Mx and My. It is easy 
to make sure that (9.25) is equivalent to (9.18). 

The difference between mxo and myo, which determines the effectiveness of 
frequency doubling, can be characterized by the ellipticity (1.101), and expres
sion (9.25) can be written as 

mz2 = ^e. (9.26) 
4Mo 

Small ellipticity of ac magnetization arises in a sample with cylindrical symme
try made of isotropic ferrite if the polarization of the ac field is not circular. For 
the linear polarization of the field, the polarization of magnetization is maximal 
and, at resonance, is equal to 2a where a is the Gilbert dissipation parameter. 
Then, according to (9.24) and (1.117), 

m z 2 r e s = ^ (9.27) 

(ho is here the amplitude of a linearly polarized external field). 
The ellipticity of the magnetization is much larger in samples with transverse 

demagnetization factors not equal to each other. Obviously, it is the largest in a 
thin tangentially magnetized disk. If a <C 1, the ellipticity, in this case, weakly 
depends on the polarization of the ac field. At resonance, it differs but slightly 
from the ellipticity (1.100) of free oscillations or, in our case, from 

£ = 4 7 r M ° - . (9.28) 
Ht0 + 4vM0 

Calculating mxo at resonance with the use of (1.116), (1.92), and (1.104) and 
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mx0 x my0 y mx0 x my0 y 

FIGURE 9.4 
Positions of the magnetization vector at successive instants in the course of noncircular 
precession. 

substituting it, together with (9.28), into (9.26), we obtain 

TTLZ 2 res — 
T T M 2 

4 a 2 ( # E O + 2 7 r M o ) 2 # E O 
(9 .29) 

This quantity is three orders of magnitude larger than (9.27) for YIG (AH = 
0.5 Oe) in 3 cm wavelength range. 

To increase the ellipticity of magnetization still more we can use the mag
netocrystalline anisotropy (Chapter 2). The most advantageous is the case of 
a tangentially magnetized disk of single-crystal ferrite with the easy plane of 
anisotropy coinciding with the disk plane [30]. Then, 4TTMO in (9.28) is replaced 
by 47rMo + 2|77AI| where HA\ = K\/MQ, and K\ is the anisotropy constant. 
The value of 2 | H A I | is as high as ~ 30 kOe for some hexagonal ferrites, and £ 
becomes very close to unity even at rather high frequencies. High values of el
lipticity and, hence, high effectiveness of frequency doubling are also achieved at 
magnetodynamic resonance in comparatively large ferrite samples (Section 5.3). 

The frequency doubling is a quadratic effect. Therefore, its efficiency (which 
can be defined as the ratio of the output power P2 at frequency 2LJ to the input 
power Pi at frequency LJ) increases with growing Pi . The achievable values of 
the efficiency are limited either by the thermal conditions in the device or by the 
parametric excitation of spin waves (Chapter 10). 

Rather high values of the frequency-doubling efficiency were obtained already 
in early ferrite devices of this type. Melchor, Ayres, and Vartanian [274] obtained 
the output pulse power as high as 8 kW at frequency 18 GHz with input power 
of 32 kW; most likely, the magnetodynamic resonance was used. Later, the 
efficiency of a frequency doubler with magnetodynamic resonance reached —2 dB, 
the output power being 2 kW [263]. Output power of 50 W was obtained at 
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a frequency as high as 140 GHz [28]. 
Let us consider now the harmonics of the transverse magnetization components. 

The method of successive approximations based on solving the recurrent equations 
(9.21)-(9.24) must be used in this case. Limit the treatment to an isotropic 
ferromagnet and examine, to the second approximation, the magnetization in a 
given internal field. We can use, then, rather simple equation (9.24). Projecting 
this equation onto coordinate axes, we get for n 2 

dMx

2) 

dt 
dMy

2) 

dt - -yM^Ho + WrMW • -yMWh„z (9 .30) 

+ W R M ( 2 > = - 7 ( M ( » / u v - MWh„x) . (9.31) 

The first-order magnetization components in the right-hand sides of these equa
tions may be regarded as known. 

The quantity in (9.31) is the longitudinal second-order magnetization 
component, which was considered above. Equations (9.30) determine the trans
verse second-order components. They arise, as one can see from (9.30), only if 
the ac field, besides the transverse components (necessary for the excitation of the 
first-order magnetization components MX^ and MY^), has the longitudinal com
ponent h^z. Consider the case when this component has the same frequency u> 
as the transverse components, i.e., when there is one ac field making an angle 
not equal to 0 or TT/2 with the steady field Ho- Then, the solution of (9.30) will 
contain components with frequency 2u>, which can be written in a complex form. 
Assuming MX

2)Y = R e [ m X ) ! / 2 exp(2iw£)], we find 

(2a>2 + 7 2 # 0

2 ) / i s , y ± 3 i a o H 0 h y , x 2 

mx>y2 =
 ~ o / 2U-2 2 T ^ T \( lui—i I^A- V 7 M o h z - ( 9 ' 3 2 ) 

2 (THQ - to1 + 2\u>u)c) [f HQ - 4LO2 + 4iuxj r) 
One can see from (9.32) that the quantities mx,y2 pass through resonance at 

two values of the steady field, 
u> 2LO 

HM = - Ho2= — • (9.33) 
7 7 

If we dealt with nonlinear magnetic oscillations in a given external ac field with 
account for the shape and the magnetocrystalline anisotropics, i.e., if we solved 
equation (9.22), then instead of (9.33) we would get more general resonance 
conditions 

u>o\ = OJ Uo2 = 2ui (9-34) 

where u>o{Ho, MO, N) is the frequency of linear ferromagnetic resonance in the 
sample. The maximal values of mx,y2 are equal at both resonances, and in the 
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case of a linearly polarized ac field (assuming, e.g., hy — 0) we get 

-y2M0hxhz - rny2 = imx2 - — • 
4u)LUr 

Comparing (9.35) with expression (9.27) for the second harmonic of the longitu
dinal magnetization component in an isotropic sample with cylindrical symmetry, 
we see that (if hx and hz are of the same order) the values of the second harmonics 
of the longitudinal and the transverse magnetizations are approximately the same. 
But it has been shown above that the values of mz 2 increase materially if there is 
any anisotropy in the xy plane. No such great increase occurs, as it can be shown, 
for the transverse second-order components, and it seems that there is no point in 
using transverse components mx,y2 in devices for frequency doubling. However, 
these components have maxima at loq = 2io, e.g., for a small isotropic sphere, at 
Heo = 2lo/1- At such fields the spin-wave spectrum lies above the frequency lo, 

and the low-order processes of the spin-wave parametric excitation (Chapter 10) 
are forbidden. Therefore, in frequency doublers in which the transverse second 
harmonics are used, it is possible, under the condition loq = 2u), to reach high 
input powers and, hence, obtain the efficiencies of doubling comparable with the 
efficiencies of the devices that use mz 2 . The efficiency as high as —5 dB was 
obtained in one of the devices using the transverse components [279]. 

An interesting, though weak, nonlinear effect is observed at loq = 2lo [89]: a 
maximum of the power absorbed by the sample takes place in the steady field 
satisfying this condition. By analogy with nonlinear optics (e.g., [55]) this effect 
can be referred to as two-quantum absorption. The qualitative explanation of this 
effect is obvious—some energy is needed to excite the second harmonic of the 
transverse magnetization, which passes through a maximum under the condition 
uo = 2lo. However, such an effect is absent in the framework of the two approxi
mations considered up to now, because the absorption at frequency lo is determined 
by the first-harmonic amplitudes, which, up to the second approximation, have no 
maximum at lo = 2loq. The third approximation is needed to find the nonlinear 
contributions to these amplitudes. The ratio of the power absorbed at lo = 2loq 

to the power absorbed at ferromagnetic resonance (co = loq) depends, of course, 
on the value of the input power P\. This ratio was equal to —60 dB for YIG at 
P\ = 15 W[89] . 

Using the chain of equations (9.22) or (9.24), we can find each harmonic of 
the transverse magnetization components. The nth harmonic will have maxima 
in the steady fields determined by the conditions loq = mw (m = 1,2, 3 , . . . , n) . 
The intensities of the harmonics decrease with the growth of their numbers as 
(h^o/Ho)n. The third harmonic was observed with the efficiency of —24 dB at 
an input power of 32 kW [363]. 
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9.2.2 Frequency mixing 

If several ac magnetic fields with frequencies LO\, W2, • • • are applied, then, along 
with the above-considered nonlinear effects, the magnetization components with 
combination frequencies n\ui\ ± n2u>2 ± ... (n\t2 .. = 0 , 1 , 2 , . . . ) arise. We limit 
ourselves to the case of two fields h\ and h2 with frequencies to\ and u>2. 

The first-order magnetization Af ' 1 ' is the solution of the linear equation (9.21) 
and, hence, is the sum of transverse magnetizations and with fre
quencies LO\ and ui2, excited by the transverse components of the fields h\ and 
h2, respectively. The second-order magnetization satisfies equations (9.22) 
or (9.24) with n = 2, which are linear in the unknown but are nonlinear 
with respect to the magnetizations M\^2 and the fields h\<2. It is clear that JVf'2' 
will contain the combination harmonics with frequencies to\ + ui2 and |wi — u>2\. 
The emergence of these harmonics is me, frequency mixing. 

We will use, for simplicity, equation (9.22) or its projections (9.30) and (9.31). 
The combination harmonics of M J 2 ' can be found, as well, from the condition 
of M conservation. Two particular cases are to be considered: (i) both ac fields 
are transverse with respect to the steady magnetization, i.e., to the z axis; (ii) one 
field is transverse (h\ZQ = 0) and the second is longitudinal (h2 x ZQ = 0). If 
both fields are longitudinal, M ' 1 ' = 0 and, hence, M ' 2 ) = 0. 

The case when both fields are transverse was first studied by Pippin [315]. In 
this case, it follows from (9.30) that Mx

2) = My

2) = 0; the value of M(2) can be 
found from (9.31) or from (9.11). Assume, first, that both fields h\ and h2 are 
circularly polarized: 

h~x = h\o cos (j] t + /120 c o s u)2t 

h^y = ± hio sin w\ t ± h 2 o sin ui2t (9.36) 

where the signs ± before the two terms are independent and correspond to the 
right-hand or left-hand rotation of the fields hi and h2. Substituting Mx]l = 
Re[mi x%y e\p(\Lot) + m 2 x % y exp(iwi)] into (9.11), we find 

Mz-M0 = M<2> = - ^ L (Ixi i l 2 ^,) + \X2±\2h2

20) 

" i [ ( - x i ± X 2 ± ( ± ) x i ' ± * 2 ± ) c o s M ± V 2 ) t 

+ ( x i ' ± X 2 ± ( ± ) x i ± X 2 ± ) s i n ( w i ( ± ) w 2 ) t] hmh20 (9.37) 

where Xi,2± = Xi,2 ± Xa 1,2 (the upper signs correspond to the right-hand and 
the lower signs, to the left-hand rotation of the polarization); the signs (± ) have 
the following meaning: (+ ) corresponds to the opposite and ( - ) , to the identical 
directions of the polarization rotation for the two fields. One can see from (9.37) 
that the effects of detection are additive, and the effect of frequency doubling 
does not exist, as should be expected for circular polarization of both fields. The 
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alternating terms in (9.37) represent the effect of frequency mixing. The frequency 
uj\ — u)2 arises when the directions of the polarization rotation of the both fields 
are the same, and the frequency LO\ + u2 arises when these directions are opposite. 

An expression for the complex amplitude of the magnetization with frequency 
wi — UJ2 follows from (9.37): 

m z - = --^rX\±X2±h\h2. (9 .38) 
M o 

The susceptibilities x"+ and x'{+ reach high values near ferromagnetic resonance at 
frequencies u>\ and u>2, respectively. Andif|wi — UJ2\ < uiT, the resonance condition 
can be approximately satisfied at both frequencies simultaneously. Then, as it is 
easy to make sure, 

7 2 M 0 

m z _ r e s 5* J - ~ h m h 2 0 (9 .39) 
<"? 

(for the right-hand polarization of both fields). If both fields have the same linear 
polarization, the value of m z _ r e s is eight times smaller. 

Consider now the second particular case when one field is transverse, and the 
other is longitudinal. Without presenting here the solution of the system (9.30) 
for this case [153], we note only the following. As in the above-considered 
case of frequency doubling, the magnetizations with frequencies w\ T u>2 pass 
through maxima at two values of the steady field. One of them corresponds 
to the ferromagnetic resonance at the frequency UJ\ of the transverse ac field 
(Heo = 0)1/7 for a sphere). The second value corresponds to the resonance at the 
frequency |wj — OJ2\ or uj\ + W2- The complex amplitudes of the magnetization 
harmonic with frequency — W2I (when the resonance at OJ\ takes place and 
\co\ - W2I C 7 # o = UJH) have the form 

i 7 2 M o , , 
m x - — i m v - = h\h,2- (9 .40) 

Comparing (9.40) with (9.39), we see that the effectiveness of the frequency 
mixing is much higher in the case of both transverse fields when the resonance 
condition is approximately satisfied for both fields. 

The designs of ferrite frequency mixers for the difference frequency — W2I 
(e.g. [286]) are like the designs of the ferrite detectors (Figure 9.3), but a resonance 
system, tuned to the frequency |wj — w 2 | , must be added. This system can be 
realized, e.g., by putting the coil [Figure 9.3(a)] into a resonance circuit or by 
matching the dimensions of the piezoelectric sample [Figure 9.3(b)]. Despite all 
'tricks' the sensitivity of ferrite frequency mixer appears to be much lower than 
the sensitivity of commonly used semiconductor devices. But the ferrite mixer, as 
the above-considered ferrite detector, has an unquestionable advantage of greater 
resistivity against high microwave power, radiation, etc. 





10 
Parametric excitation of magnetic oscillations 
and waves 

10.1 Nonlinear coupling of magnetic modes 

In Chapter 9 we studied the nonlinear phenomena that occur in ferromagnetic sam
ples in the presence of a single, in particular, the uniform mode. However, many 
different modes can exist in the sample; they were investigated in the previous 
chapters in linear approximation and, hence, were independent. The nonlinearity 
of the ferromagnet (and, so, of the equation of motion of magnetization) leads to 
the coupling of the modes, which results in a number of new nonlinear phenom
ena. The most interesting of them is the parametric excitation of some of these 
modes under the influence of other modes when the amplitudes of the latter exceed 
certain threshold values. 

The nonlinear phenomena, caused—as it became clear later on—by the para
metric excitation of spin waves, were first observed by Bloembergen, Damon, and 
Wang [56, 57] in the experiments on ferromagnetic resonance in strong ac fields. 
In these experiments the imaginary part of the tensor \ and the decrease of the 
steady magnetization projection MZ were independently measured. According 
to (9.5) or (9.6), an essential decrease of both these quantities should occur at 
ac field amplitude h of the order of the linear resonance-curve half-width AH/2 
(Figure9.1). Actually, a noticeable decrease of M - took place (Figure 10.1) just 
at such ac field, while \ " at resonance started to decrease at much smaller h value. 
Besides, an additional maximum of \ " arose at steady magnetic field smaller 
than the resonance field (Figure 10.1). Neither of these effects can be understood 
within the framework of the one-mode nonlinear theory considered in Chapter 9. 
They were explained by Anderson and Suhl [19] using the idea of instability of 
certain spin waves under the influence of the uniform-magnetization precession. 

Equilibrium (thermal) spin waves with small amplitudes and with frequencies 
distributed over broad range always exist in magnetically ordered substances 
(Section 7.3). Due to the nonlinearity of the spin system they are coupled to the 
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FIGURE 10.1 
Ferromagnetic resonance in a sphere of single-crystal Ni ferrite in a strong ac field [57]: 
(a) dependences of MZ and nonlinear susceptibility Ĵ,' at resonance on the ac field am
plitude (x" is the linear susceptibility); (b) resonance curves in weak and strong ac fields. 
Frequency 9 GHz, room temperature. 

uniform magnetization mode excited by the external ac field. When the amplitude 
of this (pumping) mode exceeds certain threshold value, the energy acquired by 
spin waves from this mode compensates spin-wave losses, and the instability, i.e., 
the exponential growth of the spin-wave amplitudes, begins. The theory of such 
instability was developed by Suhl [391, 392]. As the ac magnetization of the 
pumping mode is perpendicular to the steady magnetization, this phenomenon 
can be named spin-wave instability (or parametric excitation of spin waves) under 
perpendicular or transverse pumping. 

Later, Schlomann, Green, and Milano [343] discovered spin-wave instability 
caused not by ac magnetization but directly by ac magnetic field parallel to the 
steady field. This phenomenon was called parametric excitation of spin waves with 
longitudinal (or parallel) pumping. It should be noted that the fact of nonlinear ab
sorption of the energy of an ac magnetic field parallel to the steady magnetization, 
at high amplitudes of the ac field, was predicted by Kaganov and Tsukernik [201]. 

We will restrict ourselves to the study of parametric excitation of spin waves in 
ferromagnets. This will give an explanation of the phenomenon in ferrimagnets 
(ferrites), too, because at fields and frequencies commonly used, only the lower, 
'ferromagnetic' branches of the magnetic spectra in ferrimagnets play a role 
(Section 3.3). As for antiferromagnets, the excitation of spin waves in these 
substances occurs, as well, and has a number of interesting features (e.g., [265, 

The theory of spin-wave parametric excitation, which we begin to study, is based 
on solving the nonlinear equation of motion (2.6). We neglect the dissipation term 

307]). 
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in this equation; the losses will be allowed for later. The effective field is 

He{ = H0 + + hM + Hex (10.1) 

where H0 is the internal steady field, is the external ac field, / i M is the 
ac effective field of dipole-dipole interaction, i.e., the ac demagnetizing field (the 
steady demagnetizing field is included in Ho), and Hex is the effective field of 
exchange interaction. 

We seek the solution of the equation of motion in the form 

M = z0M0 + m^(r,t) (10.2) 

and suppose that m~ <C Mo. Let us expand the ac magnetization in the Fourier 
series: 

m~ (r,t) = ^ r r i f e ( t )exp(- i fc r ) (10.3) 
fc 

where the summation is over all allowed values of the wave vector fc. Note that 
(r, t) is a real quantity while the coefficients (t) are complex; therefore, 

rrife (t) — rn*_k (t). The term with fc = 0 in (10.3) corresponds to the uniform 
magnetization oscillations, and all other terms correspond to uniform plane spin 
waves. These waves do not satisfy the boundary conditions at the sample surface 
and, hence, are not the eigenmodes of the problem. Only if k > kmin, where k^n 
is much larger than the inverse dimensions of the sample, can plane waves be 
regarded approximately as eigenmodes. The main assumption of Suhl's [392], as 
well as Schlomann's [343, 345], theory is that the expansion (10.3), nevertheless, 
can be used. It should be noted that magnetostatic waves (Section 6.2) and oscil
lations (Section 6.3) remain as yet out of consideration; the parametric excitation 
of these modes will be discussed in Section 10.4. 

For the uniform mode, i.e., for the term with fc = 0 in (10.3), the influence of 
boundary conditions, of course, cannot be neglected. In the case of a small ellip
soid, it can be taken into account by the uniform demagnetizing field —Nmk=o 
included in • For plane waves with fc ^ 0 (really, with k > kmi„) the effective 
fields of the dipole-dipole interaction will have the form (7.12). 

Substituting (10.1)—(10.3) into (2.6), projecting the obtained equation onto 
axes x and y, and equating the same harmonics at both sides of the equations, we 
get two differential equations for each fc. The components rrik z can be excluded 
from these equations using the relation (9.11). Following Suhl [392], we introduce 
new variables 

ak = TT (mkx + imky) MQ 

a-k = -TT- [m-kx ~ im-ky) 
= T T ( " i f c x - irriky) • (10.4) 
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It can be shown that in these variables 

mkz =-^Mo^2ak]o*h_k. (10.5) 
fci 

Consider the case of an ellipsoid of revolution (spheroid) with demagnetization 
factors Nz and Nx = Ny = N±. Then, at fc = 0, i.e., for the variable a® corre
sponding to the uniform oscillation mode of the spheroid, we obtain a nonlinear 
equation: 

dao / \ 
- i — = woao - 7 (h~x + ih^y) + fin0 (10.6) 

where LUQ = U>H + ~yN±Mo is the eigenfrequency of the uniform mode, h~ is 
the external ac field, and fln o is a sum of many nonlinear terms containing the 
variables ao, ak, and a*_k. For each fc ^ 0 (or, to be more exact, for fc > fcmin), a 
pair of equations is obtained: 

- i ^ =(Ak+-yhz)ak+Bka*_k + nnk (10.7) 
dr. 

and the adjoint equation obtained from (10.7) by complex conjugation and re
placement fc —> —fc. Here, Ak and Bk are determined by (7.11) and (7.114) and 
flnk is a sum of nonlinear terms containing ao, ak, and a*_k. The nonlinear terms 
in (10.6) and (10.7) depend on Mo, Nz, N±, the components of fc, and—some 
terms in (10.7)—on the exchange constant n (Section 7.1). 

The solution of linearized equation (10.6) (without Qno) corresponds to the 
forced uniform magnetization oscillations in a spheroid, studied in detail in Sec
tion 1.5. Equation (10.7) and the adjoint equation describe, in a linear approxi
mation, the coupled oscillations of two harmonic 'oscillators' ak and a l f c corre
sponding to spin waves with wave vectors fc and - fc. To find the equations for the 
normal modes a classical analog of the third Holstein-Primakoff transformation 
(Section 7.4) should be used. This means that we have to pass from ak and a*_k 

to new variables ck and c*_k, in which the linear parts of equation (10.7) and the 
adjoint equation—neglecting as yet the term fh^ ,ak—will have the form 

~dT = lUJkCk ~~dT~ =' ~luJkC-k' (ia8) 
The new variables are related to the old ones by the expressions (e.g., [14]) 

ak = ukck + vkc*_k a*_k - v*kck + ukc*_k (10.9) 

uk = —7=\ — + 1 vk = - - T = \ 1 e\p(2iipk) Vk = arctan -f-
V2\ u>k V2 V WJB kx 

(10.10) 
where u>k is the spin-wave frequency (7.9). 

The solutions of linear equations (10.8) can be presented in the form 
Cfc = c°k exp(iwfct) c*_k = c]*k exp(-iwfct) (10.11) 
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and correspond to spin waves with wave vectors k and — k. Thus, to a linear 
approximation, the uniform precession excited by an external ac field and the spin 
waves (with small, equilibrium amplitudes) are independent modes. Nonlinear 
terms in (10.6) and (10.7) result in the coupling of spin waves with each other, 
with the uniform mode, and [the term yh^,zak in (10.7)] with the longitudinal 
external ac magnetic field. 

It should be noted that different terms in the classical equation (10.7) are 
analogous to the corresponding terms in the quantum-mechanical equation of 
motion for the magnon creation and annihilation operators, which can be obtained 
from the Hamiltonian expressed in these operators. We will not discuss here this 
analogy because the parametric excitation of spin waves can be fully described, 
as Suhl [392] and Schlomann et al. [343, 345] have shown, in terms of classical 
theory. 

10.2 Thresholds of parametric excitation under transverse pumping 

Consider the case when h^z = 0 , i.e., the ac magnetic field is perpendicular to 
the steady magnetization. This field (we suppose it to be uniform) excites, to a 
linear approximation, only the uniform ac magnetization, which plays the role of 
pumping. 

10.2.1 First-order and second-order instabilities 

As we are interested, at present, only in the threshold values of the pumping 
amplitudes, we regard all spin-wave amplitudes in (10.6) and (10.7) as small in 
relation to an. Then, supposing the field (with frequency w p ) to be right-hand 
circularly polarized, we find from the linearized equation (10.6), after replacement 
Wo —• Wo + i^rO. 

ao = — - — ^ + . exp (iwpr.) = OQ exp (itjpi) (10.12) 
U>Q — U)P + lW ro 

where /i+ = h^x + ih^y. 
In equation (10.7) and the adjoint equation, we retain only the terms of the 

first and second order in ao and, turning to the variables ck and c*_k, we get the 
equation 

^ =\(ujk+Tk\a0\2)ck+\(pka0 + Zkal)c*_k (10.13) 

and the adjoint equation where 

p k = p - k = --— (u)k +UJH + v k • ) sin20/texp(i</>fc) (10.14) 
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6 c — (,-k = ujm COS F?fc — u; VF — H 7?fc ) (10.15) 

2,4* ( c o s 2 6k 

Nz - ,VL 

47T 

(10.16) 

Note that spin-wave losses are not yet taken into account. Comparing (10.13)-
(10.16) with (10.8), we see that the coupling of spin waves with the uniform 
mode results, first, in the nonlinear shift of the eigenfrequency of spin waves: 
WFC —• &k = WJB -I- T |ao | 2 . Second, the coupling between spin waves with wave 
vectors fe and —fc arises, and the coupling coefficients contain time-dependent 
factors ao and a2,. 

It is known [256] that the time-dependent coupling between two oscillators can 
lead to the energy transfer from the source that modulates the coupling to the 
oscillators. This process is most effective if the following condition holds: 

where n = 1, 2, 3 . . .,uj\ and uj2 are the eigenfrequencies of the oscillators, and lop 

is the coupling-modulation (pumping) frequency. In the corpuscular 'language', 
relation (10.17) is the condition of energy conservation in the elementary process 
of annihilation of n particles with energy fkjp and creation of a pair of particles 
with energies hu)\ and hu>2-

At a certain threshold value of the pumping amplitude, the energy transferred 
to the oscillators exceeds their losses, and their amplitudes begin to increase 
exponentially, i.e., the instability arises. The value of n in (10.17) is the order of 
instability. In our case, spin waves with wave vectors fc and — fc are the coupled 
'oscillators', and the degeneracy takes place (u>\ = uii). 

One can see from (10.13) and the adjoint equation that the increase of c k and 
c*_k, i.e., the instability, can be caused only by the terms that change with frequency 
Q k ; other terms may be neglected while examining the threshold of instability. It 
can be shown that, at amplitudes ao up to threshold, the difference between Qk and 
u>k is small, and we will neglect it. Then, as it follows from (10.11) and (10.12), 
the term ipkaoc*_k in (10.13) must be taken into account, and the term i£.kalc*_k 

can be neglected if uip ~ 2cjk, [i.e.. n = 1 in (10.17)]. If ujp ~ cok, i.e., n = 2, the 
latter term is to be taken into account and the former can be neglected. 

Thus, for spin waves with u>k ~ u i p / 2 , i.e., for the first order spin-wave insta
bility, equation (10.13) and the adjoint equation become 

dc/; . . * dc*_k . _ 
— = luJkCk + i p k a o c _ k — y - = - i ^ k C k - i p k a 0 c k - (10.18) 

Solution of these equations can be sought in the form 

n u p = u>\ + u)2 (10.17) 

(10.19) 
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where ck and c_k are slowly varying functions of time: 

c°k = c°k o exp (Ai) c°_*k = c°_\ o exp (\t). (10.20) 

Here, c°k 0 and c°_*k 0 are constants, and A is a real quantity. The condition for 
instability is A > 0. 

At this point we allow for spin-wave losses replacing ujk by ujk + iw r k in (10.18). 
Inserting (10.19) into (10.18), we obtain a system of two homogeneous linear 
algebraic equations in c ° 0 and c®_*k0. Setting the determinant of this system to 
zero, we get 

{\ + ujrk)2+ (wfc - y ) 2 = ao 2 |p«t| 2- (10-21) 

The threshold amplitude of the uniform mode OQ ̂  ] is determined by the condition 
A = 0: 

oo*ri = ]p\\^u?k + ( y - " * ) 2 - ( 1 0 ' 2 2 ) 

To find the actual value of the threshold we must minimize expression (10.22). 
We see, first of all, that the threshold, as it was supposed, is the lowest for spin 
waves with ujk — w p / 2 . Then, taking into account (10.14), we get 

a o I N / ^ L = M I N ( ^ ^ 1 . (10.23) 

0 t h r l \\Pk\j \ ujM [wk +UJH + nfc2) sin 26k J 
Minimization should be performed here with respect to k or 8kl subject to the 
condition u>k (k, 8k) = u>v/2. It follows from (10.23) that, if the dependence of 
uirk on k and 0k can be neglected, the threshold pumping amplitude ( is the 
smallest for spin waves with 6k somewhat smaller (due to the term rjk2) than 45° 
(provided such spin waves do exist at given UJP and UJH). 

For the second-order instability (ujk ~ w p ), equation (10.13) and the adjoint 
equation reduce to 

- j ^ = \ujkck + \£,kalc*_k = -\ujkc*_k - \Cko*Q2ck (10.24) 

and the solution must be sought in the form 

Cfc = c°k exp (KJPF.) c*_k = c°_*k exp ( - i w p i ) . (10.25) 

By a method similar to the one used above, we get at ujk = UJP 

(10.26) 

where £ k is determined by (10.15). Without taking into account the dependence 
of ujTk on k and 6k, we see that is the lowest for spin waves with 8k = 0. 
The coupling parameters pk and £ k are both of the order of UJM, as it follows 

file:////Pk/j
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from (10.14) and (10.15); for 'good' single-crystal ferrites, applied usually in 
experiments on parametric excitation of spin waves, ut k <C COM • Therefore, the 
threshold amplitudes a o m r 2 ^ much larger than the amplitudes x . 

For the first-order instability to occur, the frequency u>p/2 must lie above the 
lower boundary U>H of the spin-wave spectrum (7.9). In the case of an ellipsoid, 
this leads to the condition 

He0 < ? + NzA/0. (10.27) 

For the second-order instability, u>p/2 in (10.27) is replaced by LOP. 

10.2.2 Threshold fields 

Consider now the threshold values of the external ac magnetic fields, assuming 
them to be right-hand circularly polarized. For the first-order process, we find 
from (10.12) and (10.23) 

OJp < OJM— = Ucr- (10.29) 

ft*,i = min i P V / , — > . (10.28) 
JU>M sin 26k (wp/2 + LOh + vk2) 

This field is the lowest when the pumping frequency wp is equal to eigenfrequency 
u>o of the uniform mode. However, this can take place, as it is easy to make sure, 
only if 

N± 
2TT 

For a sphere, uict — 2WM / 3 coincides with the frequency at which w 0 passes the 
upper boundary of the nonexchange spin-wave spectrum (Section 6.1). For a YIG 
sphere at room temperature, / c r = 3.27 GHz. 

If the condition (10.29) is only just satisfied [Figure 10.2(b)], the angle 6k is 
very small, and, as it is seen from (10.28), the threshold field (as well as the 
threshold amplitude aQ^^) is very large. With lowering frequency 6k increases, 
the threshold field decreases, and at 6k ~ 45° it becomes of the order of1 

AHpAIh 
fcthrlres = • (10.30) 

Spin waves with small k, i.e., in the framework of Suhl's theory, with k = 0, now 
become unstable. In YIG single crystals (AH0 - 0.3 Oe, AHk ~ 0.15 Oe) the 
^ t h r i r e s value is as small as 1 0 - 4 Oe. Further lowering of the frequency u>p (still 
equal to WQ) results in excitation of spin waves with increasing k, 6k remaining 
close to 45°. 

'in this expression and throughout this book, AHo = 2uir0/y and AHk = 2urk/j are. as 
distinct from [392], the full widths of resonance curves. 
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FIGURE 10.2 
Relative positions of the spin-wave spectrum and the frequency of transverse pumping 
(equal to the eigenfrequency of uniform oscillations in a sphere) when condition (10.29) 
(a) is well satisfied, (b) is just satisfied, and (c) is not satisfied. 
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FIGURE 10.3 
Threshold field for off-resonance first-order spin-wave instability (subsidiary absorption) 
in a sphere vs external steady field [392]. © 1957 Elsevier Science Ltd. 

At high frequencies (UJ > UJCT), when the condition uik = UJp/2 cannot be satis
fied at resonance, the minimization of (10.28) [392] shows that the lowest threshold 
field takes place in the external steady field i / e O m i n less than the resonance field. 
Spin waves with k = 0 and 8k = 45° then become unstable. The values of 
# e 0 m i r n as well as the values of h^r\, depend on the sample shape and on the 
ratio Wp/wjw • For spheres, the values of / / e o m i n lie in the range of (0.5-0.9) ujp/-y 
(Figure 10.3). To estimate the value of \ assume, e.g., that u>p ~ U>M — l-5u;// 
and u)p — wo = 0.25w p, which corresponds approximately to a YIG sphere at 
room temperature and frequency of 5 GHz. Then, from (10.28) or Figure 10.3, we 
obtain h^] = 0.2AHk, or, assuming AHk = 0.15 Oe, we get / i for i = 0.03 Oe. 
Thus, the values of threshold field (but not of threshold magnetization) are much 
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larger in this, off-resonance, case than at resonance (up = wo). However, these 
values are also easily attainable in experiment, even for polycrystalline ferrites 
with AHk ~ 10 Oe. 

To the left of the minima in Figure 10.3, spin waves with 6k still close to 45° 
but with large k values become unstable. To the right of the minima the unstable 
spin waves have k ~ 0 and 6k < 45°. It should be emphasized that all these 
conclusions were drawn by means of minimizing (10.28) at constant AHk; the 
AHk dependence on k and 6k can considerably affect them. 

The first-order spin-wave instability at u>p ^ UJQ was named by Suhl [392] the 
subsidiary absorption, and the first order instability at uip = too was named the 
coincidence of subsidiary absorption with main resonance. 

If condition (10.29) is not satisfied, the second-order process comes into action 
ato>p ~ UJO- The threshold magnetization for this process is determined by (10.26), 
and the threshold field, with allowance for (10.12), is 

This field is the lowest at resonance (w p = OJQ), and, as it follows from (10.15), 
a pair of spin waves with 8k = 0 and 6k = IT becomes unstable. For a sphere at 
resonance, 

For YIG at room temperature and a wavelength of 3 cm, an estimate gives 
/ i thr2 — 2 x l 0 ~ 3 Oe, which is an order of magnitude higher than the thresh
old field for the first-order process at resonance, and an order of magnitude lower 
than the threshold field for the off-resonance first-order process. The consid
ered second-order process (the saturation of main resonance, according to Suhl) 
caused the decrease and broadening of the resonance peak in the Bloembergen 
and Wang experiment (Figure 10.1). The wide maximum at lower steady field in 
this experiment is a result of the first-order off-resonance process. 

10.2.3 Effect of pumping-field polarization 

All the above-cited expressions for threshold fields relate to the case when the 
pumping field has the right-hand circular polarization and the sample is an el
lipsoid of revolution, so that the magnetization is also circularly polarized with 
right-hand rotation. This is not the case when the field is not circularly (in partic
ular, linearly) polarized, or the sample is an arbitrary ellipsoid. However, if the 
frequency of the pumping field is equal or very near to resonance frequency, the 
magnetization component with right-hand circular polarization dominates (Sec
tion 1.5). Then, the expressions for threshold fields with linear polarization will 

(10.31) 

(10.32) 
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differ only by a factor of two from the above-cited expressions for both first-order 
and second-order processes at resonance. 

For the off-resonance first-order process (the subsidiary absorption), the left-
hand circular magnetization component cannot be neglected a priori. Consider, 
e.g., the case when a linearly polarized pumping field h makes an angle with 
the x-axis. Then, the solution of (10.10) is 

+ /• \ - / . \ + 1 l h e x P ( i^/ i ) 
ao = % exp (iWpt) + a 0 exp (— \uivt) a 0 = . (10.33) 

2 w o T S 
Here, a* exp (\u)pt) = m ± / M o , where m + and m ~ are the amplitudes of magne
tization circular components with right-hand and left-hand rotation, respectively. 
Substituting (10.33) into (10.6) and (10.7), we get, in the same way as in the case 
of circularly polarized field, the following equation: 

— = itOkCk + i (pka% + rl%*) exp (iw pt) c*_k (10.34) 

and the adjoint equation where 

1 % ( . __,_2 U P 

The threshold field is now the lowest for spin waves with ipk = <Ph and, of course, 

2 w„ 
(u)H +nk2 - ^ ) s in20 f c exp(-3i<p f c ) . (10.35) 

the 
with u>k = W p / 2 . In this case 

/ i thr l l in = min \ , ,. v -. - r r r ) • ( 1 0 . 3 6 ) 
y -)U!M sm26k + lo0 {uih + r]kl)\ J 

Comparing (10.36) with (10.28), we see that the ratio h ^ ^ \ m / h ^ \ differs 
slightly from 2, i.e., the left-hand circular component of magnetization has small 
impact on the parametric excitation even in the off-resonance process. However, 
the case of the pumping-field linear polarization is of interest in that spin waves 
with distinct values of the azimuthal angle ipk are excited. 

10.3 Longitudinal and oblique pumping 

We proceed to the study of parametric excitation of spin waves by an ac magnetic 
field with a longitudinal (parallel to Mo) component. The term 7 / 1 ^ zak in (10.7) 
should now be taken into account. 

10.3.1 Longitudinal pumping 

Suppose, first, that the ac magnetic field has only a component h„ z . Then, the 
ac magnetization is absent in linear approximation, i.e., ao = 0. Neglecting, 
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in (10.7) and in the adjoint equation, the terms that cannot lead to instability and 
passing, according to (10.9), to the variables ck and c*_k, we obtain 

^£ = h)kck+v,h„t — c*_k = - M t c l t - i 7 / i ~ z — ck. (10.37) 
dt Lok at ujk 

It is evident that h~ z directly results in the coupling between the 'oscillators' ck 

and c*_k if Bk ^ 0. The quantity Bk caused by the dipole-dipole interaction 
is proportional to COM sin 2 Ok [formula (7.11)] and, in accordance with (7.23) 
and (1.106), is related to the ellipticity of spin waves 

2\Bk\ 
£ = zr+fkr (ia*> 

The need of ellipticity for parametric excitation of spin waves under longitudinal 
pumping is easily realized: if £ ^ 0, the longitudinal component of the spin-
wave magnetization with frequency 2 u k arises (Section 9.1) and interacts with the 
longitudinal pumping field, which has the same frequency. 

Present the longitudinal ac field in the form 

/ i ~ z = ^hz [exp (iupt) + exp (-iujpt)] (10.39) 

and substitute it, as well as expressions (10.11) for Ck and c*_k, into equa
tions (10.37). Assume the frequency o>p to be near 2u>k and retain in (10.37) 
only the terms which vary with frequency close to wk and, so, can lead to insta
bility. Then, the first equation (10.37) takes the form 

= luJkCk + iVkhz exp (iupt) c*_k (10.40) 
dr 

where the coupling parameter 

Vk = ^ = 7 ^ - s i n 2 c 9 f c e x p ( 2 i ^ ) . (10.41) 

Comparing (10.40) with the first equation (10.18), we see that they differ only 
by the replacement of pk by 14 hz • Thus, we may make this replacement directly 
in the threshold formula(10.22)or(10.23). For spin waves with u>k = w p / 2 , when 
the threshold is the lowest, we get 

hz fc = min ( £ i } = m i n ( } . (10.42) 
[\Vk\) [ O.'M sin 2 0k J 

If AHk can be regarded as independent of fc and Ok, then hztht is lower the 
closer 0k is to TT/2. In small steady magnetic fields, when w p / 2 lies above the 
upper boundary of the nonexchange spin-wave spectrum [Figure 10.4(a)], spin 
waves with Ok — TT/2 become unstable. Their wave numbers, as it follows, e.g., 
from (7.17), are determined by the expression 

Dk2 = Hc - H0 (10.43) 
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FIGURE 10.4 
Relative positions of spin-wave spectra and the frequency of longitudinal pumping. Dots 
indicate spin waves that become unstable. 

where, according to (7.18), 

Hc = # o c ( 7 r / 2 ) = y + (2nM0)2 - 2TTM 0 . (10.44) 

The critical field Hc is the internal steady magnetic field at which spin waves with 
Wfc = uip/2 and 6k = n/2 have fc = 0. 

With the decrease of Ho, the k value of parametrically excited spin waves 2 

increases and at Ho = 0 reaches the highest value fcmax = \/Hc/D possible for 
given u!p. For YIG at room temperature, fcmax ~ 5 x 10 5 at / p = 9 GHz, and 
fcmax — 10 6 at /f = 36 GHz. The azimuthal angle of parametric spin waves is 
indeterminable in the case of an isotropic ferromagnet, so that the whole 'fan' of 
spin waves with wave vectors fc and — fc lying in 6k = 7 r / 2 plane is excited. 

In fields Ho higher than Hc [Figure 10.4(c)], the threshold field is the lowest 
for spin waves with fc = 0 and Ok l determined by the expression 

s i n 2 ^ 1 =

 ( " p / 2 ) 2 " ^ (10.45) 

which follows from (10.42) and the conditional = u>p/2. With increasing Ho, the 
angle 6k decreases and the threshold field grows; at HQ = u)p/(2~f) it approaches 
infinity. 

The measurement of spin-wave parametric excitation thresholds under longi
tudinal pumping is widely used for determining the spin-wave dissipation pa
rameter AHk. Samples—usually ferrite spheres or metal films—are placed into 
resonators. In centimeter or millimeter wavelength ranges, reflection hollow res
onators, rectangular or cylindrical, are conventionally used. The threshold values 
of the incident power P\ are measured with changing steady field at constant 

2 In what follows, we will for brevity use the term 'parametric spin waves' 
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^ f l (a) r refl (b) 

FIGURE 10.5 
Envelopes of pulses reflected from a resonator with ferrite sphere: (a) in a weak ac field, 
(b) just above threshold, and (c) far above threshold. 

frequency u p . The threshold ac field is found using the formula 

h> = ^ Q O T ^ P , (10 .46) 
WpVo 1 + q1 

which can be easily derived with the aid of equivalent schemes. In ( 1 0 . 4 6 ) , VQ is 
the resonator volume, q = Qc/Qo (Qo and Qc are the internal and the external 
quality factors of the resonator, respectively), and a is determined by ( 5 . 4 7 ) . 

Up to threshold, the sample (in a longitudinal ac field) does not absorb electro
magnetic energy. Above threshold, the absorption arises, Qo decreases, and the 
reflection coefficient from the resonator changes (decreases or increases, depend
ing on initial value of q). Measurements are usually carried out in pulse regime, 
and the threshold is indicated by the change of the reflected-pulse envelope (Fig
ure 1 0 . 5 ) . The measured value of P\ ^T is smaller the greater the pulse duration r ; 
the actual value of the threshold can be obtained by extrapolating the dependence 
P\ thr(r) to r -> oo [ 3 4 3 ] . 

The hz ,hr values obtained in the described way are plotted vs He o in Figure 1 0 . 6 ; 
the calculated values of k and 8k of parametric spin values are also shown. The 
curves hz^T(Ho) are called the 'butterfly curves'. Their minima ('bills') are 
usually located at Ho — Hc, where spin waves with k = 0 are excited. At left 
'wing' the excited spin waves have 6k = TT/2 and A: > 0 . The increase in hzlhr 

with decreasing HQ at this wing is due to the dependence of AHk on k. At right 
wing the excitation of spin waves with small k (with fc = 0 in the framework of 
the theory considered up to now) and 6k decreasing with the growth of HQ takes 
place. The steep increase of hz ^ at this wing is due to the factor sin 2 8k in the 
denominator of ( 1 0 . 4 2 ) . 

Having measured n 2 t hr, we then find AHk from ( 1 0 . 4 2 ) . The corresponding k 
values are found from ( 1 0 . 4 3 ) . The dependences AHk(k) obtained in such way 
will be discussed in Section 1 1 . 2 . 

Let us briefly consider now, using longitudinal pumping as an example, the effect 
of magnetocrystalline anisotropy on the parametric excitation of spin waves. In 
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tfe0(kOe) tfeo(kOe) 

FIGURE 10.6 
Experimental values of threshold field [343] and calculated fc and 8k values of spin waves, 
parametrically excited under longitudinal pumping, vs external steady field. YIG sphere at 
frequency 9.4 GHz and room temperature. 

the case of longitudinal pumping, the dominating factor is the ellipticity of spin 
waves, which is significantly influenced by the anisotropy. 

To allow for the magnetocrystalline anisotropy we have to insert its effective 
field in the equation of motion and then, using the same method as above, to obtain 
the equations for ck and c*_k. In the particular case of a cubic crystal with Mo 
lying in the {110} plane, this will result in the replacement of Vk in (10.40) by 
Vk + 7w a / (4w f c ) where 

w, = 7 Af 0 (JVf, - JVJ2) . (10.47) 

Here, Nf^ and A 7 ^ are the effective demagnetization factors determined by (2.47) 
with ipo = 45°. The threshold field in this case is 

hzAr = mm\- . p — , . 10.48) 
[ \LOM sin 2 6k exp(2vpk) + J 

It is minimal for Mo directed along the (110) axis if the contribution of anisotropy 
to the spin-wave ellipticity is the greatest. 

The threshold field depends now on both angles of vector fc. Its minimal value 
takes place at 9k = TT/2 and ipk = TT/2, 37r/2 for K\ < 0, and at 9k = IT/2 and 
<pk = 0, 7T, for K\ > 0. In both cases [313] 

/ l z u , r = * * ,. (10.49) 
iOM + 3 7 | i / A l | 

10.3.2 Effect of nonuniformities 

Nonuniformities (defects), as impurities, pores, surface roughness, and grain 
boundaries in polycrystals, lead to the so-called two-magnon processes, i.e., to the 
scattering of magnetic oscillations and waves by defects. The contribution of these 
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processes to the relaxation of linear magnetic modes will be studied in detail in 
Section 11.3. Here we will consider the influence of such processes on parametric 
excitation of spin waves under longitudinal pumping, studied theoretically by 
Zakharov and L'vov [458]. 

We have to add the terms describing two-rnagnon processes into equa
tions (10.37). Then, the first of these equations becomes 

where the summation is over all degenerate spin waves (with fci — fc) and the 
coefficients vk k l depend on vectors fc and fci, as well as on the nature of nonuni-
formities. Similar equations can be written for all amplitudes ckl. 

Two approaches can be applied to this problem (and to many others that will 
be examined below): an approach of coupled modes and an approach of normal 
modes. In using the former, we assume that some external forces excite a certain 
mode, e.g., spin waves with wave vector fc; the coupling between this mode and 
other modes (spin waves with vectors fci) leads to the excitation of these modes. 
This results in the increase of the dissipation parameter of the primary mode: 

where u>*k corresponds to additional dissipation caused by the coupling, in our 
case, by the two-magnon processes. 

In using the second approach, of normal modes we have to pass, e.g., in equa
tions (10.50) and analogous equations for ckl, to new variables in which these 
equations in linear approximation (i.e., without the terms 2\h~ zVkC*_k) are un
coupled. These new variables correspond to the normal modes. Their dissipation 
parameters are not equal to uJ}k +u}%

tk but are close to u)®k. However, the eigenfre
quencies of the new modes lie in certain bands located near the eigenfrequencies 
of the 'old' modes (corresponding to the variables ck and c*_k), which leads to the 
broadening of resonance curves. 

Without considering any calculations, using either the first or the second ap
proach, we cite some results obtained in [458]. We point out, first of all, that the 
threshold fields, in the presence of uniformities, are not determined by the same 
expressions as in the absence of them, with the replacement of u)®k by co®k + u*k. 
The reason for this is that the pumping leads to the coupling of a certain pair of 
normal modes, the dissipation parameters of which are not equal to u®k + uj*k. 
It might appear (we have met with such a statement in some early works) that 
nonuniformities have no influence at all on the threshold of spin-wave paramet
ric excitation. This is not true: the nonuniformities lead to chaotization of the 
phases of excited spin waves, they cease to satisfy the optimal phase relations 
(Section 10.5), the coupling of spin waves with the pumping field decreases, and 
the threshold-field value increases. 

If the nonuniformities are randomly distributed over the sample and their di-

(10.50) 
fci 

urk = wr°fc + UJ*k (10.51) 
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mensions are small as compared with k ' of the parametric spin waves, then, in 
the case of u * k <C w° f c, 

_ 2LOP 

ftzthr — 

and in the case of w\k > u>®k, 

^ + ^ , l n ( 0 . 4 2 ^ 
rk 

lz thr 
_ 2<X>P 

7 ^ M 

(10 .52) 

(10 .53) 

If the scattering of spin waves occurs at the sample surface and the sample 
dimension d > A; - ' , then 

z thr 
2u>p 

In this case, taking (6.7) into account, we have 

UTk ^2d 

(10 .54) 

(10 .55) 

where lk is the spin-wave mean free path (7.27) and £ is a factor of the order of 
unity (£ = 7r for lk/d -C 1 and £ = 7 r / 2 for lk/d » 1). One can see from (10.54) 
and (10.55) that the increase of threshold, due to the scattering of parametric spin 
waves by the sample surface, is larger the larger the group velocity of spin waves. 
This can be explained by the removal of spin waves from the region of interaction: 
spin waves scatter at the sample boundary before they build up to a sufficient level 
under the action of pumping. A similar effect takes place for transverse pumping, 
too. 

In polycrystals, the dimension d is the grain size; threshold fields grow with 
its reduction. This is widely used to increase the threshold fields and, hence, to 
raise the maximal operating power of microwave ferrite devices (e.g., [51]). For 
high-quality ferrite single crystals, the considered effect manifests itself only at 
low temperatures in very small samples [277]. 

10.3.3 Oblique pumping 

If the ac field has both transverse and longitudinal components, then its threshold 
value is determined by simultaneous action of the transverse pumping by the 
ac magnetization, and of the longitudinal pumping by the z component of the 
ac field. Consider the case of an arbitrary oriented linearly polarized ac field: 

/ i ~ i = h s i n 8 k costph. c o su> pt h ^ y — hsin8k sin t p h c o soj pt 

/ i ~ z = h c o s d k c o s u p t (10 .56) 

and restrict our treatment to the first-order process in a sample without nonunifor
mities. The equations for c k and c*_k will now contain nonlinear terms that are 
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present both in (10.18) and in (10.37): 

— = ioJkCk + i (VkhcosOh + pka% + r*ka(j *) exp (iw pi) c*_k (10.57) 

where 
± _ 1 7ftsin(9 f c exp(i^ / l ) 

a0 — - — (JU.D8J 
2 w o T W p 

and rk is determined by (10.35). The threshold field can be obtained from 
equation (10.57) and the adjoint equation in the same way as for pure transverse 
or pure longitudinal pumping. According to Jakovlev [451], 

f w p 
/ithri = min< —^-AHk sin dk cos 0h 

uj0 (uH + Vk2) + w | / 2 ^ n Q ^ o f l ] - 1 j 
H r -s — sin 20^ sin 29h (10.59) 

It is assumed here that <pk = fh', in this case the threshold is the lowest, as for 
transverse pumping by a linearly polarized field (Section 10.2). 

Minimization of (10.59) with respect to k or 8k, subject to ujk = w p / 2 , yields 
the actual value of \ and the values of k and 0k of parametric spin waves. At 
HQ < Hc, spin waves with large k are excited and iheir polar angles 6k i depend on 
Oh and lie between TT/2 (for dh = 0, i.e., for longitudinal pumping) and TT/4 (for 
8h = TT/2). At Ho > Hoc(@k l)» unstable spin waves have k = 0 and polar angles 
determined, as in the case of longitudinal pumping, by formula (10.45) [the field 
Hoc(9k l) is given by (7.18)]. In the intermediate region HQ < Ho < Hoc(6k I ) , 
the values of fc, 6k i, and \ can be found only with allowance for the dependence 
of AHk on fc and 6k. 

The oblique pumping is essential for the understanding of spin-wave parametric 
excitation in the presence of domains. Let us briefly discuss this problem. The 
spectrum of magnetic oscillations in samples with domain structures can be found 
only for simple, regular structures (Section 8.2) But even for such structures, 
additional assumptions must be made to analyze the parametric excitation of spin 
waves. The main assumption is the neglect of interaction between spin waves in 
different domains. The processes in domain walls are also to be neglected, and the 
excited modes, as in all above-considered problems, must be regarded as uniform 
plane waves. 

With all the mentioned assumptions, the method similar to that used many 
times in this chapter can be applied. It is necessary, however, to allow, first, for 
the demagnetizing fields in the domains (Section 8.2). Second, we have to take 
into account that the pumping is oblique, and the angles 6h and tfh of the ac field 
with respect to the steady magnetization are different in different domains. With 
growing ac field, the instability arises first in such domains in which these angles 
provide the lowest threshold. For the off-resonance first-order process, i.e., when 
w p is equal neither to wj. nor to (Section 8.2), threshold is the lowest in domains 
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in which Ok is equal to or near zero, so that the pumping is nearly longitudinal. On 
the contrary, if LUP is equal to or near ui± or , instability occurs first in domains 
for which the pumping is transverse. 

A complete theoretical and experimental investigation of spin-wave parametric 
excitation in unsaturated samples was carried out by Pil'shchikov et al. [314, 
248]. The case of a sphere of cubic crystal magnetized along the (110) axis was 
considered, for which the linear ferromagnetic resonance was studied in detail 
(Section 8.2). The obtained data confirmed the qualitative statements cited above. 

10.4 Instability of nonuniform modes and nonuniform pumping 

It has been assumed so far in this chapter that the parametrically excited modes 
are uniform plane waves and that the pumping field is uniform. In the present 
section these assumptions will be discarded. 

10.4.1 Parametric excitation of magnetostatic oscillations and waves 

As already mentioned, the assumption that the parametrically excited modes are 
uniform plane spin waves ceases to be valid when the minimization of threshold 
field results in k values smaller than, or of the order of, the inverse dimensions 
of the sample. The modes really excited in this case must satisfy the boundary 
conditions at the sample surface. If the sample is an ellipsoid of revolution, these 
modes are Walker's modes (Section 6.3). Expansion (10.3) must be replaced, 
then, by the expansion 

where mv(r) are the normalized magnetizations of the Walker's modes and au 

are time-dependent complex quantities. 
Let us consider the case of longitudinal pumping. Then, substituting (10.60) 

and the appropriate effective fields into the equation of motion, taking into account 
the orthogonality relations (6.108), and neglecting the terms nonlinear in av, we 
get equations [345] 

Here, hz is the complex amplitude of the pumping field z , and \ v v* is the 
overlapping integral 

(10.60) 

(10.61) 

(10.62) 
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where integration is carried out over the volume of the sample and D is the 
normalization constant in (6.108). 

As in Sections 10.2 and 10.3, we leave in equations (10.61) only the terms that 
vary with frequency u>p and, hence, can lead to instability, i.e., the terms for which 
u)v< = uip—uiv. To allow for losses wereplaceu^by a;„-|-iu; ri, = u)u+i&.Ht/l(2')). 
The instability will first occur for the pair of modes v\ and v2 for which the 
threshold field is the lowest. In the same way as in Section 10.3, we obtain for 
this pair 

hzthr = min < p- : >. (10.63) 

It turns out that, for a sphere, A„, V1 ^ 0 if mode indices n and m (Section 6.3) 
satisfy the following selection rules [289]: 

n\ = n.2 m\ = — in2. (10.64) 

The degenerate instability (UIUI = w„2) is possible for modes with m = 0, e.g., 
for the mode (2,0,1). For this mode, the magnetization is elliptically polarized 
(Section 6.3), which is the necessary condition for longitudinal pumping. Us
ing (6.106) to calculate A^o.i) (2,0, t) > w e obtain 

fclto=1.25-^Afl-(j.0li). (10.65) 

The nondegenerate instability is possible, e.g., for the pair (3,1,0) and (3, —1,0); 
in this case [88] 

ft, th, = 1 . 1 4 ^ ^ A J f ( 3 i , , o ) A % > _ , , 0 ) . (10.66) 

Expressions (10.65) and (10.66) represent the lowest thresholds for longitudinal 
pumping of Walker's modes. Comparing them with (10.47), we see that (provided 
the dissipation parameters are the same) the threshold fields for magnetostatic 
modes are slightly higher than for plane spin waves. 

Selection rules for transverse pumping of the Walker modes in a sphere, in the 
case of the first-order process, are [394] 

7l\ = Tl2 TTl\ = 1 — T7L2. (10.67) 

The second of these conditions means that the sum of azimuthal indices of the 
excited modes is equal to the azimuthal index of the pumping mode (1,1,0). The 
degenerate instability cannot take place under transverse pumping. The threshold, 
in this case, is the lowest for the pair (2,0,1) and (2,1,0). It is much higher than 
the threshold for plane spin waves. 

The parametric excitation of nonexchange magnetostatic waves was first inves
tigated theoretically by Schlomann and Joseph [345] in the case of longitudinal 
pumping of waves in a circular ferrite rod magnetized along its axis. We will cite 
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some results of this theory. The selection rules are, in this case, 

kz \ = - f c z 2 rn\ — - 7 7 1 2 (10.68) 

where kz \ ^ are the wave numbers of waves propagating in opposite directions 
and m i i 2 are the azimuthal indices of these waves with opposite directions of 
polarization rotation. The degenerate instability is possible for waves with m = 0, 
which have the same frequencies for different propagation directions (Section 6.2). 
The threshold field is minimal in this case, and the expression for it is 

" z t h r = ^ AHn0. (10.69) 
(WP/2 ) -UJ2

H 

Note that (10.69) coincides with expression (10.42) for the threshold field of the 
plane-spin-wave instability at Ho > Hc. (To make sure of this, formula (10.45) 
must be taken into account.) 

Consider now the longitudinal pumping of nonexchange magnetostatic waves 
in films. As in the case of a rod, instability occurs for a pair of waves propagating 
in a film in opposite directions with the same k. For volume waves, the degenerate 
instability may take place, and then formula (10.69) holds. For surface waves in 
a tangentially magnetized film, the threshold field has approximately the form 

/ i z thr ^ , U p

 2 :AHk. (10.70) 
2\j (LOH + OJm/2) - ( W P / 2 ) 

At W P / 2 = i.e., for waves with k —> 0, the threshold field is equal to 
(iop/u>M)AHk, which is the same as follows, in this case, from (10.69). At 
W p / 2 = UJH + UJM/2, i.e., for k —» OO, the threshold field approaches infinity. For 
all intermediate k values the threshold of surface-wave instability is higher than 
for volume waves. The reason for this, as well as for the fact that hz ^ —> OO at 
k —» OO, is that the magnetization for surface waves is nonreciprocal (Section 6.2), 
which leads to the decrease of the overlapping integral with growing k. 

Without considering in detail the parametric excitation of magnetostatic waves 
under transverse pumping [259], we note only that thresholds, in this case, are 
usually higher than under longitudinal pumping and increase infinitely at k —• 0 
and at k —• OO. 

We are now able to discuss the question of what is actually excited when, from 
the theories that deal with uniform plane spin waves, there follows the excitation of 
such waves with k = 0. In the case of transverse pumping, magnetostatic modes 
have higher thresholds than plane spin waves with such k values that Suhl's theory 
is already valid, whereas the increase of AHk due to the growth of fc is still 
negligible. Such spin waves with fc ~ 10 4 are excited when Suhl's theory gives 
fc = 0. 

As for longitudinal pumping, it has been pointed out above that threshold fields 
for magnetostatic modes are approximately the same as for plane spin waves. But, 
actually, the thresholds for magnetostatic modes turn out to be higher due to the 
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influence of surface inhomogeneities, radiation damping, etc. Thus, spin waves 
with k ~ 10 4 are excited in the case of longitudinal pumping, as well, at Ho > Hc 

when Schlomann's theory gives k — 0. 
Returning to the parametric excitation of magnetostatic waves in films, consider 

now the influence of exchange interaction, which may not be neglected (Sec
tion 7.2) for sufficiently thin films, e.g., for YIG films with thickness smaller than 
several micrometers. The theory of parametric excitation of spin waves in such 
films was developed by Lukomskii and Kuz'ko [259] and by Vendik, Kalinikos, 
and Chartozizhskii [421,422]. The most interesting effect observed in this case is 
the successive excitation of waves at different branches of the spin-wave spectrum 
(Section 7.2) when frequency or steady magnetic field is continuously changing. 

Consider, e.g., the longitudinal pumping of backward volume waves in a tangen
tially magnetized film [207]. The spectrum of these waves is shown schematically 
in Figure 10.7(a). At each branch of the spectrum, threshold field decreases with 
decreasing k due to the growth of ellipticity. At large Heo, the frequency OJp/2 
lies below the bottom of the spectrum, and the first-order parametric process is 
impossible. With decreasing Heo, the entire spectrum descends; at a certain value 
of Heo = H\ the lower branch attains w p / 2 , and parametric excitation begins. 
With further decrease of Heo, the point w p / 2 moves along the lowest branch, and 
/i z thr decreases. At a field H2 [Figure 10.7(b)], the threshold point jumps onto 
the branch with n = 2, then it moves to the left along this branch, and so on. As 
n values grow, the frequency intervals between branches increase, and one can 

0.2 0.4 0.6 0.8 1.0 1.2 
/7 e 0(kOe) H2 Hx 

FIGURE 10.7 
Paramentric excitation of spin waves in a thin (0.5 //m) tangentially magnetized YIG 
film under longitudinal pumping: (a) spectrum of spin waves propagating along M», 
(b) experimental field dependence of the threshold [207] Spectrum is shown for He o = H\. 
Arrows indicate the movement of'threshold point'(o>fc == u>p/2) with decreasing Hcn- Bold 
lines correspond to the portions of the spectrum at whicti parametric excitation takes place. 
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observe the regions of hz thr separated by gaps, in which hz th r values exceed the 
ac field attainable in this experiment. Figure 10.7(b) corresponds to d = 0.5 pm; 
with the increase of film thickness the branches of the spectrum will approach 
each other, and the curve hz th r (#eo) will turn into a monotone left 'wing' of the 
butterfly curve (as in Figure 10.6). 

10.4.2 Ferrite parametric amplifier 

It is clear that pumping can result, as well, in amplification (which can be called 
parametric amplification) of oscillations or waves excited in a nonlinear medium by 
an external source. Parametric amplifiers for microwaves have been designed using 
the nonlinearity of different media: semiconductors, electron streams, etc. [256]. 
Suhl [393] (see also [394]) suggested the use of the nonlinearity of ferromagnet 
(ferrite). Three types of ferrite parametric amplifiers can be realized depending 
on what modes are used: (i) a magnetostatic amplifier when both modes are 
magnetostatic modes; (ii) an electromagnetic amplifier when both modes are 
electromagnetic eigenmodes of a resonator (or normal waves of a waveguide); 
(iii) a semistatic amplifier when one of the modes is magnetostatic and the other 
is electromagnetic. 

The pumping power required for the parametric-amplifier operation is mainly 
determined by the filling factor q of a resonator with ferrite. For a magnetostatic 
amplifier, the resonator is the ferrite sample itself and q ~ 1. For an electro
magnetic amplifier, 9 < 1. That is why the pumping power of a magnetostatic 
amplifier is the lowest, and the pumping power of an electromagnetic amplifier 
is the highest. However, a great shortcoming of a magnetostatic amplifier (char
acteristic of an electromagnetic amplifier, as well) is the parametric excitation of 
spin waves, the threshold for which, as we have seen, is lower than the threshold 
for parametric excitation of magnetostatic modes. It is usually lower than the 
threshold of parametric amplification of these modes, too. The energy of the 
excited spin waves is partially transformed, as a result of two-magnon processes, 
into energy of certain long-wavelength modes and is perceived as noise. 

The ferrite parametric amplifier realized first by Weiss [437] was an electro
magnetic one. The pumping power being as high as 20 kW, the amplifier was able 
to operate only in a pulse regime. The magnetostatic amplifier was designed by 
Denton [88]. Walker's modes (3, 1, 0) and ( 3 , - 1 , 1) of a YIG sphere with eigen
frequencies, respectively, 4.56 GHz and 4.62 GHz were used. The bandwidth of 
this amplifier was ~ 100 kHz, and the gain at central frequency was 20 dB, with 
pumping power, at frequency 9.18 GHz, of 450 mW. The noise factor exceeded 
10 dB as a result of the excitation of spin waves. 

Numerous investigations with the aim, in particular, to design a travelling-wave 
amplifier [404] or to use an open dielectric resonator [278], do not result in any 
material reduction of the noise factor. At present, the ferrite amplifier cannot 
compete with other types of microwave amplifiers, first of all, with semiconductor 
amplifiers in which the present-day transistors are used. 
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10.4.3 Nonuniform pumping 

Consider, first, the case when the pumping field is present (and has a constant 
value) only in a small part of the sample. The problem of parametric excitation 
of spin waves under such (local) pumping does not differ, in principle, from the 
problem of excitation of spin-wave with allowance for their scattering at sample 
boundaries, which was discussed in the preceding section. In both cases spin waves 
come out of action when reaching certain surfaces. Therefore, expression (10.54) 
is also valid in the case of local pumping. 

One can see from (10.54) and (10.55) that the threshold is higher the smaller the 
dimensions of the pumping region and the larger the group velocity of the excited 
waves. These dependences were verified experimentally in the case of longitudinal 
pumping using a YIG single-crystal film [281]. Uniform pumping was achieved 
by putting the film into a hollow resonator, and local pumping, by putting open 
dielectric resonators with different e (and, hence, with different dimensions) onto 
the film. The experimental data is shown in Figure 10.8. At Ho < Hc, the 
threshold field does not depend on the dimensions of the pumping region. In 
such fields, spin waves with k ~ 104—105 are excited, and their group velocity 
does not exceed ~ 10 5. At HQ > Hc, the magnetostatic waves with k < 10 3 

are excited, their group velocity (due to the influence of boundary conditions) is 
of the order of 10 6 . According to (10.54) and (10.55), the decrease of pumping-
region dimensions leads, then, to a noticeable increase of hz th r , in agreement with 
experiment. 
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2.6 2.8 3 .0 3 .2 

/Ye0(kOe) 

FIGURE 10.8 
Threshold fields for longitudinal pumping in a normally magnetized YIG film vs external 
steady field for different dimensions of the pumping region [281] . Thickness of the film is 
16 / im, pumping frequency is 9 .37 GHz, room temperature. 
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Another important case of nonuniform pumping is the excitation of spin waves 
under the action of a running wave. Assume, at first, that the pumping wave is a 
uniform plane wave with frequency uip and wave vector fcp. The excited modes are 
also uniform plane waves with frequencies ui\ 2 and wave vectors k^j- We restrict 
our treatment to the first-order process. Then, besides the condition (10.17) with 
n — 1, the condition of space synchronism 

kl+k2 = kp ( 10 .71 ) 

is to be satisfied. In corpuscular 'language', (10.71) is a condition of the im
pulse conservation, whereas (10.17) is a condition of energy conservation in each 
elementary process. 

In a way similar to the one used in deriving equations (10.13), we obtain the 
system 

DC] dc7 . . . . . 

— = \ui\c\ + P I 2 C P C 2 ~ = - I W 2 C 2 - I P , 2 C P

C I ( 10 ,72 ) 

where CP, c\, and C 2 are normal variables for the pumping wave and the excited 
waves, respectively, and p \ 2 is the coupling coefficient, which depends onwfj and 
ujm, as well as on frequencies and wave vectors of all three interacting waves. If 

^ k\,2, so that k\ = — fc2, i.e., 0\ = it — 62 = Ok and <PI = tt + <P2 = <fk, the 
coupling coefficient can be written in the form 

PI 2 = Pi2± +Pi2 | | (10.73) 

where P I 2 ± is given by (10.14) and 
LJ2 

PI 21| = s in20 p exp ( - I I / ?P) sin 2 f9fc exp (2 IV?* : ) . (10 .74 ) 

Comparing (10.72) and (10.74) with expressions (10.40) and (10.41), we see that 
the combined action of quasiuniform transverse pumping and quasiuniform longi
tudinal pumping is present in this case; the effective pumping field for longitudinal 
pumping is 

hz = -z— s in20 p exp ( - I < P P ) C P . (10.75) 

It can be shown that hz is nothing but the z component of the magnetic field (7.12) 
of the pumping wave. 

Maximization of the coupling coefficient, e.g., in the case of 0p = 45°, shows 
that, at Up > u>m/2< the first term in (10.73) dominates. Thus, the waves with 
Ok = 45° are excited (Section 10.2), and the threshold magnetization is close to 
that for uniform transverse pumping. At u>p < WA / /2 , the term P I 2 1 | dominates, 
waves with 0k = 7R/2 are excited, and the threshold magnetization differs from 
that for uniform transverse pumping by the factor 2lop/lom-

Consider now a surface wave in a tangentially magnetized film (Section 6.2). 
As the ac magnetic field of this wave has negligibly small z component, the 

file:///ui/c/
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FIGURE 10.9 
First-order parametric spin-wave excitation by a surface magnetostatic wave: (a) frequen
cies of the pumping waves (u;p) and twice the spin-wave frequencies (2u>k), (b) experimental 
threshold values of input power vs u p [168]. 

pumping is transverse. We will limit ourselves to the first-order process and 
suppose the excited modes to be uniform plane spin waves, which can be justified 
for not-too-thin films (d > 5 um for YIG). The boundaries of the region in which 
the first-order instability of such waves takes place under pumping by a surface 
magnetostatic wave are shown in Figure 10.9(a). The frequency u>m a x is the upper 
boundary of this region for the pumping wave with a given wave number kp. The 

I , , , , LO 
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FIGURE 10.10 
Dependence of threshold values of input power and magnetization on wave number of a 
pumping surface wave kv at u>p = 3.26 GHz [71]. YIG film with thickness 15.2 /xm, room 
temperature. Dashed line denotes the theoretical threshold magnetization. 



10.5 Above-threshold state 271 

lower boundary of the region is the lower frequency u>o at which the surface wave 
with given kp exists. However, between UJQ and the frequency uc, the threshold 
fields are high because only exchange spin waves with large k can be excited. 
These conclusions agree rather well with experiment [Figure 10.9(b)], 

The experimental kp dependence of the threshold power P^t at the input of a 
transducer that excites the pumping surface wave is plotted in Figure 10.10. The 
values of the pumping-wave magnetization, which were found from the threshold 
power Pthr, are shown as well. These experimental values are somewhat larger 
than the values (m+ thr)theor calculated by minimization of (10.23). The difference 
is apparently due to above-discussed effect of local pumping. As for the strong 
dependence of Pthr on kp (Figure 10.10), it is caused mainly by the change of the 
pumping-wave group velocity. 

For volume magnetostatic waves in films, the longitudinal component of an 
ac magnetic field is comparable with transverse components, and the oblique 
pumping takes place. 

10.5 Above-threshold state 

In the preceding sections of this chapter, only thresholds of spin-wave parametric 
excitation were considered, i.e., the values of an ac magnetization or field at 
which the exponential growth of spin-wave amplitudes (the spin-wave instability) 
begins. But the growth of these amplitudes cannot be unlimited, and a certain 
limiting state should exist, either a steady state (with constant amplitudes) or 
an unsteady one (characterized by periodic self-oscillations or chaotic change of 
these amplitudes). The unlimited exponential growth of spin-wave amplitudes 
was obtained because we took into account only the lowest nonlinear terms in the 
equations of motion. Now, studying the above-threshold states, we must take into 
account the higher-order nonlinear terms, too. 

The simplest reason ('mechanism') for the limitation of growth of the paramet
ric spin-wave amplitudes is that the total ac magnetization cannot, in any case, 
exceed Mo. However, we will see that the limitation usually occurs much ear
lier due to other mechanisms. At least three such mechanisms exist: reaction of 
parametric spin waves on pumping, phase mechanism, and nonlinear damping. In 
studying these mechanisms, we will limit ourselves to the case when parametric 
spin waves may be regarded as uniform plane waves and the pumping field is 
uniform. 

10.5.1 Reaction of parametric spin waves on pumping 

The energy transferred to parametric spin waves is an additional source of losses 
for the pumping. In the case of longitudinal pumping, the growth of parametric 
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FIGURE 10.11 
Graphical solution of equation (10.76) [392]. Solid lines correspond to the approxima
tion (10.77) and dashed line, to the actual dependence of u>rok on aJ5 (schematically). 
© 1957 Elsevier Science Ltd. 

spin waves leads to the decrease of the quality factor Q of the resonator in which 
the sample is placed and, hence, to the slowing down of the increase of hz with 
growing input power. However, the volume of the sample is usually much smaller 
than the resonator volume, and the decrease of Q turns out to be small. Therefore, 
this mechanism does not play any important role in the case of longitudinal 
pumping. 

For transverse pumping, this mechanism can be taken into account by intro
ducing an additional dissipation parameter w rok, so that [compare with (10.12)] 

a°0 = - . 7 * , -. (10.76) 
ui0 - w p + i ( w r 0 + xVcu) 

In the case of first-order process, the growth of parametric spin waves begins from 
a very low (thermal) level. The dependence of w,ok on af] can be approximated, 
then, as [392] 

0 at a n < « o t h r 
•*»-<«« 4 > £ • "°-77) 

Equation (10.76), allowing for (10.77), can be solved graphically as shown in 
Figure 10.11. With the growth of h, the amplitude increases linearly until h and 
dp reach their threshold values. Then the increase of a® ceases, and its threshold 
value 'freezes'. So, 

0 I < 
7fi/ (wo - w p + iw r 0 ) at h < hAt 

^ at h > ha,, 

where aothr is determined by (10.23). 
Neglecting the difference between OJQ and LOQ, we can find from (10.76) and (10.78) 
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FIGURE 10.12 
Imaginary parts of the nonlinear susceptibility vs the above-threshold ratio for the first-
order parametric spin-wave excitation under transverse pumping: (a) at resonance and 
(b) off resonance [392]. Dots represent experimental data for a tangentially magnetized 
disk of Mn ferrite at frequencies (a) 4.04 GHz and (b) ~ 9 GHz. The curves are calculated 
using (10.80). © 1957 Elsevier Science Ltd. 

the expression for the total dissipation parameter 

where ( = h / h ^ t is the above-threshold ratio. To calculate the components of the 
nonlinear susceptibility tensor we must substitute the dissipation parameter (10.79) 
into the expressions for susceptibility components cited in Section 1.5. We obtain, 
then, e.g., 

where \ + a n d x'+ n ^ imaginary parts of the linear and the nonlinear right-hand 
circular susceptibilities. The calculated dependences of the ratio (10.80) on C and 
the corresponding experimental data are shown in Figure 10.12. The disagreement 
between experimental data and the calculated curve in Figure 10.12(b) is due to 
another mechanism of spin-wave amplitude limiting, the phase mechanism, which 
will be discussed below. 

Consider now, following Suhl [395], the steady state above the second-order-

instability threshold. This case differs from the above-considered one in that now 
the potentially unstable spin waves (with Uk = w p ) are excited, as well, due to 
the process of t w o - m a g n o n scattering (already discussed in Section 10.3). This 
process also results in additional excitation of the pumping mode by the parametric 
spin waves. To allow for these processes we have to add, in equations (10.24) 
and (10.5), the terms similar to those that have been inserted, with the same 
purpose, in equation (10.50); the term v^o^o should be added in (10.24) and the 

(10.79) 

(10.80) 
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FIGURE 10.13 
Influence of two-magnon scattering on the nonlinear susceptibility for the second-order 
parametric spin-wave excitation [395]. 

t e r m Efc^o^OfcCjfc , in (10.5). 
It is necessary, then, to make the replacements WQ —• OJQ + ioj°0 and —• 

u>k + iw°fc where u®0 and uj®k are the dissipation parameters without allowing for 
two-magnon scattering. Assuming that ui°k, VQ K, and vk o do not depend on A;, we 
obtain at resonance (w p = u>o) 

a L s = : — ^ T n - (10-81) 
v 4 l - ' / 2 ' 

"rO"' " * " ' " + [ l ~ K r e s K . h r ) ' 

One can see from this expression that the effective dissipation parameter of the 
pumping mode infinitely increases when a^ r e s approaches a ^ . Hence, aQ r e s 

reaches only in the limit of h —» oo. However, a 'threshold' field can be 
formally defined as / i ^ r e f = a ^ M o / V I res (where X+K& i s t n e linear suscepti
bility), and the above-threshold ratio can be also defined as before: £ = h/h±re{. 
Then, the equation 

1 +s 
77 = (10 .82 ) 

1 + 5 ( 1 - 7 7 V C 4 ) ' 

where 77 = x + n r e s / x + r e s a n d s = wr"o/-ro> follows from (10.81). The curves 
T)(() for different values of s, calculated by solving this equation, are plotted 
in Figure 10.13. One can see that the threshold of the second-order spin wave 
instability is 'smeared out' stronger the larger the contribution of two-magnon 
scattering to the dissipation parameter. 

10.5.2 Phase mechanism 

The phase mechanism of limiting of parametric-spin-wave growth above thresh
old was suggested by Zakharov, L'vov, and Starobinets [459] (see also [265]). 

http://l~KresK.hr)'
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This mechanism consists in the change of the phase shift between pumping and 
parametric spin waves, which leads to the decrease of coupling between them with 
the growth of the pumping field. The phase mechanism plays the most important 
role for longitudinal pumping, and in discussing it we will restrict ourselves to 
this case. 

To analyze the phase mechanism the following third-order terms must be in
serted in equation (10.40) and the adjoint equation: 

2\'^>2lTk klckcklc*kl +iY2skklc*_kCk]C-kl. (10.83) 
fc, k\ 

Then, these equations turn into the equation 

"d / u>p\ 

and the adjoint one where 

u>k =tok + 2 J2Tk kM2 (10.85) 
fc, 

cl - iPkC°_*k = 0 (10.84) 

Pk = hzVk + £ s * f c l c 2 , c ° t l . (10.86) 
fc, 

Comparing (10.84) with (10.40), we see that the added terms result first in 
the change of spin-wave eigenfrequencies and second, in the 'renormalization' of 
pumping, i.e., in the replacement of the external pumping hzVk by the effective 
pumping Pk. It can be shown that, above the threshold, 

(10.87) 

According to [459], we introduce new variables nk and ipk defined by the 
following relations (note that \ck\ = | c - f c | ) : 

c0

kc°_k = | c ° | 2 e x p ( i & + = 2 ^ n * e x p ( t y t ) . (10.88) 
M o 

The quantity nk characterizes the intensity of parametric spin waves with wave 
vectors fc and — fc and is equal to the number of corresponding magnons. The 
quantity ipk is the sum of phases of spin waves with fc and with —fc. It should 
be emphasized that only the sum of these phases is determinable, the difference 
of them is arbitrary. This means that parametric spin waves are only partially 
coherent. 

The new variables satisfy the equations following from (10.84): 

^~ = 2nk {-ulk + I m [P;exp(i^fc)]} (10.89) 

^ = 2 [cok - ^ + Re [Pfc* exp(h/>fc)] } . (10.90) 
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It can be shown, using these equations, that, in a steady state above threshold, only 
spin waves with a certain pair fc and —fc of wave vectors (for which the threshold 
is the lowest and, hence, u>k = w p / 2 ) do exist. The solution of (10.89) and (10.90) 
for these waves has the form [459] 

(10.91) 

(10.92) 

(10.93) 

One can see from (10.91) that ip — ir/2 at threshold (hzV = ujlk), which is the 
optimum condition for energy transfer from pumping to parametric spin waves. 
With the growth of hz this phase relation gets broken, and ip approaches IT at 
hz —> o o . 

With the use of (10.91)-( 10.93), the z component of uniform ac magnetization 
mz and the nonlinear susceptibility Xzn = mz/hz = x'zn — l X z n

c a n be calculated: 

MoV^C^l „ = M , ^ v 5 E l ( 1 0 9 4 ) 

These expressions are in rather good agreement with experimental data by Zautkin 
et al. [460] at £ < £2 — 7 (Figure 10.14), which shows the dominant role of 
the phase mechanism for longitudinal pumping, in any case, if C < C2- The 
phase mechanism operates for transverse pumping as well, especially for the 
off-resonance first-order process. This mechanism is responsible, e.g., for the 
deviation of experimental points in Figure 10.12(b) from the calculated curve. 

10.5.3 Nonlinear damping 

The mechanism of nonlinear damping is caused by the dependence of ojr k on the 
parametric-spin-wave amplitudes. The most prominent example is the contribu
tion of the elementary confluence process of two parametric magnons. This effect 
was studied by Gottlieb and Suhl [148]. The contribution of it to ojrk is positive 
and proportional to the number of parametric magnons. This process is allowed 
by the conditions of energy and impulse conversation if HQ < H^CN where 

# 3 C N = HQC(6k) - ^ ( ^ t ^ + u ; 2 , sin4c? f c - yJu>2 + uj2

M s i n 4 0 f c ) (10.95) 

[H0c(ek)is given by (7.18)]. 
Three-magnon processes with participation of only one parametric magnon 

can also contribute to nonlinear damping because, at large numbers of parametric 
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FIGURE 10.14 
Dependences of real and imaginary parts of nonlinear susceptibility on the above-threshold 
ratio for longitudinal pumping [460] . Dashed curves are calculated with (10 .94) , solid 
curves are calculated al lowing for the excitation of the second group of spin waves (see 
below); the starting point of this excitation is denoted by an arrow. Circles correspond 
to experimental data for YIG sphere at frequency 9.4 GHz, room temperature, and H o = 
H c - 1 0 0 O e ( i J „ || (111) ) . 

magnons, the numbers of thermal magnons begin to differ from their equilibrium 
values. It is easy to make sure that the nonlinear contribution of such confluence 
process is negative, and the contribution of a splitting process is positive, and both 
are proportional to the number of parametric magnons. In the case of longitudinal 
pumping in a sphere (9k = 7r/2), as L'vov and Fal'kovich have shown [264], the 
former contribution exists at HQ < H-}C where 

The combined action of phase mechanism and nonlinear damping can be ex
amined, in the case of longitudinal pumping, if we assume, in equation (10.88), 
that u>Tk = toTk o + LOTko where w r fcn is the contribution of nonlinear damping. 
The nonlinear susceptibilities above threshold calculated in this way are shown 
in Figure 10.15. One can see that, at small £, positive nonlinear damping leads 
to the decrease, and the negative one leads to the increase of \ " n . Such behav
ior is confirmed by experimental data presented in Figure 10.16. The signs of 

(10 .96) 

and the latter, at HQ < s where 

( 1 0 . 9 7 ) 
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FIGURE 10.15 
Influence of the nonlinear damping on the £ dependences of the nonlinear susceptibility for 
longitudinal pumping [459]. 
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FIGURE 10.16 
Field dependence of the nonlinear susceptibility for longitudinal pumping [275]. YIG 
sphere, H0 || (100), fp = 9.37 GHz, room temperature, < = 1 dB. The fields H^s, H^Qn, 
and H^. are calculated with formulae (10.95M10.9"7) with an anisotropy field 2 | i / A i | 
added. 

x " „ quick changes and the experimental steady-field values at which they occur 
(after a correction for the magnetocrystalline anisotropy) agree with theoretical 
values (10.95)-(10.97). At sufficiently large C the opposite effect takes place 
(Figure 10.15). Besides, one can see from Figure 10.15 that negative nonlinear 
damping results in hysteresis or 'hard' excitation of parametric spin waves. 
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10.5.4 Stability of the above-threshold state 

It must be pointed out, first of all, that a distinction needs to be drawn between the 
external stability (relative to the birth of other groups of parametric spin waves) 
and the internal stability (relative to small changes of the amplitude and phase of 
the primary group). 

For longitudinal pumping, the primary group has 9kl = 7 r / 2 and amplitude and 
phase determined by (10.89) and (10.90). This state remains stable relative to 
the creation of another group of spin waves (external stability) until the effective 
pumping (10.86) for the new group reaches the value of u>r k . Using this condition, 
it was found [459] that, in an isotropic ferromagnet, the external stability retains 
up to £ = 3.5. Then the spin-wave group, with Hik = ^p /2 , as before, and 
6k2 = 50°, is excited. Experiment [238] has shown the occurrence of a new group 
with 9k2 — 4 5 - 5 0 ° but at larger £ value, of the order 10-20. The distinction is, 
evidently, due to the dependence of uiTk on # f c. With further increase of £, new 
groups of spin waves with Cjk = u>p/2 are excited. 

To examine the internal stability we must add a small deviation a to the spin-
wave amplitude and, using equation (10.84), see whether a will grow or damp 
out with time. If the internal stability does not take place, the collective self-
oscillations, uniform or nonuniform, of amplitudes and phases of parametric 
spin waves occur (see review articles [265, 327]). They manifest themselves as 
oscillations of magnetization, and hence, of the power absorbed by the sample. 
The frequencies of the oscillations usually lie in the range from tens of kilohertzes 
to tens of megahertzes. At small £, their shape is near sinusoidal, at larger £, it 
differs essentially from sinusoidal, and at still larger, it becomes chaotic [327]. 

Calculation performed for longitudinal pumping in a cubic ferromagnet [459] 
showed that under assumed conditions (YIG, frequency of 9 GHz, room temper
ature), the internal stability (relative to uniform deviations) takes place for Mo 
directed along (100) axis and does not for Mo || (111). This is in agreement 
with the experimental fact (see, e.g., [256]) that, in YIG under the mentioned 
conditions, self-oscillations are observed for M 0 || (111) and are not observed if 
Mo || (100). 

10.5.5 Nonlinear microwave ferrite devices 

Let us discuss briefly the practical significance of the nonlinear phenomena con
sidered in the present chapter. First, the parametric excitation of spin waves 
restricts the dynamic range of linear ferrite devices, which are widely used in 
microwave systems and are starting to be used in optical systems, too. Serious ef
forts have been made to increase the thresholds of parametric spin-wave excitation 
in materials intended for use at high microwave power levels. One of the ways, 
which consists in decreasing the grain dimensions of polycrystalline ferrites, was 
mentioned in Section 10.4. 

Second, as has also been mentioned, the measurement of parametric spin-
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FIGURE 10.17 
Ferrite small-signal suppressor using a surface magnetostatic wave [6]. Thickness of the 
YIG film is 26.6 pm, Hc0 = 425 Oe. 

wave excitation thresholds, especially with longitudinal pumping, is a common 
technique for determining the dissipation parameters of ferrite materials. 

And finally, the above-threshold phenomena, studied in the present section, 
are applied for designing nonlinear ferrite devices. One of such devices is the 
power limiter, e.g., a nonlinear quadripole the output power of which remains 
approximately constant in a certain range of input power. Such a device is needed, 
e.g., to protect the input circuit of a microwave receiver against overloads. 

To develop a microwave power limiter the off-resonance first-order process of 
spin-wave parametric excitation with transverse or longitudinal pumping can be 
used. The ferrite sample in a resonator or waveguide, being far from ferromagnetic 
resonance, practically does not absorb electromagnetic power below the threshold, 
so that the losses at low signal level are small. Above the threshold, the losses 
increase due to the parametric excitation of spin waves. Because of the above-
discussed 'freezing' of pumping amplitude in the first-order process, the output 
power remains approximately constant in a rather broad dynamic range. 

Another type of ferrite power limiter uses the parametric excitation at ferromag
netic resonance and therefore has (if the first-order process is applied) much lower 
threshold power. The ferrite sample in this device reradiates microwave power 
into an 'orthogonal' (i.e., uncoupled in the absence of ferrite) waveguide. It was 
shown in Section 5.4 that the losses of such a device, a ferrite band-pass filter, are 
small at low power level. At high power level, above the threshold, the pumping 
amplitude 'freezes', and the losses increase. The threshold input power of such a 
filter-limiter, using the first-order process, is as small as several microwatts, and 
the dynamic range can be 20-40 dB. However, the first-order process is possible 
only at low frequencies, e.g., lower than ~ 3 GHz for YIG at room temperature. 
At higher frequencies the second-order process must be used, and the threshold 
power substantially increases. 
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It was pointed out in Section 5.4 that a ferrite band-stop filter can be made, 
as well. Its simplest design is again a waveguide with a ferrite sample but at 
ferromagnetic resonance. Such a device operates as a small-signal suppressor: at 
input-power level lower than the threshold of spin-wave parametric excitation, the 
losses are high, and above the threshold, the losses decrease because the absorbed 
power is being limited. The threshold is low and the decrease of losses at high 
power level is essential if the first-order process of parametric excitation is used. 

The frequency band of the ferrite small-signal suppressor can be materially 
enlarged when, instead of ferromagnetic resonance in a sample, a magnetostatic 
wave in a film is excited. It is expedient to use the surface wave in a tangentially 
magnetized film (Section 6.2) and, of course, the first-order process. Such a 
device [6] was suggested by Adam and called the 'signal-to-noise ratio enhancer'. 
Its design and characteristics are shown in Figure 10.17. 





Spin-spin relaxation 

11.1 Relaxation processes in magnetically ordered substances 

The dissipation of energy of magnetic oscillations and waves was treated in the 
preceding chapters only phenomenologically. Now we begin to study the physical 
processes that determine the relaxation. This chapter and, to a large extent, 
Chapters 12,13, and 14 will be devoted to this problem. 

The relaxation processes move a system to the state of thermodynamical equi
librium. If the forces that had removed it from this state stopped their action, 
the relaxation processes bring the system to equilibrium. We are interested in the 
case when in nonequilibrium state there exist one or more modes with amplitudes 
exceeding their equilibrium values. Then, after the external forces that had ex
cited these modes stop their action, the energy they had passed to these modes is 
redistributed between all eigenmodes. The relaxation processes determine, in this 
case, the rate of the decrease of the nonequilibrium mode amplitudes. 

However, if the external forces excite some modes continuously, the equilib
rium state, of course, will not be reached. The system will remain in a steady 
nonequilibrium state, in which the amplitudes of the modes excited by the external 
forces, as well as of some other modes strongly coupled with them, will exceed 
the equilibrium levels. The relaxation processes now perform the steady energy 
flow from the modes excited by external forces and determine the dissipative pa
rameters of the system for forced oscillations, i.e., the anti-Hermitian parts of the 
sucseptibility tensor components (Section 4.4). 

11.1.1 Kinds of relaxation processes 

The system we are interested in is the magnetic system of a magnetically ordered 
substance. Its eigenmodes are the uniform and nonuniform oscillations and spin 
waves (or magnons, in terms of corpuscular theory), which were studied in detail 
above. Some relaxation processes result in the redistribution of energy between the 
modes of the magnetic system, i.e., in the destruction of magnons excited by the 
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FIGURE 11.1 
Flows of energy in magnetically ordered substances. 

external fields and creation of other magnons. Such processes are called spin-spin 
relaxation processes. They can be subdivided into inherent spin-spin processes, 
which are characteristic of ideal crystals, and processes caused by defects. The 
latter can be regarded as scattering of magnons by defects. 

The electronic magnetic system 1 is coupled with other systems of the magnet
ically ordered substance: lattice, free charge carriers, nuclear magnetic system. 
Therefore, the relaxation processes exist which carry the energy from magnetic 
system to other systems. In most cases the energy is transferred finally to the 
lattice that results in heating it (i.e., in the creation of phonons, in terms of cor
puscular theory). Therefore, all relaxation processes that result in the flow of 
energy from the magnetic system are called often spin-lattice processes. They 
are subdivided into direct and indirect spin-lattice processes. The first are such 
in which magnons are destructed and, simultaneously, phonons are created. In 
indirect processes energy is transferred into lattice through some other systems. 

The concepts of spin-spin and spin-lattice relaxations were introduced first in 
the theory of paramagnetic relaxation [68]. In magnetically ordered substances, in 
which the eigenoscillations are collective modes, these concepts differ essentially 
from those in paramagnets. In particular, in magnetically ordered substances, 
as distinct from paramagnets, the relaxation rates of longitudinal and transverse 
magnetization components are nearly the same and are determined by both the 
spin-spin and spin-lattice processes [17]. 

In Figure 11.1 the energy flows are shown which arise in the magnetic system 
of a ferromagnet and between this system and other systems in a stationary regime 
when an electromagnetic field excites the uniform mode of magnetic oscillations 
(k = 0 magnons). 

We deal with this system all the time omitting the word electronic'. 
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11.1.2 Methods of theoretical study 

The relaxation processes in magnetically ordered substances were first studied 
theoretically by Akhiezer [10]. Since then a lot of works have been devoted 
to this problem (e.g., monographs and reviews [171, 376, 14]). Two methods 
were mostly used: the method of coupled equations of motion and the method of 
transition probabilities (or kinetic equations). 

The method of coupled equations of motion 2 is based on the fact that relaxation 
processes are caused by the interaction of different modes. The allowance for this 
interaction leads to coupling of the equations of motion of the modes. It results in 
the energy transfer from one mode to the other, i.e., in the relaxation. 

The method of transition probabilities is based on the fact that relaxation pro
cesses are the transitions of the system from one state into another, and the 
quantum-mechanical time-dependent perturbation theory (e.g., [243, 336]) can be 
used to calculate the probabilities of these transitions. It has been shown [66] that 
this method gives the same results as the method of coupled equations of motion. 

More powerful theoretical techniques were used later to study the relaxation 
processes in ferro- and ferrimagnets, in particular, the method of Green func
tions [412]. We will use only the transition probability method, as the most 
simple, universal, and illuminative. 

According to the time-dependent quantum-mechanical perturbation theory [243], 
the number of transitions per unit time from the state I into the state m under the 
action of time-independent perturbation is 

wlm = Y\{m\Hp\l)\26(el-em) (11 .1) 

where (m\Ttp\l) is the matrix element of the perturbation energy operator 7ip for 
transition between states / and m, ei and em are the eigenvalues of energy in these 
states, and 6(x) is the Dirac delta function (Appendix C). 

Employing the transition-probability method to study the relaxation processes, 
we have to pass to the secondary-quantization representation (Section 7.4), in 
which the transitions from one state to another are the changes of the numbers of 
quasiparticles: magnons, phonon, etc. The energy operator (Hamiltonian) of the 
magnetic system can be written in this representation in the form 

n = u0 + n2 + np 01.2) 

where 7i2 is the quadratic Hamiltonian that, in the case of the Heisenberg model, 
was considered in Section 7.4, and Tip contains terms of higher order in operators 
a\\ and dk-

This method was widely used in Chapter 10. 
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In an ideal (perfectly periodic) crystal the operator Hp has the form 3 [214, 14] 

W P = Yl ]C ^ l ^ a i o j a ^ " A ( f c i - k2 - fc3) 
1 2 3 

+ ^ 3 ^ ^ ^ * i , 2 3 4 a i a f a^"a^ A(fc] - fc2 - fc3 - **) 
1 2 3 4 

+ ^ * i 2 , 3 4 a i a 2 a 3 " a | A(fci + k2 - k3 - k4) 
1 2 3 4 

+ higher terms + H.c. (11 .3) 

Here, ^ 1 , 2 3 , ^ 1 , 2 3 4 , and ^ 1 2 , 3 4 are certain complex quantities, A is the Kronecker 
delta symbol (Appendix C), and H.c. denotes Hermitian conjugate terms. It should 
be noted that a £ and &k are conjugate operators, and the sequence of operators 
changes to opposite when conjugating. 

Each term of the Hamiltonian (11.3) contributes only to the matrix element 
{m\Hp\l) that corresponds to the transition from state I to state m; in this transition 
the numbers of quasiparticles whose creation operators appear in the considered 
term increase by 1, and the numbers of quasiparticles whose annihilation operators 
appear in this term decrease by 1. For example, the term a\a2a^ gives such a 
matrix element that n\ decreases, and n2 and 713 increase by 1. This matrix 
element has the form [84] 

(ni - l , n 2 + l , n 3 + \\Hv\n\,n2,n-±) 

= \/nx{n2 + l ) ( n 3 + l)*i , 2 ?A(fci - k2 - fc3). (11 .4) 

The Hermitian conjugate term gives the matrix element 

(ni + l,n2 - l , n 3 - l | W p | n i , n 2 , rc3) = \/(ni + l)n2n3»Ii':|' 2 3 A(fci - k 2 - fc3). 
(11 .5) 

Thus, each term of the perturbation Hamiltonian Hp (and hence the associated 
matrix element) corresponds to a certain elementary process, and the Hermitian 
conjugate term corresponds to a reverse process. For example, the term oi&J03" 
and the matrix element (11.4) correspond to an elementary process of splitting of 
a magnon into two magnons, and the term a 3 0 2 a t " corresponds to an elementary 
process of confluence of two magnons. The term a\a2a^a'l corresponds to an 
elementary process of scattering, in which two magnons are annihilated and two 
others are created. 4 

The presence of the delta function in (11.1) results in conservation of energy, 
and the delta-symbols in (11.3), (11.4), or (11.5) lead to momentum conservation 
in each elementary process. The momentum conservation, as distinct from energy 
conservation, is a consequence of the ideality of the crystal and does not take 

3Here and below the indices 1, 2, 3, . . . denote fci, ki, kj, .... 
4 These elementary processes were already considered in Chapter 10. 
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place (in each elementary process) for such perturbations that make the crystal 
non-ideal. 

We are usually interested in the rate of change of the numbers of quasiparticles 
with given £\ and k\ due to the elementary process of a certain type. We must 
then sum the probabilities (11.1) over allowed values of all other quasiparticles 
that take part in this process. The elementary processes both direct and reverse 
must be taken into account. Then we obtain such expressions as 

| E E - [ - K ™ ' W ' > | 2 + | (m"|W P | / "> | 2 ] 6(ei - em). (11.6) 

Here, V and m ' denote, respectively, the initial and the final states for direct 
processes, and I" and m" denote such states for reverse processes. The expression 
(11.6) is a kinetic equation for the number n\. Its right side is called the collision 
sum (or the collision integral if we pass from the summation over fc values to the 
integration over fc spaces). 

The existence of delta functions in (11.6) and delta symbols in the expressions 
for matrix elements restricts the regions in fc spaces over which (after exclusion 
of the delta function and delta symbols) integration should really be carried out. 
For example, in the case of a three-particle process the integration will be carried 
out over a surface in one of spaces fc2 or fc3. 

Not only n\ but also numbers n 2 , 7 1 3 , . . . of other quasiparticles appear in the 
right side of (11.6). They, in their turn, depend on the rates of all processes in 
which these quasiparticles take part, and kinetic equations for them must be also 
written. Thus, we get a chain of more and more complicated kinetic equations. 

The matter is materially simplified if we assume that all numbers 7 1 2 , 7 1 3 , . . . 

except 7 i ] do not differ from their equilibrium values 7 I 2 , 7 1 3 , . . . . This assumption, 
as it was mentioned in Section 10.5, is valid only for small numbers n\. It is 
satisfied in the theory of linear relaxation considered in this chapter. Magnons 
may be regarded as Bose particles (Sections 7.3, 7.4), and their 77.2,713, • • • (as 
well as rTi) values can be obtained from (7.78). Then, the kinetic equation (11.6) 
will contain only one unknown n\. This equation, as it will be shown by some 
examples below, can be always represented in the form 

^ 7 - = - 2 w n ( n , - r l , ) (11.7) 
dr 

where u>r 1 does not depend on n\. The quantity u)r 1 is the frequency of relaxation 
of the number n\ to its equilibrium value fi\ due to elementary processes of the 
considered type. The reverse quantity rr\ = l / ( 2w r i ) is the relaxation time. 
As the numbers of magnons are proportional to the squared amplitudes of the ac 
magnetization components, ui, \ is the relaxation frequency of these amplitudes. 
It represents a contribution of the considered processes to the phenomenological 
dissipation parameter OJT (Section 1.4). 

Experiment yields directly only the entire parameter OJT. To draw conclusions 
concerning the contributions of different relaxation processes to this parameter 
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we have to compare the experimental u>T temperature or other dependences with 
theoretical predictions, or to perform experiments i n such conditions that stimulate 
one or the other process. 

11.2 Inherent spin-spin processes 

The inherent spin-spin relaxation processes are caused by elementary processes 
in which three, four, or more magnons take part. The probabilities of such 
processes are, in general, greater the less the number of magnons taking part 
in one elementary process. However, the three-magnon processes cannot be 
caused by the strongest, exchange interaction. The reason for this is that in these 
processes the number of magnons, and consequently, according to (7.72), the 
Mz value are not conserved; whereas the exchange Hamiltonian commutes with 
Mz, and therefore, the Mz value must be conserved in processes resulting from 
exchange interaction. The four-magnon scattering process, in which two magnons 
are annihilated and two are created, can be caused by the exchange interaction. 
Therefore, the probability of this process can be comparable with and, in some 
cases, as we shall see, even higher than the probabi lity of the three-magnon process 
caused by the weaker, dipole-dipole interaction. 

Three-magnon relaxation processes were first studied theoretically by Akhie-
zer [10] and then by Kaganov and Tsukernik [1°9], Akhiezer, Baryakhtar, and 
Peletminskii [15], Sparks, Loudon, and Kittel [378], Schlomann [344], and many 
others. 

The factor ^ 1 , 2 3 in (11.3) and (11.4) caused by the dipole-dipole interaction in 
the long-wavelength approximation and without account for the third Holstein-
Primakoff transformation (Section 7.4) has the following form [10]: 

* i , 2 3 = - n y ^ i l h ) [ s in2t9 2 exp(- i^ 2 ) 4 -s in2(9 3 exp( - i^ 3 ) ] • (11.8) 

Here, V is the volume of the sample (that will be canceled afterwards), # 2 , 3 and 
<P2,3 are the angles of k2 and k^ vectors. 

Two kinds of three-magnon relaxation processes are to be distinguished: split
ting and confluence. They are based on the same elementary processes (Ta
ble 11.1). But for the splitting, the elementary splitting processes are the direct 
processes (leading to the decrease of the number of magnons of which the relax
ation is examined) and the elementary confluence processes are the reverse pro
cesses. For the confluence, on the contrary, the elementary confluence processes 
are the direct processes and the elementary splitting processes are the reverse ones. 
This distinction, as we shall see, leads to essentially different ranges of existence 
of the processes and different contributions to the dissipation parameter. 
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TABLE 1 1 . 1 
Elementary processes in three-magnon relaxation processes. 

Elementary processes" 

Relaxation processes direct reverse 

Splitting 
k2~~~~y— 

— « ^ * 3 

* 3 ^ 

Confluence 1 ^ k 2 

a Magnons of which the relaxation is considered are denoted by thick arrows. 

11.2.1 Three-magnon splitting 

According to (11.6) we can write for the splitting process: 

= X 2 ~ X X [ ~ K n i ~ ^ " - 2 + l , n 3 + l | ^ 3 d | n i , W 2 , n 3 ) | 2 

2 3 

+ |(ni + I , n 2 - l , n 3 - l | 7 i 3 d | n i , n 2 , n 3 } | 2 j 6(hwi - hw2 - nuJ-i). 
(11 .9) 

The factor 1 / 2 is inserted before the sum because the same states \n\, n 2 , n 3 ) and 
\n\, 7 i 3 , 7 1 2 ) enter the sum twice. The matrix elements in (11.9) are obtained from 
(11.4) and (11.5) by substituting the sum # 1 , 2 3 + ^ 1 , 3 2 for * i , 2 3 - The reason for 
this is that both terms aia^a^ and d i a ^ d j (for the direct processes) or d ^ a j 1 -

and d2a,T,al (for the reverse processes) contribute to these matrix elements. And 
as * i , 2 3 = ^ 1 , 3 2 . the kinetic equation takes the form 

d / l l 47T > r - , 2 r / i \ l 
-jr = - — 2 ^ 2 ^ I * 1 - 2 3 ' F i ( n 2 + 7 i 3 + 1) - n2ri3\ 

2 3 

xA(fci - k2 - k3)6(hu>i - Hlo2 - (11 .10) 

Assuming now that the numbers 712 and n 3 are equal to their equilibrium values 
and taking into account that dn\/dt = 0 if n\ = nj , we make sure that (11.10) 
may be written in the form (11.7) and obtain 

W r l = T" X X I * i , 2 3 | 2 ( « 2 + n3 + l)A(fci - k2 - k3)6(fkoi - k w 2 - fno3). 2 3 
(11 .11) 

The existence of A(k\ — k2 — fc3) in (11.11) implies that the summation should 
be carried out over the values of one of the vectors fc2 and fc3, and the relation 
fc3 = k\ — k2 must be taken into account in writing * 1,2:3 and the delta function. 

Passing then, as in the calculation of M(T) in Section 7.3, to the integration 
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over the k2 space, we get 

x6(hjjj\ - h\02 - hw^)k\SM02DK2D62DIP2 (U.12) 

where 82 and <p2 are the angles of the vector £ 2 , and the limits of integration over 
K2 are determined by the energy and momentum conservation laws. 

The existence of the delta function in (11.12) results in the integration over a 
surface in &2 space. Usually it is reasonable to pass from the delta function of 
the energy difference to the delta function of a coordinate in k2 space, e.g., to 62. 
Then the integration over this coordinate can be eliminated using the properties of 
the delta function (Appendix C). 

The calculations with formula (11.12) demand, in general, the use of computers. 
Analytical expressions can be derived in high-temperature approximation 

K T > nwi,Rw 2 ,nw 3 , . . . (11.13) 

Then, 712,3 — ^T/(HUJ2^), and formula (11.12), with regard to (11.8), takes 
the form 

(AHkhs - * * i 
T 

= - 7 2 / c T w i M r / F / 2 7 r | s i n 2 0 2 e x p ( - i ^ 2 ) + s i n 2 0 3 e x p ( - i ^ ) „/ r n. 
JK2J02=0 J(p2=0 

4 7 * 2 ^ 2 = 0 ^ 2 = 0 w 2 ( w i - w 2 ) 

X6(OJ\ -0J2- u^)k\ sinr/^dA^dc^d^- (U.14) 

The given frequency UJ\ is the largest for the splitting process. Thus, the condition 
(11.13) reduces to KT 3> hu\, which holds in the microwave range even at the 
liquid-helium temperature. 

Sometimes the high-frequency approximation 

071,072, W 3 , • • • > 747rMo = UJM (11.15) 

can be used. Then, we can employ the approximate spin-wave dispersion ex
pression (7.14) and, as in deriving (11.14), ignore the third Holstein-Primakoff 
transformation. 

For the splitting of the uniform mode (fci = 0,07i = UJO) it follows from the 
conservation laws that fc3 = —fc2 and u>3 = u>: = u;o/2. The latter relation 
holds only if u>o/2 lies over the lower boundary of the spin-wave spectrum. The 
condition for this, in the case of a spheroid, is 

O7 0 < 27/VxMo (11.16) 

where N± is the demagnetization factor in the direction normal to the axis of 
revolution. For a sphere, it follows from (11.16) that UJQ < 2UJM/?>- This 
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relation coincides with the condition (6.10) for the passage of LOQ through the 
upper boundary of the non-exchange spin-wave spectrum. 

A rather simple analytical expression for the contribution of three-magnon 
splitting to the dissipation parameter of the uniform mode can be found only in 
the high-frequency approximation (11.15), which contradicts condition (11.16). 
Therefore, this expression can be used only for a very rough estimate, which gives 
(AH)3s ~ 0.03 Oe for YIG at 2.5 GHz. 

The main method used in experimental investigation of spin-wave relaxation 
in ferrites is the measurement of the thresholds of parametric excitation of spin 
waves, especially under the longitudinal (parallel) pumping (Section 10.3). In 
this case, in certain limits of the constant magnetic field Ho, the magnons with 
6k = TT/2 and k depending on Ho are excited. Let us consider the contribution of 
the three-magnon splitting to the relaxation of such magnons. 

It was shown by Lamaire, Le Gall, and Dormann [239] that there are two regions 
of to\ and fci in which the three-magnon splitting of magnons with 6k — 7r /2 is 
allowed by the conservation laws (Figure 11.2). In the first region, u>\ < oj\o = 
2WM / 3 and k\ does not exceed ki(u>i) [Figure 11.2(a)]. Magnons with small 
#2,3 are created in this region [Figure 11.2(b)]. The second region exists at all 
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FIGURE 11.3 
Contributions of inherent spin-spin relaxation processes to the dissipation parameter of 
7r/2 magnons in YIG at room temperature [378]. Ho = 1.5 kOe, frequency changes as k 
is varied, according to the magnon dispersion law. 

frequencies but in very narrow ranges of fci: from fcn to the limiting value fcc, 
which is determined (in an isotropic case) by the condition HQ = 0, i.e., actually, 
by the rise of domains. Magnons with #2,3 equal to or near ir/2 are created in this 
region. Taking into account that u>2 = W3 always at the boundary of the region 
and assuming 62 = #3 = TT/2, we get 

For YIG at room temperature and f\ = LU\/2IT = 4.5 GHz (i.e., the pumping 
frequency / p = 9 GHz), fcn = 4.06 x 10 5 and fcc ••••= 4.28 x 10 5 . 

The contribution of three-magnon splitting to AHk of the 7r /2 magnons calcu
lated [378] in high-temperature and high-frequency approximations at fixed HQ 
and varying frequency is shown in Figure 11.3. However, in parallel-pumping 
experiments usually ui\ = const and HQ is varied. Then, as one can see from 
Figure 11.2, the splitting process also begins at some fci value but, contrary to 
Figure 11.3, exists only in very narrow fci and, hence, HQ ranges. 

11.2.2 Three-magnon confluence 

The kinetic equation (11.1) for the three-magnon confluence process takes the 
form 

(11.17) 

+ | ( m + l , n 2 + 1,713 - 1 | W 3 d | « i , " 2 , n 3 ) | 2 ] 

X 6(hh)\ + hu>2 — h\o-i). (11.18) 
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The factor 1/2 before the sum is absent here because the states \n\, 712,713) and 
In\, n 3 , ni) are not equivalent. Writing the matrix elements in (11.18) analogously 
to (11.4) and (11.5), replacing n2 and 713 by their equilibrium values, and passing, 
as in the case of splitting, to the integration in the A;2-space, we obtain 

(w r i ) 3 c - II / | * 3 , i 2 | 2 ( r l 2 - r l 3 ) 

Jk2 Jff2=0 Jtfi2=0 2TT2H2 JKL Jg2=Q JV2=Q 
x6(u>i + ^ 2 - u>3)kl sm02dk2d02dv2- ( H > 9 ) 

Here, the limits of integration over k2 are determined by the conservation laws, 
and ^3,12 has the form analogous to (11.8). 

The energy and momentum conservation laws can be satisfied for the confluence 
process only if k] is larger than a certain quantity k\ m i n . For small k] the values 
of k2 and fc3 must be very large, but they are limited by the dimensions of the first 
Brillouin zone (Section 7.4). Such reasoning leads to the relation 

fclmin=£-^ (11 .20) 
2TJ 

where a is a lattice constant, 7/ is the nonuniform exchange constant (Section 7.1), 
and £ is a coefficient of the order of unity, which depends on crystal structure and 
k] direction. Regarding YIG as a ferromagnet with the lattice constant equal to 
the mean distance between F e 3 + ions, we get with (11.20) at f\ = 4.5 GHz that 
k\ min ~ 10 4 . In other crystals and at higher frequencies the k\ m i n values can be 
much larger [157]. 

The high-temperature approximation is poorly applicable to the confluence 
process because ui2 can be, and 103 is always, larger than u>\. Nevertheless, the 
contribution of this process to the dissipation parameter of 7r /2 magnons was 
calculated in such an approximation [378]. With some assumption valid for YIG 
it was obtained at small (but, of course, larger than k\ min) k\ values: 

( * H k ) * = * ^ = ^ ™ - (11 .21) 

where D = 77/7. An estimate using this formula gives (AHk)3c — 0.2 Oe for 
YIG at room temperature, f\ = 4.5 GHz, and k\ = 10 5 . The k\ dependence of 
(A//fc) 3 c at u>\ = const is shown in Figure 11.3. 

The linear temperature dependence in (11.21) is characteristic of all three-
magnon processes in high-temperature approximation. In another limiting case, at 
low temperatures the temperature dependence of (u>T 1 ) 3 c is exponential, whereas 
(ui, 1 ) 3 c does not depend on temperature in this case. The difference is easily 
understood: for the confluence process, as distinct from the splitting, thermal 
magnons (ui2, k2) are needed. 

All three-magnon processes result in the change of the entire magnon number, 
and therefore, according to (7.72), can take part in the relaxation of MZ. According 
to (7.75), the length of the vector M is also changed by three-magnon processes. 
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Hence, the use of the equations of motion (1.66) and (1.67) with dissipative terms 
that conserve \M\ is, strictly speaking, not allowed when three-magnon processes 
are present. But in the case of small amplitudes and small dissipation all forms 
of the dissipative term are approximately equivalent (Section 1.4). Therefore, 
equations (1.66) and (1.67) are commonly used even in the presence of three-
magnon processes. 

11.2.3 Four-magnon scattering 

The kinetic equation (11.6) for the four-magnon scattering takes the form 

dni 27T 1 V—- v"~» i T t t ,2 
-TT = - T - 7 Z ^ 2 ^ Z ^ I * 1 2 . 3 4 + , I ' 1 2 , 4 3 + *21,34 + *21,43| 

at n i 2 3 4 
x[(ri) -I- \)(nz + 1)713714 — n\n.<{rfi + I ) (n4 + 1)] 

x 8 (huj\ + huj2 — tko-i — fkJ4). (11.22) 
The factor 1 / 2 before the sum is inserted because the identical states \n\, n2, n$, 
Tn) and \n\, n2, 714, 713) enter twice in summation. Replacing 712, ^ 3 . and 714 by 
their equilibrium values, we make sure that in this case the kinetic equation also 
acquires the form (11.7), and 

(wri)4sc = ^ ^ 5 I $ I l * | 2 M 7 l 3 + n 4 + l ) - n 3 n 4 ] 
Z f l 2 3 4 

x A(fcj + k2 - ki — fc4)(5(wi +u>2- U3- u74) (11.23) 
where * = ^12,34 + *i2,43 + ^21,34 + ^21,43-

The existence of the delta symbol in (11.23) allows one to exclude the summa
tion over one of the wave vectors, e.g., over fc4. Passing then to the integration 
over k2 and £3 spaces, we obtain 

v2h2 f f 2 
(wr 1 )4sc = T-—r / / [ 7 1 2 ( 7 1 3 + 7 1 4 + l ) - r i 3 n 4 ] | ' i ' | <5(o;i-l-W2-a;3-a;4)dfc2dfc3-

(11.24) 
In the high-temperature approximation (11.13) the 'statistical' factor in (11.24) 

takes the form 

/ rp\2 
712(713 + 714 + 1) - n 3 n 4 = - 5 (11.25) 

/J/U72U73U74 
and the dissipation parameter turns out to be proportional to T2. But, as in the 
case of three-magnon confluence, the condition bw\ >C KT is not sufficient for 
this approximation to be valid. 

For long-wavelength magnons, according to [199] (see also [214]), 
^ | 2 = 2DM0V2 k l k l C O S ( p n ( 1 1 2 6 ) 
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FIGURE 11.4 
Factor F in (11.28), calculated in [20] according to [436]. 

where ip\2 is the angle between k2 and k\. After substituting (11.26) into (11.24) 
the factor k\ can be taken out of the integral. The k dependence of ( w r i ) 4 s c is 
determined not only by the factor k2. However, it leads to a fast increase of 
(wr i ) 4 s c with growing fc]. 

The contribution of the four-magnon exchange scattering to the spin-wave 
relaxation was first calculated by Dyson [104]. Without regard for the dipole-
dipole interaction and external magnetic field Ho Dyson obtained that at very 
low temperatures (KT C hu>\) this contribution is proportional to fc3T5/2. For 
higher temperatures (huj\ < KT < KTQ where TQ is the Courie temperature) 
Kashtsheev and Krivoglaz [210] found, also without account for Ho and dipole-
dipole interaction, that 

where A is a constant and £ is a factor of the order of unity. Vaks, Lafkin, and 
Pikin [415] and Wang [436], taking into account the external field Ho, obtained 
for the same temperature range an expression that can be written in the form 

(w r l ) 4 s c = Au>\k\T2\n 
2 2tkO\ 

1 (11.27) 

(11.28) 

where F depends on io\, k\, and T. This dependence is shown in Figure 11.4. 
The considered four-magnon process plays an important role in the relaxation 

of secondary magnons (with k2 and fc3 for three-magnon splitting, fc3 for three-
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magnon confluence, fc3 and fc4 for four-magnon scattering), as well as for magnons 
of next 'generations'. We shall see below that the contribution of four-magnon 
scattering can also be essential on the first stage of relaxation. 

11.2.4 Inherent processes for uniform precession 

Of all the above-considered relaxation processes, only the three-magnon splitting 
at sufficiently low frequencies (u> < 2WM / 3 for TT/2 magnons) makes a contri
bution to the dissipation parameter not vanishing with k\ —* 0. At the same 
time, it follows from numerous experimental data that the uniform-resonance 
linewidth AHo and the spin-wave dissipation parameter extrapolated to k\ —> 0 
(Aiffc —• 0) cannot be caused only by defects (Section 11.3). There should exist 
some inherent relaxation processes whose contributions to AHQ and AHk —* 0, 
at all frequencies, are finite. The first attempt to solve this problem was made 
by Kasuya and Le Craw [212]. They pointed out that energy and momentum 
conservation laws can be satisfied by the three-magnon confluence process even 
for k\ = 0, but under the condition that magnons with k2 and fc3 belong to the 
higher (exchange) spin-wave branches of a ferrimagnet (Section 3.3). Kolokolov, 
L'vov, and Cherepanov [231] showed that such a process can yield a material part 
of observed AHo a n d AH k —• 0 values in the ferrimagnet YIG. 

It should be noted that another three-particle confluence process exists, which 
gives the contribution to magnon relaxation not vanishing with k\ —> 0. This is the 
confluence of a magnon with a phonon of the upper (optical) branch. It belongs 
to the spin-lattice relaxation processes and will be discussed in Section 12.5. 

Four-magnon confluence and splitting processes caused by the dipole-dipole 
interaction can also take part in relaxation of magnons with k = 0 [14]. However, 
their contributions are usually much less than the contributions of all above-
mentioned processes. 

11.2.5 Experimental data 

In most experimental investigations aimed at the study of inherent relaxation 
processes in magnetically ordered substances YIG single crystals were used. The 
comparison of the results of these experiments with theory is complicated by the 
fact that YIG is a ferrimagnet, whereas the majority of theories, in particular, all 
mentioned above except [212, 231], use the ferromagnetic model. 

Let us discuss first the uniform-resonance linewidth AHo- Its minimal values 
for YIG are 0.2-0.3 Oe. The contribution of inherent processes to these values is 
hardly larger than ~ 0.1 Oe. It should increase when, with decreasing frequency, 
the splitting process is 'turned on'. But in experiments on uniform resonance such 
an increase has not been observed because in spheres, used in such experiments, 
the 'turning on' of splitting is masked by the partial 'turning out' of the two-
magnon relaxation processes (Section 11.3) at the same point u>o = 2 W M / 3 . If 
such coincidence does not take place, the contribution of three-magnon splitting 
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FIGURE 11.5 
Frequency dependences of the dissipation parameter for surface magnetostatic wave (Sec
tion 6.2) in a tangentially magnetized YIG film [168], Points represent experimental data; 
dashed lines denote calculated three-magnon-splitting contributions; fci is the wave number 
of the magnetostatic wave. 

can be observed. An example is given in Figure 11.5, where the frequency 
dependences of the surface-magnetostatic-wave dissipation parameter are plotted. 
The low-frequency maxima in these dependences results from the three-magnon 
splitting [168]. Contributions of this process were also observed in the frequency 
dependences of AHk —• 0, found from the measurements of threshold fields for 
spin-wave parametric excitation under parallel pumping (e.g., [376]). 

For spin waves with k > 0 excited parametrically, all the above-considered 
processes, 3s, 3c, and 4sc should give observable contributions. To compare them 
with the predictions of theory it is necessary, first of all, to separate the contribu
tions of different processes to the entire linewidth AHk obtained experimentally. 
This has been performed in [20], for an YIG single crystal, with the assumption 
that the contribution of processes which work at k —> 0, does not depend on k and, 
therefore, AHk — AHk-+o is the entire contribution of 3s-, 3c-, and 4sc-processes. 
The contributions of three- and four-magnon processes were separated using their 
different theoretical temperature dependences. The result of such separation is 
shown in Figure 11.6, together with the theoretical results. The contribution of 
4sc-process was calculated with formula (11.28). The 3s- and 3c-contributions 
were found according to [378]. It should be emphasized that the temperature-
dependent experimental values of Mo and D were used in all these calculations. 

One can see from Figure 11.6 that for YIG the contribution of four-magnon 
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FIGURE 11.6 
Contributions of different relaxation processes to the dissipation parameter of spin waves 
with 9k = 7T/2 in a YIG sphere [20]. Pumping frequency 35.5 GHz, room temperature. 
Points represent experimental data obtained by parallel pumping method (Section 10.3). 
Solid lines denote the results of separation of different contributions, their calculated values 
are denoted by dashed lines. 

exchange scattering dominates at sufficiently high temperatures and large k values. 
The contribution of three-magnon processes increases sharply at k value that is 
in a good agreement with the theoretical value (11.17) for the onset of the three-
magnon dipole splitting in the second region of its existence (Figure 11.2), the first 
region being absent in this case. It follows from Figure 11.6 that there is a rather 
good agreement between the experimental contributions of three- and four-magnon 
processes and theoretical results obtained without any fitting of coefficients. It 
testifies that the assumptions made in deriving the formulae which were used in 
the calculations hold for YIG in the conditions of this experiment. 

The situation becomes different for some other crystals with small AHk, in 
particular, CdCr2Se4 and EuO. They are ferromagnets, and the above-considered 
theory of relaxation processes, based on the Heisenberg model of a ferromagnet, 
should be applicable better to these crystals than to the ferrimagnet YIG. However, 
their parameters (Table 11.2) differ greatly from the YIG parameters, and the 
assumptions good for YIG are poorly applicable to these ferromagnets. Therefore, 
the formulae, e.g., (11.28), which give good agreement with experiment in the 
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TABLE 11.2 
Parameters of some ferro- and ferrimagnets with small A/iV 

47rM0(at 4.2 K) Tc D 

Substance (G) (K) (Oe cm2) (Oe) 

YjFesOu 2470 560 5.17xl0~ 9 0.2 (at 36 GHz) 
CdCr2Se4 4450 130 3.3x10" 1 0 0.6 (at 9 GHz) 
EuO 24000 69.5 1.0x10-'° 0.75 (at 36 GHz) 

case of YIG, can be used now only for qualitative estimates. It follows from 
such estimates that the contributions of three-magnon dipole processes will be 
much larger for these crystals than for YIG (10 4 times in the case of EuO) and 
can be observed even at liquid-helium temperature [21, 157]. The contribution of 
four-magnon process will increase to a smaller extent (25 times for EuO) and will 
be negligible, at low temperatures, in comparison with the contribution of three-
magnon processes. The numerical calculations [ 157] carried out for EuO with the 
use of formulae (11.14) and (11.19) confirmed the above-stated considerations. 

11.3 Two-magnon processes 

It became clear in the late 1950s that large values and 'anomalous' (with low-
temperature maxima) temperature dependences of the linewidth in many mag
netic materials are caused by two noninherent relaxation processes (Figure 11.1): 
(i) spin-spin relaxation due to nonuniformities, (ii) indirect spin-lattice (and in 
some cases also spin-spin) relaxation via ions with strong spin-orbital coupling 
or via charge carriers. 

The first of these relaxation channels is considered in this section. 5 

The following nonuniformities are the most important. 

1. Heterogeneity of composition (chemical nonuniformities), in particular, disor
der in distribution of ions over the lattice sites. 
2. Variation of the directions of crystal axes in polycrystals or non-perfect single 
crystals. 
3. Nonuniform stresses, in particular, caused by dislocations. 
4. 'Geometrical' nonuniformities: pores, surface roughness. 

The effect of nonuniformities on magnetic resonance can be described, in prin
ciple, in the independent-region approximation (used already in Section 2.4). In 
this approximation, the broadening and shift of resonance curves in a nonuniform 

5 The second will be studied in Chapter 13. 
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medium is not a result of some new relaxation mechanism but is simply due 
to the difference of resonance conditions in different regions of the sample (the 
oscillations in these regions are assumed to be independent). This approxima
tion is usually appropriate for paramagnetic and antiferromagnetic (Section 3.2) 
resonances. But it is not applicable, as a rule, to ferromagnetic resonance. The 
dipole-dipole interaction (for large nonuniformities) or exchange interaction (if 
the nonuniformities are sufficiently small) leads 10 such strong coupling of the 
oscillations at different points that they cannot be regarded as independent even 
in the zero approximation. It should be spoken of different types of oscillations 
(eigenmodes) of the entire nonuniform sample. These modes form, practically, 
continuous groups near every mode of a uniform sample. The ac field excites 
the entire group, and so, the resonance curve is broadened and shifted. As in 
the independent-region approximation, this broadening is not a result of a new 
relaxation mechanism. However, as distinct from that approximation, now the 
broadening is due to the difference in resonance conditions of different modes of 
the entire sample. 

The resonance in nonuniform samples was treated above in terms of normal 
modes. But the problem can also be attacked in terms of coupled modes. As 
such modes, the eigenmodes of a uniform sample are to be used. They are 
independent, uncoupled in the absence of nonuniformities, but become coupled if 
the nonuniformities are present. The coupling leads to the energy transfer from the 
initial mode (excited by the external field) to the modes coupled with it. In such 
treatment the nonuniformities give rise to a new relaxation mechanism. Thus, the 
distinction between dissipative and nondissipative resonance-line broadening is 
relative in the case of such strongly coupled systems as ferromagnets. 

In the classical theory, the coupled-mode approach reduces to solving the cou
pled classical equations of motion (Section 11.1). In the quantum theory, the 
equations of motion must be quantum-mechanical (e.g., [336]), and the quantum-
mechanical method of transition probabilities can be also used. It has already been 
mentioned that the probabilities are higher the smaller the number of quasiparticles 
that take part in the process. The two-magnon processes are forbidden in an ideal 
crystal by the momentum-conservation law. In a crystal with nonuniformities they 
are allowed and their probabilities can be large. Such processes can be referred 
to as the scattering of magnons by nonuniformities. When the initial mode is the 
uniform precession, these processes are usually called 0—A; processes. 

11.3.1 Theory of two-magnon processes 

Consider the relaxation of magnons with wave vector fci caused by nonuniformi
ties. Using the transition-probability method, assume that the perturbation energy 
can be regarded as the Zeeman energy of spins S; in an effective field HE{(RF). 
Suppose, for simplicity, that this field is directed along the z-axis, which coin
cides with the direction of constant magnetization MQ. Then the perturbation 
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Hamiltonian can be written, according to (7.86), as 

N 
™p = 7& (11-29) 

/ = ! 

where N is the number of spins in the sample. Let us pass now, according to 
(7.91), to the operators and A/ and then, using (7.105), to the operators a\\ and 
a*. Expand, at the same time, the field hef(rf) in the Fourier harmonics. Then, 
the bilinear part of the Hamiltonian (11.29) takes the form 

N 1 1 
V i P 2 = 7 ^ " 7 ^ 7 5Zexp(iA;ir/)ai — = ^ e x p ( - i f c 2 r / ) a + f=\ v N

 fc, vW fc^ 

x ~ ^ H e x p ( i f c p r / ) ^ ( ! 1 - 3 ° ) 

where 
1 N 

H k = 7 ^ 1 ] / / p ( r / ) e x P ( - i V / ) (u-31) 

is the amplitude of the fcpth harmonic of the field Hef and the sums in (11.30), 
except the first one, are over all allowed wave vectors in the first Brillouin zone. 

As the perturbation is already taken into account by the effective field if ef, we 
can now regard the crystal as ideal, for which the expressions (7.103) hold. Then, 
the Hamiltonian (11.30) takes the form 

^ P 2 = 7 ^ Y Y Y Hka+a,a(k2 - fc, + fcp). (11.32) 
fc, fc2 fcp 

The matrix elements of HP 2 that appear in the kinetic equation (11.6) for direct 
transitions should be written as [84] 

( n , - l , n 2 + l | W P 2 | n i , n 2 ) = VMM + l ) * i , 2 ( 1 1 - 3 3 ) 

where 

*'-2 = ^YHkA^2 - fci + f c p ) = -5=#(fc,-fc2)- (11-34) 
fcp 

For reverse transitions, the displacement 1 i~ 2 must be made. 
The kinetic equation now has the form 

^ = Y ^ | * i , 2 | 2 ( « 2 - n i ) < 5 ( f t ^ i - f t w 2 ) . ( 1 1 . 3 5 ) 

fc2 

We assume, as usual, n 2 = 7 7 2 and take into account that n\ = n2 because 
magnons with fci and fc2 are degenerate. Then, according to (11.7), the relaxation 
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frequency is 

Wrl = ^ £ | * 1 , 2 | 2 * ( W 1 - W 2 ) - (H.36) 

It is seen from (11.35) that the energy is conserved in each elementary two-magnon 
process. But the momentum conservation does not take place, the momentum 
h(k2 — fci) is transferred to the crystal as a whole. 

Passing, as in (11.2), from the summation over k2 values to integration over k2 

space and taking into account (11.34), we obtain 

AHk = — = 7 ^ 2 ^ : / (w, -W2)fcfsin02dfc 2d02<V2. (11.37) 

Consider first the case in which the harmonics Hk of the effective field do not 
depend on fc, i.e., the nonuniformities are chaotic. Then it can be shown, using 
(7.103), that 

1 N 

FF2 = J V E W - f f r ( 1 1 3 8 ) 

HP is the root-mean-square effective field of nonuniformities. Assuming the spin-
wave spectrum to be independent of <p and getting rid of the integration over fc2, 
we obtain (omitting the subscript at 92) 

AHk = lc?Hl f"~ (^f] k2sm9d9. (11.39) 7T p Jo \dkJk=Me) 

Here, a = y/V/N is the mean distance between neighboring spins, ka(6) is found 
from the condition of degeneration uik (fc<j, 9) = u \, and 9^ is either equal to TT/2 
or is determined by the condition u>k(k = 0, #MAX'> = <*>i [Figure 11.7(a),(b)]. 

Consider, e.g., the relaxation of the uniform mode in an ellipsoid of revolution 
(fci = 0, wi = U>H + N±jM0) and take, for simplicity, the approximate spin-wave 
dispersion relation (7.14). Then the calculation with (11.39) leads to 

Afro = {2TT)-x I2 ha? Ml11 D~312 Hi = HPU (11.40) 

where I\ is a factor of the order 1, depending on N±; for a sphere I\ = 0.217. 
The obtained linewidth can be regarded as a result of broadening the resonance 
line (on the order of Hp) by the nonuniformities and 'further' narrowing it by the 
exchange interaction. The coefficient of exchange narrowing £EX in (11.40) is, on 
the order of magnitude, 

HP UTTMO . . . . . . 

K - j ^ V " ^ ( 1 L 4 1 ) 

where H\ is the 'molecular' field related to D and a by (7.119). For YIG, £ EX is 
of the order of 1 0 - 4 . Thus, very high effective fields, of the order of 10 5 Oe, are 
needed to get an appreciable contribution (~ 1 Oe) to the linewidth. 
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kC h kl kmax h 
F I G U R E 11.7 
Routes of integration (shown by thick lines) in calculating the contributions of the two-
magnon process to AHk for (a), (b) chaotic nonuniformities and (c), (d) large-scale nonuni
formities; in the latter case, k\ = 0. 

Another limiting case is that of large-scale nonuniformities [Fig
ure 11.7(c),(d)]. The amplitudes of harmonics Hk now have noticeable values 
only in a small -range. Assume, e.g., that 

f Hk0 i f f c < f c , = 1/1 
H k - \ 0 iffc>fc, ( 1 L 4 2 ) 

where / is a characteristic dimension of the nonuniformities. It can be shown that 

Hl^e-K2^H2

r (11.43) 

Examining again the relaxation of the uniform mode in an ellipsoid of revolution, 
we substitute (11.42) into (11.37) and get rid of integration over 92. Then, using 
the spin-wave spectrum (7.14), we obtain 

3 l3H2 fk' k2 

2 M 0 Jo cosf?d(fc) 

where the angle #d(/c) of degenerate spin waves is determined by the condition 
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FIGURE 11.8 
Factors accounting for the density of degenerate states in the scattering of uniform-
precession magnons by large-scale nonuniformities [338], Solid line denotes h in (11.47); 
dashed line corresponds to the result obtained with the exchange term in the spin-wave 
dispersion law taken into account. 

u)k{k,u>&) = wo, which yields 

If fc/ -C fcmax [Figure 11.7(d)], the second term under the root in (11.45) can be 
neglected. Then, 

H2 

AHo = , P = #p£d (11 -46) 

IMoy/NjW) 
where £a is the coefficient of dipole narrowing, which was already introduced 
in Section 2.4. In this case (of large-scale nonuniformities), much smaller Hp 

values are needed to obtain an appreciable contribution to the linewidth than in the 
previous case of chaotic nonuniformities. For example, Hp should be ~ 10 Oe to 
obtain AH0 - 1 Oe in YIG. 

Two assumptions have been made in deriving (11.46): the replacement of 
the spin-wave spectrum by the approximate expression (7.14) and the neglect of 
exchange contribution to this spectrum. Without the first assumption, Schlomann 
obtained for a sphere [338] 

The dependence ^ (WO/WM ) is shown in Figure 11.8. The factor I2 tends to 
infinity at a point too — 2U>M/3 where the frequency of the considered mode 
approaches the upper boundary of the nonexchange spin-wave spectrum. At this 
point the density of states (in nonexchange approximation) tends to infinity, and 
it is the reason of AH —> oo. It should be emphasized that the singularity of 

(11.45) 

AH0 = Hlh{u)a/ jjM)- (11.47) 



11.3 Two-magnon processes 305 

the density of states, and hence of AH, is removed by taking into account the 
exchange contribution to the spin-wave spectrum [ 3 3 8 ] (Figure 1 1 . 8 ) . It is also 
removed if the spin-wave dissipation or the influence of nonuniformities on the 
spin-wave spectrum is taken into consideration [ 3 4 9 ] . 

11.3.2 Disorder in distribution of ions over lattice sites 

Passing now to the study of the influence of specific nonuniformities, we begin with 
the disorder in distribution of atoms (or ions) over the lattice sites. This problem 
was solved by Clogston, Suhl, Walker, and Anderson [ 7 6 ] using the method of 
coupled equations of motion. The same results can be obtained, as Callen [ 6 6 ] 
has shown, by the transition probability method. The results can be represented 
in the form of ( 1 1 . 4 0 ) , but as the exact spin-wave dispersion relation was used, 
the factor 7 in ( 1 1 . 4 0 ) turned out to be dependent on the ratio Heo/(4irM~o). 

The disorder in the distribution of ions takes place in ferrites with the inverse 
spinel structure (Section 3 . 3 ) , e.g., in Ni and Mn ferrites. By the time when the 
work [ 7 6 ] was performed, the minimal AH values in single crystals of these 
ferrities were ~ 4 0 Oe. An assumption has been made in [ 7 6 ] that the nonuni-
formity is the variation of the pseudodipole interaction (Section 2 . 2 ) . If the entire 
magnetocrystalline anisotropy of Ni ferrite would be caused by this interaction, its 
effective field (and the root-mean-square variation in the case of chaotic nonuni
formities) should be of the order of 1 0 5 Oe. Such Hp, according to ( 1 1 . 4 0 ) , would 
lead to the above-cited AH value. 

The results of later works have frustrated this optimistic picture. First, es
sentially smaller AH values were obtained in ferrite single crystals with spinel 
structure, e.g., 1.2 Oe in nickel ferrite [ 4 5 4 ] . Second, it turned out (Section 2 . 2 ) 
that the origin of the anisotropy in ferrites is mainly the intraionic ('one-ion') 
interaction. Callen and Pittelly [ 6 7 ] and Haas and Callen [ 1 7 0 ] calculated the 
linewidth assuming the perturbation to be the variation of the intraionic spin-
orbital interaction in the cases of, respectively, a nondegenerate and degenerate 
lowest energy level. The first case takes place for F e 2 + and N i 2 + ions at octahedral 
spinel sites, and the second takes place for C o 2 + ions at such sites. 

The results obtained in [ 6 7 , 1 7 0 ] can be expressed in the form of ( 1 1 . 4 0 ) . 
In the case of a nondegenerate level [ 6 7 ] , the effective field Hp turned out to be 
proportional to c( 1 — c)(GA—GB)2, where c and 1 —c are the relative concentrations 
of two sorts of ions distributed disorderly over the octahedral sites, and G A and 
G B are the constants of spin-orbital interaction for these ions. An estimate for 
F e 2 + as A ions, F e 3 + as B ions ( G B — 0 ) , and c = 1 / 2 results in AH ~ 1 0 Oe. 
This value is much smaller than the experimental A i l values in ferrites containing 
F e 2 + ions even in smaller quantities. The spin-orbital interaction in N i 2 + ions is 
weaker than in F e 2 + , so, the experimental data [ 4 5 4 ] do not contradict the theory. 

In the case of a degenerate level ( C o 2 + at octahedral sites), the contribution of 
ionic disorder is 2 0 - 3 0 Oe per 1 at. % of Co [ 1 7 0 ] , which is much greater than the 
contribution of F e 2 + . But in both cases the theoretical values are smaller than the 
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experimental linewidths in ferrites containing C o 2 + or F e 2 + ions, and, in addition, 
the experimental angular and temperature dependences differ essentially from the 
theoretical. The reason for this is that the scattering of magnons by the ionic 
disorder is masked by another, stronger mechanism of ionic relaxation, which will 
be discussed in detail in Chapter 13. 

Thus, until now (1996), the contribution of the scattering of magnons by the 
disorder in distribution of ions over the lattice sites has not been discovered experi
mentally, although this mechanism was the first 0— fc process studied theoretically. 

11.3.3 Anisotropy-field variations and pores in polycrystals 

The independent-grain model (Section 2.4) is applicable to polycrystals if con
dition (2.64) holds. This condition is satisfied only for ferrites with very large 
anisotropy or near the compensation points. If (2.64) does not hold, the dipole 
narrowing takes place, and one can use the theory of magnon scattering by nonuni
formities. The nonuniformities are now the variations of the directions of crystal 
axes, pores, and, in some cases, the inclusions of other phases. 

We consider first the variations of the directions of crystal axes (and hence, 
of the anisotropy field), which are characteristic of polycrystals, though do not 
always make the largest contribution to the linewidth. The mean grain dimensions 
in polycrystals are usually of the order of a micrometer or more, 6 and therefore 
h <C fcmax (Figure 11.7). So, the second of the above-considered limiting cases 
and, in particular, formula (11.46) are usually applicable to polycrystals. 

In nontexturated polycrystals, in which all directions of the crystal axes are 
equally probable, the root-mean-square value of the anisotropy field Ha must be 
substituted into (11.46) for Hv. In a cubic crystal, with allowance only for the 
first anisotropy constant, Hi = (\6/2A)H2

M [338] where HAX = K,/M0. The 
estimate using (11.46) yields for YIG at room temperature AHa ~ 10 Oe, which 
does not contradict the experiment (see below). 

Formulae (11.46) and (11.47) can be used to calculate the contributions to AH 
of other effective fields, e.g., the fields caused by nonuniform strains arising near 
dislocations. The theory for this case was developed by Barjyakhtar, Savchenko, 
and Tarasenko [40]. 

Consider now the contribution to ferromagnetic-resonance linewidth of the 
pores between grains in polycrystalline ferrites. The independent-region concept 
(Section 2.4) has given, in this case, the AH values that agree with experiment on 
the order of magnitude. However, this agreement indicates only that the coefficient 
of dipole narrowing (Section 2.4) is of the order of unity. 

The contribution of pores was calculated by Sparks, Loudon, and Kittel [378] 
using the transition-probability method. The same model of a spherical cavity 
as in the independent-region theory was used. The energy of the demagnetizing 

6 We do not touch on the nanocrystals, which have much smaller grains, though they are regarded 
now as a promising magnetic materials. 
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FIGURE 11.9 
Frequency dependences of AH in polycrystalline ferrites [209]. (a) The anisotropy contri
bution dominates (p < 0.003). (b) The porosity contribution dominates (|//>u| 2 Oe). 

field of the cavity was expressed in operators a~£ and ak, and after calculations 
analogous to those performed in deriving (11.46) it was found that 

(^)p = Tv^^r- (1L48) 

9 Vo cos0do 
where Vp is the volume of the cavity, Vo is the volume of the sample, #do — 
a r c c o s ( N 2 / 4 7 r ) ' / 2 is the polar angle of degenerate spin waves [Figure 11.7(d)], 
and 

G(6do) = ( 3 c o s 2 0 d o - l ) 2 . (11.49) 

Two assumptions [the same as in deriving (11.46)] were made in deriving 
(11.48): the approximate spin-wave dispersion relation (7.14) was used, and the 
second term in (11.45) was neglected. If the first assumption is not made, a sin
gularity in the AH(OJ) dependence arises when the uniform-resonance frequency 
OJO crosses the upper boundary of the non-exchange spin-wave spectrum. And if 
the second assumption is also given up, the singularity will be smoothed, as in the 
above-considered case of the anisotropy-field variations. If the sample contains 
many pores, Vp in (11.48) is the entire volume of all pores; the ratio Vp/Vo = p is 
called the porosity. 

Expression (11.48), as distinct from (2.69), contains factors (cosf?do) _ 1 and 
(11.49). The former takes into account the density of degenerate states and is 
present in all formulae for large-scale nonuniformities. The latter has appeared 
due to the specific, spherical shape of the cavities. Real pores in polycrystals, of 
course, are not spheres, and the behavior of AH determined by the factor (11.49) 
should not be and has not been observed in experiment. 

A lot of works were devoted to the experimental investigation of ferromagnetic 
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resonance in polycrystalline ferrites (e.g., [63,160.209]). In all of them, beginning 
with work by Buffier [63], the AH maximum predicted by the two-magnon theory 
has been observed when the frequency of the relaxing mode crosses the upper 
boundary of the nonexchange spin-wave spectrum. But at first it was not clear by 
which contribution to AH this maximum was determined, by the contribution of 
the anisotropy-field variations ( A i f ) a , of pores ( A H ) p , or by both. To separate 
the contributions (AH)a and (AH)P we may use two methods: to employ their 
different temperature dependences, or (that is better) to vary separately anisotropy 
and porosity. In the latter case the contribution of each parameter should not 
change and must be as small as possible when the other is varied. In Figure 11.9 the 
data obtained by this method [209] are shown. When the anisotropy contribution 
dominates [Figure 11.9(a)], the observed AH behavior agrees with the theory 
of magnon scattering by large-scale nonuniformities. But when the porosity 
contribution dominates [Figure 11.9(b)], the experimental dependences do not at 
all agree with the above-considered theory: no distinct maximum is observed 
at u>o = 2 W M / 3 , the AH values to the left of this point are not smaller than 
those to the right, and an essential increase of (AH)P is observed with growing 
frequency. As for the proportionality of (AH)P to MQ and p (obtained also in the 
independent-region theory), it is confirmed by all experiments. 

11.3.4 Surface roughness 

In high-quality single-crystal ferrite samples the surface roughness is the most 
significant factor causing the two-magnon scattering. Le Craw, Spencer, and Por
ter [251 ] were the first to ascertain the influence of this factor on the ferromagnetic-
resonance linewidth. This influence is very important. The AH values of carefully 
polished YIG spheres are as low as 0.3 Oe, but they grow to ~ 10 Oe if the spheres 
are grinded using abrasive powder with 10 pm grain. 

The above-mentioned theory [378] was developed just to allow for surface 
roughness. The assumption has been made that the surface nonuniformities are 
semispherical pits covering the sample surface. The amplitude ^ok should be 
halved twice, when passing from internal spheres to surface semispheres, to take 
into account the decrease of the scattering-center effectiveness and the decrease 
of its volume. The number of semispheres is found from the condition that they 
completely cover the surface. Then, instead of (11.48), we obtain 

(AH), = l * A „ M o ^ (H.50) 
9 Fto cosf? d 0 

where Ro is the sample radius and Rs is the radius of semispheres. The depen
dences of (AH)s on Mo and RQ have clear physical meaning and agree with 
experiment (e.g., Figure 11.10). 

Formula (11.50) does not give the frequency dependence of (AH)S, whereas 
the experimental values of (AH)S, as well as of (AH)P, increase with growing 
frequency. The allowance for exact spin-wave spectrum should lead, according to 
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F I G U R E 1 1 . 1 0 
Dependences of AH on the radius RQ of ferrite spheres [452] , Bold lines represent 
experimental data at / = 9 G H z and room temperature. Numbers at the curves denote the 
mean abrasive-grain dimensions in the final grinding or polishing. The increase of A H at 
large .Ro is related to excitation of nonuniform modes (Section 6.3). 

the two-magnon theory, to maxima at the points where the frequency of the relax
ing mode crosses the upper boundary of the non-exchange spin-wave spectrum. 
However, these maxima have never been observed in single-crystal samples with 
rough surface. The reason for this is, probably, the broad spectrum of the space 
harmonics of uniformities caused by their highly irregular shape; the degeneration 
with the non-exchange part of the spin-wave manifold does not then play a sig
nificant role. The same may be the reason of the above-mentioned 'anomalous' 
behavior of AHp in polycrystalls. 

The contribution of surface roughness is proportional to the ratio of the area of 
sample surface to the volume of the sample. Therefore, this contribution should 
be very large in thin films. Only the high quality of the surface of epitaxial YIG 
films grown on well polished substrates allows one to obtain rather small AH 
values in such films (Section 6.2). 

In conclusion, some general remarks should be made concerning the two-
magnon relaxation processes. 

These processes play a significant role not only at the first stage but also at 
subsequent stages of relaxation, leading to the spreading of energy over the entire 
region of the spin-wave manifold degenerate with the initial mode. 

The existence of higher (exchange) branches of spin-wave spectrum in ferrimag
nets does not materially influence the two-magnon processes because the modes 
the relaxation of which we are interested in are usually degenerate only with the 
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lowest (ferromagnetic) branch. In antiferromagnets the two-magnon processes 
play an important role (e.g., [255]). Very narrow antiferromagnetic-resonance 
lines were observed [233] just when the degeneration of the relaxing mode with 
spin waves did not take place. 

Two-magnon processes do not make an additive contribution to the spin-wave 
dissipation parameter AHk found from the measurement of the spin-wave para
metric excitation threshold. Nevertheless, these processes influence essentially 
the parametric excitation of spin waves (Section 10.3). They lead to the increase 
of the threshold of first-order parametric processes and to the smoothing of the 
second-order-process threshold. 

Two-magnon processes, in which the entire number of magnons is conserved, 
do not take part, to a first approximation (without allowance for the dipole-dipole 
interaction), in the relaxation of Mz. However, the 0 — k processes take part in the 
relaxation of the vector M length, which is determined, to the same approximation, 
by the number of all magnons except the magnons of uniform precession. 

The dissipation parameter in magnetically ordered substances increases when 
the point of the second-order phase transition (Curie temperature for ferromagnets) 
is approached. This increase is sometimes associated with 'scattering of magnons 
by the magnetization fluctuations', and this process is assigned to the two-magnon 
processes. But such treatment cannot be regarded as correct. Fluctuations, in
cluding critical (which arise near the points of second-order phase transitions), are 
characteristic of an ideal crystal. Therefore, their effect on the relaxation should 
be treated in terms of inherent processes, which were considered (without taking 
fluctuations into account) in Section 11.2. 



12 
Magnetoelastic coupling 

12.1 Elastic properties and magnetoelastic interaction 

So far the magnetic system of magnetically ordered substances was regarded as 
isolated. Now taking into account its coupling with other systems, we discuss, in 
the present chapter, the coupling with elastic system, i.e., with the vibrations of 
the crystal lattice. First of all, some general concepts of the theory of elasticity 
(e.g., [227, 113, 245]) will be briefly recalled. 

12.1.1 Elastic waves and oscillations 

The elastic state of a solid regarded as a continuum is characterized by the dis
placement vector 

where VQ and r are the position vectors of a point in the initial and the deformed 
states, respectively. Under certain conditions [245], which are approximately 
satisfied in the cases we are interested in, the deformation can be described by the 
symmetric strain tensor1 

The tensor epq diagonal components, in the main axes of this tensor, represent the 
fractional extensions in the directions of these axes, and their sum is the fractional 
change of volume of a small element of the solid. 

The force acting on a small volume element is the sum of the elastic force 
f5/ei and the body force <5/b. The former is the net force caused by the action of 
all neighboring elements on the considered one. The latter is caused by external 

'Here and hereafter in this chapter, we use, contrary to the previous chapters, the same notations 
(e.g., e v q ) for the entire tensor and its components. 

u (r) — r — ro (12 .1 ) 

(12 .2 ) 
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fields, as gravitational and electromagnetic. In problems we will consider, this 
force may be neglected. The elastic force per unit volume can be presented in the 
form 

, = 1 

where apq is the symmetric stress tensor. The stresses are usually caused by 
external forces applied to the surface of the body, and the boundary condition 
holds [245] 

3 Y, nosqo~pq = F e P o n S (12 .4) 

9 = 1 

where F e is the external force per unit area of the surface S and nos is the unit 
outward normal to S. In the case of uniform extension or compression in the 
direction of a unit vector T I O F , 

<rpq = ±PPPqo- (12 .5 ) 

where / 3 P ) 9 are the direction cosines of the vector n o F - Such uniform deformation 
is approximately realized when, e.g., a rod is compressed in the direction of its 
axis; a is then equal to the pressure applied to the flat surface of the rod. 

The free energy density (or energy, in accordance with the footnote on the 
page 31) of an elastically strained solid is 

1 3 3 

p = l q=l 

Taking into account that apq depends on epq, we can get 

dl 
de D P 9 

For small displacements the Hooke law holds: 

" ^ ^ C ^ l m f l m ( 1 2 - 8 ) 'VI 

1=1 

where cpqim are components of the fourth-rank tensor of elastic stiffness constants 
or moduli of elasticity2 [227]. It follows from the symmetry of the tensors avq and 
epq that the number of independent components <:pqim, in general, is equal to 21. 
It decreases for all crystal systems except the triclinic. For the cubic system, there 
are three independent components: cpppv, cppqq, and cpqpq (in coordinate system 

2 The inverse tensor { c p q i m ) ~ [ = s p q i m is called the tensor of elastic compliance constants [227]. 
However, there is no consensus on these terms, componenls c p 9 j m are named sometimes 'elastic 
constants', and components s p , i m , 'elastic moduli'. 
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with axes in (100) directions). The following notations are used: cpppp = c\\, 
cppqq = ci 2, and cpqpq = C44 . For an isotropic medium, 

C n - C i 2 = 2C44 (12 .9) 

so that two independent components are left. It should be noted that (12.9) 
is nearly satisfied for some cubic crystals, too. For YIG at room temperature, 
e n = 2.69 x 10 ' 2 , C 1 2 = 1-077 x 10 1 2 , and c 4 4 = 0.764 x 10 1 2 [387], so that 
2 c 4 4 / ( c , i - C 1 2 ) = 0 . 9 4 7 . 

With allowance for Hooke's law the elastic energy of a cubic crystal takes the 
form 

Ue\ - ^ci 1 ( e 2

x + e

2

y y + e 2

z ) + ci 2 (exxeyv + e y y e z z + ezzexx) 

+ 2 c 4 4 {e2

xy + e2

yz + e2

zx) . (12 .10) 

The equation of motion for an elastically strained solid, without taking into 
account the body forces and dissipation, has the form 

d 2 u 

P ^ T = / e ! (12 .11) 

where p is the mass density, and / e i is determined by (12.3). Using (12.8) 
and (12.2), this equation is transformed into 

d 2 u v v - ^ d 2 u m 

q I m H 

In the case of a uniform plane wave [u = u 0 exp (itot - iqr)], the solution 
of (12.12) shows [227, 113] that there are three normal elastic waves with disper
sion relations 

U j = m (J = l , 2 , 3 ) . (12 .13) 

For an isotropic solid and for a cubic crystal in the case when wave vector q is 
parallel to the axis (100), one of the normal waves is longitudinal (u \\ q), with 
velocity 

(12 .14) 
9 

and the other two are transverse (u ± q), with 

/ c 4 4 

v ± = J — . (12 .15) 
V P 

In YIG (p = 5.17) at room temperature, uy = 7 .209x l0 5 and v± = 
3 . 8 4 3 x l 0 5 [387]. The density of elastic -energy flow (the Umov vector) [113] is 

Ilel = p w 2 u 2 v u j_. (12 .16) 
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Normal waves in waveguides containing elastic media, as well as eigenoscil
lations of bounded bodies, are found by solving the elastic equations of motion, 
e.g., (12.12), subject to boundary conditions. If boundary surface is free, the 
boundary condition is 

If the surface is fastened, u = 0 at S. It should be noted that waves in elastic 
waveguides are neither pure transverse nor pure longitudinal even in the above-
mentioned cases (isotropic solid and cubic crystal with q || (100)) when waves 
in unbounded medium are longitudinal or transverse. In systems bounded in the 
direction of propagation, e.g., in plates, elastic standing waves take place, similar 
to standing spin waves (Section 7.2). Their eigenfrequencies are determined by the 
plate thickness and by the character of boundary co nditions. For conditions (2.17), 
the eigenfrequencies are ojn = nvj_^ /d where n = 1,2,3 

The calculation of elastic-oscillation eigenfrequencies for bodies bounded in 
all directions presents essential difficulties. We will cite only the values of some 
of the lowest frequencies for an isotropic sphere with free surface and elastic 
parameters of YIG [249]: / T 1 2 = 3.081 x 10*/d Hz, / S 1 2 = 3.259 x 1 0 5 / d H z , 
/ S 0 1 = 6.067 x 10 5 /d HZ where d is the sphere diameter in centimeters. The 
frequency fj 1 2 corresponds to pure transverse oscillation (relative to the radius), 
and the other two correspond to mixed oscillations; figures in the subscripts 
indicate the numbers of variations along polar angle and radius. 

Quantization of elastic waves and oscillations, similar to the magnetic case 
(Section 7.3), yields the quasiparticles (phonons) with energy e = fko and quasi-
impulse p = hq. A certain kind of phonons corresponds to each elastic normal 
wave. 

So far we have considered, according to the classical theory of elasticity, an 
elastic continuum. In a discrete crystal lattice, analogous to discrete magnetic 
lattice (Section 7.4), the following new features appear: (i) the q range is limited 
to the first Brillouin zone, (ii) dispersion relations (12.13) are replaced by more 
complicated ones, and (iii) the 3(n — 1) new, optical branches appear where n is 
the number of atoms in a primitive lattice cell (Figure 12.1). 

12.1.2 Magnetoelastic energy and equations of motion 

One of the reasons of coupling between magnetic and elastic systems in magnet
ically ordered substances is the dependence of exchange interaction on distances 
between magnetic atoms (or ions). Another reason is the dependence of magnetic 
(dipole-dipole) interaction on these distances. The third reason, usually the most 
essential, is the spin-orbital interaction. These reasons apart, we may write the 
phenomenological expressions for the magnetoelastic energy using [as for mag
netocrystalline energy (Section 2.2)] only the symmetry considerations. We will 
restrict ourselves to the case of a cubic crystal, assume the exchange interaction to 

at S. (12.17) 
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1 
FIGURE 12.1 
Elastic-wave spectrum in a continuum (dashed lines) and in a discrete crystal lattice (solid 
curves). Only three of 3 ( n — 1) optical branches are shown. 

be isotropic, and direct the coordinate axes along the axes (100). Then, up to the 
terms of the first order in epq and of the second order in Mp, the magnetoelastic 
energy can be written in the form [340] 

Um* = E Mlevv + ]^EE MrM<iePq 

0 P 0 P q^P 

Ai v ^ v ^ v - dMp dMp A2 sr^x-^ (dMp\2 , 

" P q l^q H u p q v H ' 

where p, q, I = 1, 2, 3. (Terms of the first order in Mp cannot be present, as 
pointed out in Section 2.2.) The first two terms in (12.18) result from relativistic 
(magnetic and spin-orbital) interactions, and the last two terms, from the exchange 
interaction. The quantities B\,B2,A\, and A2 are called magnetoelastic constants. 
For YIG at room temperature, B\ = 3.48 x 10 6 and B2 = 6.96 x 10 6 [387]. In 
an isotropic ferromagnet B\ = B2. 

The magnetoelastic energy <7mei leads, first of all, to the change in the equilib
rium elastic state of a magnetically ordered substance, namely, to the appearance 
of spontaneous strains epq caused by magnetization. This phenomenon is called 
magnetostriction, in a narrow sense (in a wider sense, the term 'magnetostriction' 
is used sometimes to denote all phenomena caused by magnetoelastic coupling). 
To find the strains e°pq, in the case of a ferromagnet magnetized to saturation, we 
have to minimize the sum of [7ei and Um&\. 

Consider a cubic crystal and neglect the exchange contribution to magnetoelastic 
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energy. Then, the magnetostrictive fractional elongations in the directions of the 
(100) and (111) axes, due to magnetization in the same directions, are [70] 

6 l \ , 2 Bi {6l\ 4 1 B2 

- = A 1 0 0 = - - • y = A„, = - r — • (12.19) 
I ) 1 0 0 3 Ci i — C] 2 V ' / n i 3 c 4 4 

The quantities Aino and Am are the magnetostriction constants of a cubic ferro
magnet. Their values for YIG at room temperature are: AJOO = —1.4 x 1 0 - 6 

and A]ii = —2.4 x 1 0 - 6 . The averaged magnetostrictive constant of a cubic 
polycrystal is [70] 

2 3 
-V>iy = ^ i o o + — A i I I - (12.20) 

Substituting the magnetostrictive strains e° into expression (12.18) for the 
magnetoelastic energy (taking into account only its first two terms), we find that 
the part of this energy dependent on magnetization directions has the form [70] 

ULx = #?me> {<*Wi + <*lal + a2a2) (12.21) 

where Q i , 2 , 3 are the direction cosines of the magnetization, as in (2.32), and 

*lmel = — - ^ T - - (12-22) 
Cl 1 - C ] 2 2 C 4 4 

The energy (12.21) and the elastic energy caused by the magnetostrictive strains 
should be added to the energy of magnetocrystalline anisotropy. This results in 
renormalization of the anisotropy constant, as already pointed out in Section 2.2. 
If terms of higher order in M components were taken into account in the mag
netoelastic energy, the higher anisotropy constants would be renormalized in a 
similar manner. It should be noted that the considered renormalization, based on 
finding the equilibrium strains, is valid only in the static case or, approximately, 
for sufficiently slow changes of magnetization. 

In the presence of external mechanical forces, the equilibrium strains can be 
found by minimizing the sum f7ei + Ume\ + where is the energy of elastic 
strains caused by external forces. Substituting the equilibrium strains into the 
mentioned sum, we can find an expression for the part Ue of the total energy 
depending on the external mechanical forces. For example, in the case of uniform 
compression of a uniformly magnetized sample of cubic crystal [70], 

U° = - \ ° [Aioo ( a 2 / ? 2 + <*2P2 + 

+ 2 A m (aia2Pip2 + a2anhfo + a 3 a , / ? 3 / ? i ) ] (12.23) 

where a is the pressure and /3i,2,3 are the direction cosines of compression axis 
(relative to the (100) directions). 

To study the dynamic processes under the action of magnetic and mechanical 
forces varying quickly in time we must use the equations of motion. If the 
magnetoelastic coupling is to be taken into account, these equations should be the 
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coupled equations for magnetization M and elastic displacement u. To obtain 
them we must insert the effective field of magnetoelastic interaction HMT\ into the 
Landau-Lifshitz equation and insert the force / m e i caused by this interaction into 
the mechanical equation of motion (12.11). The effective field HMT\ can be found 
from the magnetoelastic energy, e.g, (12.18) using the general formula (2.7). 
To find the force / m e i an expression similar to (12.3) is to be used where the 
magnetoelastic stresses am ei p q are obtained from magnetoelastic energy by the 
formula found from (12.7) with the replacement Ue\ —* Ume\. 

Let us consider, as before, a cubic crystal magnetized along the (100) axis 
and, restricting to not-too-fast variations of M in space, retain in (12.18) only 
the first two, relativistic, terms. Suppose, for simplicity, that the condition of 
elastic isotropy (12.9) is satisfied, and assume the exchange interaction to be also 
isotropic. Then, without allowance for dissipation, we get the coupled equations 
of motion [249]: 

DMX B2 (DUY DUX 

HEFZ - DV1 

<9M, 

+ 2 -
B\ (DUV DU. 

MO V DY DZ 

rr „ i DUZ DUV' 
M Y + 1 H E F Y M Z - 1 B 2 [ ^ + -GF 

DT 1 M 0 \DX + DY I Y + 7 
H, 

+ 2 — ( - — 
M 0 V DX DZ 

r r „ i DUZ DUX 

MX - FHE(XMZ + YB2 —- + -JR-
DX DZ 

(12 .24) 

D2UX 

D2Uy 

D2UZ 

7 D 
= C44V UX + (C44 + C\ 2 ) — d i v u 

B] DM2 B2 

+ M 0

2 DX + M 0

2 

= C 4 4 V UV + (C44 + C\ 2 ) — d i v u 

DX 

^ ( M X M Y ) + j-Z(MXMZ) 

D 

, Bi d M v . B2 

M2 DY M2 DZ 

DY 

(MYMZ 

DX 
(MYMX) 

C44VZUZ + ( c 4 4 + C\ 2 ) — divu . 
DZ 

BX DM2 EH 
+ M2 DZ + ML 

- ( M Z M X ) + - ( M Z M Y ) (12 .25) 

The effective field HEF, the components of which appear in (12.24), involves 
external magnetic fields, both steady and ac, dipole-dipole (demagnetizing) field 
HM, and effective field of anisotropy HAN (Section 2.3). The third projection of 
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the Landau-Lifshitz equation is not written because the component M z can be 
determined from the condition of M conservation. 

12.2 Effect of elastic stresses on ferromagnetic resonance 

Consider the uniform oscillations of magnetization in a ferromagnet in the presence 
of elastic stresses. Note that uniform ac magnetization does not appear in the 
mechanical equations of motion (12.25), just as the uniform displacement u does 
not appear in the magnetic equations (12.24). Thus, the elastic vibrations occur 
independently of uniform magnetization oscillations. But elastic strains, as it is 
evident from (12.24), do affect the uniform magnetic oscillations. 

Let us examine first the influence of the static magnetostrictive strains. Consider 
an ellipsoid of cubic single-crystal ferromagnet magnetized to saturation along 
one of its axes, which coincides with the (100) cubic axis. Having found the 
equilibrium magnetostrictive strains and substituting them into (12.24), we make 
sure that these strains result in the appearance of an effective field 

tfmel = - T j - , 1 r ( 1 2 . 2 6 ) 
M 0 (ci i - ci 2 ) 

acting on ac magnetization. So, the ferromagnetic-resonance frequency, e.g., in 
the case of a sphere, is 

U * = 7 ( # e 0 + ^ + tfmel). ( 1 2 - 2 7 ) 

One can see from this expression that at Heo —> 0 and K\ —* 0 (if no domains 
would arise) the resonance frequency c jo —» 7 # m e i - That is why the quantity 
yHme\ is called magnetoelastic gap. 

The effective field (12.26) differs from the effective field i / ° e ] , which corre
sponds to the additional anisotropy constant (12.22) caused by magnetoelastic 
coupling: 

H M « - 2~MV ~ Mo V^c72 ~ 2 c 7 j - H m e l - A W ( 1 2 2 8 ) 

For an isotropic sphere {B\ = B2, and c\ \ — c\;; = 2 c , 4 ) , H^E] = 0, whereas 
HME\ ^ 0- The physical reason of this difference, as Turov and Shavrov pointed 
out (e.g., [41]), is the following: in the dynamic case, we consider now, the 
magnetization vector is precessing in the 'frozen' crystal lattice (deformed by 
static stresses), while in the static (or quasistatic) case, discussed in the previous 
section, elastic strains had time to follow the magnetization changes. 

For YIG at room temperature, e l = 0.4 Oe and HMT\ — 0.5 Oe, so that 
magnetoelastic 'corrections' are close to each other and both are small as com
pared with the magnetocrystalline-anisotropy field (HA\ = 2K\/MQ — 80 Oe 
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at room temperature). Therefore, the 'illegal' use of static anisotropy constants 
in ferromagnetic-resonance calculations or, on the contrary, the use of anisotropy 
constants found from resonance measurements (Section 2.3) in calculations of 
static processes, do not lead (in this case!) to essential errors. 

Examining the influence of external elastic stresses on ferromagnetic resonance, 
we restrict our treatment to uniform oscillations in a spheroid of cubic ferromagnet 
compressed uniformly in the direction of its axis. It follows from (12.23) that the 
effective demagnetization factors of magnetoelastic interaction have the form 

Npq = [(A,oo - Am) A P 9 + A,„] /3„/3, (12.29) 

where a and j3pq have the same meaning as in (12.22), Aioo and Ai 11 are determined 
by (12.19), and A p , is the Kronecker delta symbol. The effective demagnetiza
tion factors N° , being added to demagnetization factors of magnetocrystalline 
anisotropy and shape, determine the ferromagnetic-resonance frequency wo

lf Mo and the pressure (i.e., the vector TIOF) are both directed along the same 
(100) axis, coinciding with the axis of the spheroid, then, using the method of 
effective demagnetization factors (Section 12.1), we get, with regard to (12.29), 

^ = H t Q + { N , -Nz)M0+

2-^ + . (12.30) 
7 Mo Mo 

If Mo and TIOF are parallel to the (111) axis coinciding with the spheroid axis, 
then 

^ = He0 + (N, -Nz)Mo-\^ + (12.31) 
7 3 Mo Mo 

Formulae (12.30) and (12.31) can be used in the measurement of magnetostriction 
constants Aioo and Am [372]. If Mo lies in the {110} plane and the pressure 
is applied along the axis (111) perpendicular to this plane, the expression for 
the frequency OJO will depend on the angle between Mo and the (100) axis and 
contain Aioo and Am. The both constants can then be measured in one experi
ment. The effective magnetostriction constant (12.20) can be found from similar 
measurement on a polycrystalline sample. 

12.3 Magnetoelastic waves 

We proceed now to study the nonuniform magnetic and elastic modes, which 
are coupled with each other according to equations (12.24) and (12.25). This 
coupling manifests itself in that the plane waves cease to be pure magnetic (spin) 
and pure elastic waves and become coupled (or mixed) magnetoelastic waves. 
Turov and Irkhin [411] were the first to pay attention to this fundamental fact. 
Later, magnetoelastic waves were studied by Kittel [222], Akhiezer, Bar'yakhtar, 
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and Peletminskii [12] (see also [14]), Vlasov and Ishmukhametov [424], and 
Schlomann [340]. 

12.3.1 Normal waves 

We will restrict ourselves to a cubic ferromagnet (regarded as ellastically isotropic) 
magnetized to saturation along the (100) axis; equations (12.24) and (12.25) hold 
in this case. To get the dispersion law for normal magnetoelastic waves we 
must linearize these equations and substitute MXilt — mox,y exp(iwr. — ifcr) and 
ux,y,z = « 0 i , ! / , 2 exp(iwt — ikr) into them. Then we obtain a system of five 
coupled homogeneous linear algebraic equations lor complex amplitudes m o I ] 9 

and u o z , j / , z - 3 The condition of compatibility of these equations will yield the 
dispersion law. 

In the case of fc || Mo, the dipole-dipole field HM vanishes, as one can see 
from (7.12). Neglecting the magnetocrystalline anisotropy, we obtain from the 
linearized equations (12.24) and (12.25) 

iujmx + 7 (Ho + Dk2) my — i~ kB2uy = 0 

iu)my — 7 [Ho + Dk2) mx + V) kB2ux = 0 

9 9 . B2 

LJ pux — fc C 4 4 M Z — ik-r-— mx = 0 
Mo 

9 9 B2 
LJ puy — k C 4 4 U y — ik-—tny = 0 (12.32) 

uj2puz - k2c\\uz = 0 . (12.33) 

Equation (12.33) is decoupled from the others and describes a pure elastic longi
tudinal wave with linear dispersion relation and velocity (12.14). The system of 
four coupled equations (12.32) describes transverse magnetoelastic waves. After 
turning to circular variables m± — mx±imy and«± = ux ±iuy, system (12.32) 
reduces to two independent systems for components with different senses of ro
tation. The condition of compatibility of equations in each system results in the 
equation 

(w =F w m ) (LJ2 - LJI J T ^ k 2 = 0. (12.34) 

Here, w m = 7 (Ho + Dk2) is the frequency of an unperturbed spin wave, u>e\ ± = 
v±k = ^ / c 4 4 / p f c is the frequency of an unperturbed transverse elastic wave, the 
upper and the lower signs relate to the waves with right-hand and left-hand circular 
polarization, respectively. 

Equation (12.34) has the form characteristic of all coupled waves. In the absence 
of coupling (B2 = 0), it gives the dispersion curves of the unperturbed waves. 

3 The subscripts 0 will be omitted hereafter. 
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kx kj k 
FIGURE 12.2 
Dispersion characteristics for normal magnetoelastic waves propagating in a cubic crystal 
in the direction of Mo, which coincides with the (100) axis. Dashed curves correspond to 
uncoupled magnetic and transverse elastic waves. 

They cross at two values k\ and k2 of the wave number (Figure 12.2), which 
are the roots of the equation w m = ue\ ±. The corresponding frequencies u\ and 
UJ2 are called sometimes the frequencies of magnetoelastic (or magnetoacoustic) 
resonance. At not-too-large HQ values and, hence, at sufficiently low frequencies 
(for YIG, at frequencies lower than ~ 100 GHz), 

h - — ^ 2 - % (12.35) 

v± yD 
The last term in (12.34) can be written as ^Mou ; 2 , x where 

Bl 
c44Ml 

B2 

£ = —TT2 0 2 . 3 6 ) 
is a dimensionless coupling parameter. Usually ( C 1, e.g., £ = 3.3 x 10~ 3 for 
YIG at room temperature. 

The spectrum of magnetoelastic waves with right-hand polarization, which is 
obtained by solving equation (12.34) with the upper signs, contains two branches 
(Figure 12.2). They can be regarded (in terms of coupled modes) as a result of the 
repelling of spin-wave and elastic-wave dispersion curves. The separation 8LU of 
the frequencies of two branches is minimal at the crossing points k\ and k2. At 
the lower point 

6ui =yyJliM0(H0 + Dk2). (12.37) 

So, the minimal fractional separation is of the order of ^ l / ' 2 . 
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The spectrum of the left-hand polarized magnetoelastic wave, which is the 
solution of (12.34) with lower signs, has one branch (Figure 12.2). It differs only 
slightly from the dispersion curve of the transverse elastic wave. Thus, in the 
considered case, there are three normal waves: a right-hand circularly polarized 
magnetoelastic wave (with spectrum consisting of two branches), a left-hand 
circularly polarized magnetoelastic wave, and a longitudinal pure elastic wave. 

The m and u components for normal magnetoelastic waves can be found from 
the linearized equations (12.32) and (12.33). The longitudinal elastic wave has 
only the component uz. For the left-hand polarized wave the magnetic component 
m _ is, of course, very small. For the right-hand polarized magnetoelastic wave 

7.B2 k 
u+ Ul-UJm B2k 

(12.38) 

One can see from (12.38) that, far from the crossing points, m+ is small and u+ is 
large at the segments ('half-branches') at which UJ is close to u>e\ ±. On the contrary, 
m+ is large and u + is small at the half-branches at which UJ is close to um. These 
half-branches (and the waves at them) can be named, respectively, quasielastic 
and quasimagnetic. The magnetic-energy flow density can be expressed as [348] 

^m = \~-m\vmi, (12.39) 

where v m g r is the magnetic (spin) wave group velocity. It can be shown, with the 
help of (12.39) and (12.16), that n ei dominates at quasielastic half-branches, I I m 

dominates at quasimagnetic branches, and these flows are equal at the crossing 
points. 

The difference in k values of magnetoelastic waves with different senses of 
polarization rotation leads, as in the case of electromagnetic waves (Section 4.2), 
to the turn of polarization of an elliptically, in particular, of a linearly polarized 
wave, i.e., to the Faraday effect [424, 271]. 

Consider now the waves propagating in the direction perpendicular to the 
steady magnetization. In this case, it follows from the linearized equations (12.24) 
and (12.25) that there are also three normal waves: a longitudinal pure elastic wave, 
a transverse pure elastic wave with u ± MQ, and a transverse magnetoelastic wave 
with u || MQ. The dispersion equation for the magnetoelastic wave is 

{UJ2 - uj2

m) (UJ2 - UJ2

1±) - ^;UMk2 = 0 (12.40) 

1 /2 
where now ujm = [(UJH + Dk2) {UJH 4- Dk2 + WM)] is the frequency of a 
spin wave with 6\ = TT/2. The spectrum determined by (12.40) consists of two 
branches nearing each other at the points of crossing of the unperturbed magnetic 
and elastic dispersion curves. The minimal separation 6OJ of the branches at the 
lower crossing point is of the same order as 6ui\ given by (12.37). 
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Far from the crossing points, the half-branches of the spectrum are quasimag-
netic or quasielastic. On the quasimagnetic half-branches, the magnetic com
ponents mx and my prevail, and on the quasielastic half-branches, the elastic 
component uz prevails. Suppose that, 'at the input' of a certain section of a 
ferromagnet, there is a transverse magnetoelastic wave with polarization different 
from polarizations of the above-considered normal waves, i.e., with u directed at 
an arbitrary angle with respect to Mo. Then, the polarization of the propagating 
wave will transform, similar to such a transformation of an electromagnetic wave 
that propagates perpendicularly to Mo (Section 4.2). 

For arbitrary directions of Mo (with respect to the cubic axes) and of fc (with re
spect to Mo), the situation is found to be much more complicated. Magnetoelastic-
wave spectra now depend on B2 and B\; independence of B\ takes place only if 
both vectors Mo and k are directed along the (100) axes. For 6k not equal to 
zero or 7 r / 2 , as well as for 6k equal to zero or TT/2 but M 0 not parallel to (100) or 
(110), the longitudinal elastic wave is also coupled with magnetic waves. 

12.3.2 Damping and excitation 

To allow for damping of magnetoelastic waves we have to insert, into equations of 
motion or directly into dispersion relations, the parameters that describe dissipation 
in magnetic and elastic systems. For example, the replacements com —»com + iw m 

and uit\ —» u>e\ + iw"| can be made. Then, if the losses are small, we get, e.g., in 
the case of fc || Mo, 

1/ 2o>el ( U - W m K J + ( C J 2 - U j l ) C J m 

2U> (to - L 0 m ) + (U1 - U)~x) 

One can see that magnetic and elastic losses are additive in this approximation, 
and, near the crossing points, to" = (u>m + to"\) / 2 . Far from the crossing points, 
w" ~ w m at the quasimagnetic half-branches, and w" ~ u>", at the quasielastic 
half-branches. The wave decrement fc" can be found using formula (6.7). 

It should be emphasized that this is true only in the case of small losses. For 
arbitrary losses, as in the case of pure spin waves (Section 7.1), the complex 
dispersion equation must be solved. For stationary waves, to in this equation is 
real.andfc = k' — ik". It turns out that branches of the dependence w(fc', fc") repel 
only if the losses do not exceed certain values. In the opposite case, the branches 
intersect. This general property of any coupled waves will also be discussed in 
Section 14.2 for coupled spin-electromagnetic waves in metals. 

Magnetoelastic waves can be excited either 'magnetically', when ac magneti
zation is directly excited by ac magnetic field, or 'elastically', when ac elastic 
displacement is directly excited by some mechanic forces. Elastic excitation (as 
well as receiving) can be realized, e.g., with the use of a piezoelectric transducer 
pasted to the ferrite sample, as in Figure 9.3(b). Magnetic excitation of magne
toelastic waves always takes place, strictly speaking, when spin waves are to be 
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excited, e.g., in films (Sections 6.2 and 7.2). But in most cases, the waves are 
excited at quasimagnetic half-branches, far from crossing points, and the elas
tic displacements can be neglected, as well as the influence of magnetoelastic 
coupling on the spectrum. 

Another method of magnetic excitation of magnetoelastic waves is the excita
tion by a uniform ac magnetization, which becomes possible owing to boundary 
conditions. Consider, following Le Craw and Comstock [249], a thin ferromag
netic plate magnetized normally to its surface (in z direction) and put in a uniform 
ac magnetic field. The right-hand circular ac magnetization excited by this field is 
regarded as given. For oscillations depending only on z, we can find from (12.24) 
and (12.25), neglecting the exchange interaction, the equation 

It does not contain m+, but this component comes into play through the boundary 
conditions. Assuming the surfaces of the plate to be free, we use the boundary 
conditions (12.17). To find the stresses that appear in these conditions we use the 
expressions obtained from (12.7) by the substitution (7ei - * £4i + t 7 m e i - Then, 
using (2.10) and (2.18), we get the boundary condition 

Thus, the problem is reduced to solving a homogeneous (i.e., without a driving 
term) equation (12.42) subject to a nonhomogeneous boundary condition (12.43). 
Note that in the problem of standing spin waves (Section 7.2) the boundary con
ditions were homogeneous, but the equation was nonhomogeneous, it contained 
the given ac field. 

Solution of (12.42) subject to (12.43) shows 1249] that u+ in the plate is a 
sum of a uniform displacement and an infinite number of resonance terms, which 
correspond to standing magnetoelastic waves. Such a plate can be used as a 
transducer for excitation of transverse circularly polarized elastic waves. 

12.3.3 Magnetoelastic waves in nonuniform steady magnetic field 

So far, studying magnetoelastic waves, we assumed the internal steady magnetic 
field to be uniform within the sample. Nonuniformity of this field results in some 
new phenomena, one of which is the transformation of quasimagnetic waves into 
quasielastic and vice versa. Consider, e.g., a right-hand circularly polarized wave 
propagating along Mo. The spectrum of this wave is plotted in Figure 12.3(a) in 
coordinates Ho (fc) at UJ = const. If the field Ho depends on coordinate z in the 
direction of propagation, as shown in Figure 12.3(b), the character of the wave 
will change with its propagation. Assume that the dependence HQ (Z) is smooth 
enough, so that the condition (7.60) is satisfied. Then the wave will all the time 

(12 .42) 

(12 .43 ) 
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FIGURE 12.3 
Magnetoelastic waves in nonuniform steady magnetic field H»: (a) dependence of Ho on a 
coordinate in the direction of propagation, coinciding with the Ho direction; (b) dispersion 
characteristics Ho(k) at ujk = const. 

belong to the same branch of the spectrum and, therefore, will transform from 
quasimagnetic into quasielastic or vice versa in passing the crossing point. 

If, on the contrary, the field gradient is large, so that unequality (7.60) is not 
satisfied, then partial excitation of a wave at the other branch will take place near 
the crossing. Hence, the complete transformation of the character of the wave, 
as it passes the crossing point, will not occur. These qualitative considerations 
are confirmed by the theory developed by Schlomann and Joseph [346-348]. It 
should be noted that, in these considerations, we have used the 'language' of 
normal modes. In terms of coupled modes, they would sound in the following 
manner: in passing the crossing point, the spin wave transforms partly into the 
elastic wave (or vice versa) due to coupling between them; the transformation is 
more complete the smaller the HQ gradient and, hence, the larger the length and 
the time of interaction. 

Nonuniform internal steady magnetic field HQ can be realized, e.g., in a cylin
drical ferrite rod placed into uniform external field Heo. It was pointed out in 
Section 7.2 that 'turning surfaces' (where HQ — ut/f) are present in such rod at 
appropriate Heo values. Near such a surface (z = ZQ in Figure 12.3), a spin wave 
(or, strictly speaking, a quasimagnetic magnetoelastic wave) arises, in a uniform 
ac magnetic field, and propagates towards the crossing surface z = z\. Passing 
this surface, it transforms into a quasielastic (practically, very near pure elastic) 
wave. Similar transformation takes place in the case of k ± MQ, which can be 
realized in a normally magnetized ferrite disk (Section 7.2.). Both 'geometries' 
can be used in designing magnetoelastic microwave delay lines. Great attention 
was paid in the 1960s to the investigation of such delay lines (e.g., [387]). But 
this problem later lost its urgency because of the development of delay lines using 
magnetostatic waves in films (Section 6.2). 
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12.4 Parametric excitation of magnetoelastic waves 

In the present section the effect of magnetoelastic coupling on the parametric-
excitation processes (studied in detail, but without allowance for this coupling, 
in Chapter 10) will be considered. Two kinds of problems arise here: (i) the 
allowance for the fact that the parametrically excited modes are not pure magnetic 
but magnetoelastic, (ii) the investigation of the parametric excitation caused by 
magnetoelastic interaction. Let us consider first the former problem. 

12.4.1 Longitudinal pumping of magnetoelastic waves 

The magnetoelastic coupling should result in the increase of the longitudinal-
pumping threshold. This becomes especially clear if we use the coupled-mode 
'language': the parametrically excited spin waves excite linearly the elastic waves, 
and, therefore, the damping of spin waves and, hence, the threshold increase. It is 
evident that the increase becomes essential as the crossing point is approached. 

The presence of two magnetoelastic branches allows the conservation laws for 
longitudinal pumping to be satisfied in a degenerate, as well as in a nondegenerate, 
case [Figure 12.4(a)]. But the threshold in the degenerate case usually is lower. 

Suppose now that, at a constant value of the steady field, the pumping frequency 
is varied [Figure 12.4(b)]. If UJp/2 essentially exceeds the crossing frequency UJ\, 
the waves at quasimagnetic branch are excited, and the threshold is, practically, 
the same as without allowance for magnetoelastic coupling. As u)pj2 approaches 

the threshold increases, and at u>p/2 ~ u>\ the threshold point jumps onto 
another branch [Figure 12.4(b)] where the threshold is now lower. With further 
decrease of OJP, the threshold lowers approaching its pure magnetic value. At 
u>p/2 < UJH the parametric excitation of spin waves, without magnetoelastic 
interaction, is impossible. This interaction being taken into account, the waves 
on the quasielastic branch can be excited but with very high threshold. The sharp 
peak of hzthi, at the point of crossing of pure magnetic and elastic dispersion 
curves, was first observed by Turner [408] and then investigated theoretically 
by Morgenthaler [290]. 

We will restrict our treatment to the case for which equations (12.24) and (12.25) 
are valid. From these equations, for a wave with components Mx, My, and uz 

propagating in the x direction, it follows that 

P 
d2uz 

dt2 4 dx2 MQ dx 
(12.44) 
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FIGURE 12.4 
Parametric excitation of magnetoelastic waves under longitudinal pumping, (a) The spec
trum of magnetoelastic waves propagating perpendicularly to M o , points indicate the 
frequencies of unstable-wave pairs: degenerate ( 1 , 1 ' and 2, 2') and nondegenerate (3 , 3' 
and 4 , 4') . (b) Movement of the frequencies of a degenerate pair with decreasing pumping 
frequency. 

To find the threshold value of hz we will not (as distinct from Chapter 10) turn 
from Mx, My, and uz to normal variables. We will directly examine the solutions 
of (12.44) which correspond to the parametrically excited waves with frequency 
wp/2 and wave vectors xok and — xok. The condition for threshold is that these 
waves do not damp in spite of losses. 

The solutions, as yet without losses, are 

Mx 
y — Re \mk x,y exp ( i - y * ~ 1^cx) + m - k x<y e x P i}~2t + lkx)] 

uz = Re \uk z exp {^-^t ~ ikx^j + u-k z exp {i~^t + ikx) j • (12 .45) 

Substituting (12.45) into (12.44), allowing for losses by replacements uim = 
[ ( w H + I > f c 2 ) ( w t f + u > M + £ f c 2 ) ] 1 / 2 - » w m - r - i u ; m a n d w e i = y/c<u/p ->• w e t + iw",, 
and equating to zero the determinant of the obtained system of six algebraic 
equations, we can obtain an expression for hz m r values at both branches of the 
magnetoelastic spectrum. The analysis of this expression supports the qualitative 
conclusions made above. 

Near the crossing point, the mentioned general expression for h . z t h r reduces 
to [290] 

hM» =- min { ^ A H k + 2 ^ " " ^ , ^ } (12 .46) 

where Qe\ = u>e\/ (2ui'^) is the elastic quality factor, AHk = 2 a ; m / 7 , and 'min' 
means that the lowest value must be chosen from two hz m r values at different 
branches. When these values become equal, the jump of the threshold point 
occurs from one branch onto the other. It is easy to make sure that the second term 
in the braces in (12.46) is always positive, so that the magnetoelastic coupling 
always results in increasing the threshold. 
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FIGURE 12.5 
Dependence of the threshold field, for longitudinal pumping of magnetoelastic waves, on 
the internal steady magnetic field Ho. Points represent experimental data for a YIG sphere 
with Mo || (100) at 194 K and ff = 23.2 GHz [304]. The inset shows the threshold field 
values near the crossing point calculated with formula (12.46). 

An experimental dependence of hz ^ on the steady magnetic field at w p = const 
is plotted in Figure 12.5. The inset shows this dependence in a small HQ range 
calculated with formula (12.46). One can see that the intersection of hz ^ vs HQ 
curves for two branches, and, so, the threshold maximal value occurs at the field 
#peak somewhat smaller than the field H\ at which the unperturbed magnetic and 
elastic dispersion curves cross at frequency w p / 2 . The expression for H\ follows 
from the conditions ojm = ue\ = top/2: 

Hi=He--^±. (12.47) 

The parameters of the curve / i 2 t h r vs HQ (Figure 12.5, inset) can be obtained 
from (12.46): 

( I + * L ) (.2.48) 

( A H o W = l p ± L ^ E Z * (12.49) 
^ v\u)M Y p (L / 2 + 7 . H j / W ) 

Using these expressions, the values of B2, QE\, and D can be found (however, 
with low precision) from experimental curves hz ,j, r vs HQ. 
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We have considered in some detail the case of Mo || (100). In other cases, 
in particular when Mo || (111), the longitudinal elastic wave is also coupled, as 
pointed out in the previous section, to the magnetic system. Then, two magne
toelastic peaks, transverse and longitudinal, are observed on the curves hz m r vs 
H0. 

Magnetoelastic waves are the modes that are actually excited under transverse 
pumping, as well. The influence of this circumstance on the threshold values is 
essential, of course, only near the crossings of magnetic and elastic spectra. In 
both cases, of longitudinal and transverse pumping, the excitation of waves at 
the lower quasielastic half-branch [Figure 12.4(b)] is possible at low frequencies 
(utp/2 < LJH). Such parametric excitation was observed [405] under transverse 
pumping at frequency / p = 1.32 GHz in a hexaferrite single-crystal sphere. 

12.4.2 Parametric excitation caused by magnetoelastic coupling 

Now the magnetoelastic nonlinearity is the reason of parametric excitation. The 
excited waves may also be magnetoelastic. But, if the magnetoelastic coupling 
is absent in linear approximation, the excited waves are pure magnetic or pure 
elastic. This case is of the most interest, especially when the parametric excitation 
caused by pure magnetic nonlinearity is impossible. 

As an example, consider parametric excitation, under uniform transverse pump
ing, of spin and longitudinal elastic waves propagating in the direction of Mo, 
which coincides with the (100) axis in a cubic crystal. From equations (12.24) 
and (12.25), assuming magnetic and elastic isotropy, we get in the present case 
the following system: 

dMx ( d2 B\ duz\ 

dt V dz2 M 0 dz 

dMv ( „ d2 „ Bi duz\ , , 

dt V dz2 M 0 dz 

d2uz d2uz B\ d , „ ,9 , , 7 , 

^ = C 1 1 ^ - J ^ M * + M ^ { 1 2 ' 5 , ) 

Here, Mx and My contain the components of uniform pumping magnetization 
and the components of the excited spin wave with the wave vector fc = zok. The 
excited elastic wave has (as the pumping is uniform) the wave vector q — —Zok. 
Assuming the pumping magnetization to be circularly polarized with right-hand 
rotation, we may write 

Mx = ModocosWpt + Re [mkx exp(iLO\t - ifcz)] 

My = MOOQ sin upt + Re [rriky exp (ico\ t — ifcz)] 

uz = Re [u-k exp (iuiit + ifcz)] . (12.52) 
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Substituting (12.52) into (12.51), we obtain a system of equations in mkx, mky, 
and u*_k containing the pumping amplitude a°. Allowing for losses, as usual, by 
replacements ui\ —• UJ\ + if AHk / 2 and u>2 —• 0J2 + iw2 /(2Q e i)» we find from the 
condition of compatibility of the equations that 

The dissipation parameters AHk and, especially, 1 / Q e i decrease with decreasing 
fc. Therefore, low threshold should be observed at such values of w p and Ho at 
which fc —> 0. However, the plane-wave theory is not applicable for small fc values, 
and eigenmodes of the sample, magnetic and elastic, are excited. For a sphere, 
these are the Walker modes (Section 6.3) and some of the lowest elastic modes 
(Section 12.1). The threshold amplitude, in this case, is of the order of (12.53). 

If the pumping frequency is high enough, so that the magnetic parametric-
excitation process of the first order at ferromagnetic resonance is forbidden (Sec
tion 10.2), it is worthwhile to compare the threshold (12.53) with the thresh
old (10.26) for the second-order magnetic process. An estimate shows that, for 
YIG, the ratio aothrmei/ aothr2 c a n be as small as 0.1, provided that Qt\ is not 
reduced by an external mechanical load. Just under this condition, the consid
ered magnetoelastic parametric excitation of an elastic mode (named the mag-
netoacoustic resonance, MAR) was observed in a YIG sphere by Spencer and 
LeGraw [380]. 

Spin waves excited parametrically under longitudinal or transverse magnetic 
pumping can act as pumping for magnetoelastic parametric excitation [188]. This 
effect was named the secondary MAR. 

12.4.3 Elastic pumping 

The role of pumping in parametrical excitation of magnetoelastic waves can also 
be played by an elastic mode. Consider again the case of Mo || (100). Assume 
that the pumping wave is a longitudinal elastic wave that propagates along Mo (in 
z direction), and the excited waves are magnetoelastic waves with wave vectors 
fci and fc2 propagating in xz plane. Suppose that fci ,2 ~> qp and, hence, k\x ~ 
k2x = k. Then, equations (12.24) will take the form 

(12.53) 

dt 

3My 

dMx 

dt 

y 

(12.54) 

where uz = up cos(w pt — qpz) is a given quantity. 
Comparing (12.54) with the equations of motion for longitudinal magnetic 

pumping (Section 10.3), we see that the elastic pumping wave is equivalent to 
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magnetic longitudinal field 

2BX duz 2B\ . . . 

As qp is small, we may ignore the wave nature of this field and, regarding the 
excited waves as pure magnetic, use formula (10.42). Then, we get 

U p m r = ^ _ - ( 1 2 . 5 6 ) 

where uy is the longitudinal elastic-wave velocity (12.14). Estimating, with the 
use of (12.16), the threshold value of the elastic energy flow, we find for YIG 
the value of ~ 0.1 W c m - 2 , which does not contradict the experiment [272]. For 
pumping of spin (strictly speaking, quasimagnetic) waves by transverse elastic 
wave, the threshold turns out to be almost the same as in the above-considered 
case. The threshold for excitation of elastic and magnetic, or of two elastic, waves 
are much higher [258]. 

12.5 Spin-lattice relaxation 

The energy of magnetic oscillations and waves is ultimately transferred, mostly, 
to the crystal lattice. This transfer is performed, as pointed out in Section 11.1, 
by direct and indirect spin-lattice relaxation processes. Indirect processes will 
be studied in Chapters 13 and 14. In the present section we consider the direct 
processes, the cause of which is the magnetoelastic interaction. 

Because of the noncoherent, statistical nature of spin-lattice relaxation pro
cesses the quantum-mechanical approach is to be used in the theory of these pro
cesses. The theory based on the Heisenberg model of ferromagnet (Section 1.1) 
was developed by Akhiezer in his famous work [10] repeatedly cited above. 

In this theory, the operator tj of a spin radius-vector ( / denotes the lattice 
site) is presented, analogously to (12.1), in the form of 7 7 — tjq + uj, and 
the Heisenberg Hamiltonian is expanded in series in terms of the displacement 
operator u/. Limiting the treatment to the zero- and first-order terms in this series, 
we turn from spin operators Sf, as in Section 7.4, to the operators ak and dk, 
and from operators iif, to the operators 6+ and bq of creation and annihilation of 
phonons. The Hamiltonian, then, takes the form 

H = Ho + Hme\2 + W m e 1 3 + • • • (12.57) 

where Ho is the unperturbed Hamiltonian used in Section 7.4 and 11.2 and the 
other terms describe the magnetoelastic interaction. They contain operators bq 

and bq in the first power, and the operators ojj" and dk in the increasing powers: 
the term Hme\2, in the first power, Hmas, in the second power, and so on. 
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However, the main source of the magnetoelastic coupling, the spin-orbital 
interaction, cannot be treated on the basis of the Heisenberg model, which does 
not involve orbital moments. Abrahams and Kittel [2] proposed to evolve a 
quantum-mechanical theory of magnetoelastic relaxation using phenomenological 
expressions, e.g., (12.18), for the magnetoelastic energy. This proposal was 
realized by Kaganov and Tsukernik [200], 

In this theory the projections of M and u in (12.18) (regarded as operators) are 
expressed in terms of the operators ak , ak and bj, bq, respectively. According 
to [200] (see also [14]), 

^ l / ^ E E ? 1 ^ e x p ( - i q r ) + 6+. exp(igr)] . (12.58) 

Here, p is the mass density, V is the sample volume, poqj (j — 1, 2, 3) are the 
unit vectors of phonon polarization, showing the directions of u for each of three 
normal elastic waves with a given wave vector q, and u>q j are the frequencies of 
these waves. 

Consider an isotropic medium, i.e., assume in (12.18) B\ = Bi = B. Then, 
using (12.58) and the formulae that express M projections in terms of ak and a£ 
(Section 7.4), we obtain from (12.18) the Hamiltonian in the form (12.57) where 

Wmei2 = ( * * . « i a f c ^ i + H - C - ) Mk-q) (12.59) 
j k q 

Wmel3 = Yl Y YY *2. « > a * i S * l ^ . ; + H C " ) A < fc> + k2 ~ Q) 
j k\ fe2 9 

+ ( ^ i . i ^ A . a ^ + H - C - ) A (fci -k2-q)] • (12.60) 

Here, H.c. denotes the Hermitian conjugate of the quantity written before it, and A 
is the Kronecker symbol (Appendix C); the expressions for the amplitudes * ^ , 9 j , 
^kik2,gj' and ^IkxMti are given in [200]. 

The terms in (12.59) and (12.60), as in the case of the isolated magnetic system 
(Section 11.2), correspond to elementary processes of annihilation and creation of 
quasiparticles, in the present case, of magnons and phonons. In these processes, 
as one can see from (12.59) and (12.60), the impulse conservation takes place. 
(Energy is also conserved in each elementary process, in the first approximation 
of the perturbation theory, similar to magnon processes treated in Section 11.1.) 
The bilinear Hamiltonian (12.59) describes two-particle elementary processes 
of magnon-phonon conversion. After the diagonalization of it, together with 
the quadratic Hamiltonians of magnetic and elastic systems, a Hamiltonian that 
describes the mixed quasiparticles corresponding to magnetoelastic waves would 
be obtained. 

The Hamiltonian (12.60) describes the three-particle elementary processes, 
which are basic to the spin-lattice relaxation. The terms with amplitudes "J^, k2,q j 
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correspond to the elementary processes of t w o - m a g n o n confluence with creation 
of a phonon, and the Hermitian conjugate terms correspond to the splitting of a 
phonon into two magnons. The terms with amplitudes <^kl,k2qj correspond to 
the elementary processes of splitting a magnon into magnon and phonon. These 
processes (as well as the reverse ones, the magnon-phonon confluence) were 
named the Cherenkov processes, by analogy with the Cherenkov-Vavilov effect 
of light radiation by an electron retarded in a medium (e.g., [246]). The condition 
of this effect (the electron velocity must exceed the velocity of light in the medium) 
transforms, in our case, into 

*>mgr > Ve\. (12.61) 

This condition can be satisfied at sufficiently large k values, as one can see, e.g., 
from Figure 12.2. 

The process of two-magnon confluence into a phonon can be caused only by 
the relativistic interactions, just as the processes in the isolated magnetic system 
occuring with the change of the entire number of magnons (Section 11.2). But 
the Cherenkov processes, in which the number of magnons remains constant, can 
be caused by relativistic, as well as by exchange interactions. The ratio of their 
contributions to ^ k u k 2 q j , at k\ ~ k 2 = k, is [200] 

„ g g ^ . (,2.62) 

This ratio, for YIG, is of the order of unity at k ~ 10 6 . At smaller k values the 
relativistic contribution is dominant, and at larger k values the exchange contribu
tion dominates. It is worth noting that the direct Cherenkov process (splitting of a 
magnon into magnon and phonon) underlies the parametric excitation of magnetic 
and elastic waves under magnetic pumping, and the splitting of a phonon into two 
magnons is the basis of parametric excitation of magnetic modes under elastic 
pumping. 

The above-discussed three-particle elementary processes form the basis of the 
processes of direct spin-lattice relaxation in magnetically ordered substances 
shown in Table 12.1. Note that, as distinct from Section 11.2, now there is no 
need in considering four-particle processes. In the case of spin-lattice relaxation, 
three-particle processes can be caused by exchange interaction, and, hence, their 
probabilities are always larger than the probabilities of four-particle processes. 

To obtain the relaxation frequencies of the processes shown in Table 12.1 we 
can use the theory based on calculating the transition probabilities in the first 
approximation of the nonstationary perturbation theory (Section 11.1). Without 
dwelling on these calculations, we cite only some results [100] (see also [14,171]). 
It turns out that the contribution of all these processes to the dissipation of uniform 

magnetization oscillations, as well as their contribution to the dissipation of spin 
waves with k < 10 5, is negligible. This contribution increases with growing k. In 
substances in which the indirect spin-lattice processes do not play any important 



334 12 Magnetoelastic coupling 

TABLE 12.1 
Processes of direct spin-lattice relaxation.' 

Elementary processes 

Process Amplitude direct 

NL 1 Q 9 s*ki 
Magnon confluence *F t l ^ q , • y s A - ^ ^ x # | 

(j^T* 

Splitting 
Cherenkov 
processes ^ t j k 

Confluence 4 ^ " ^ O t , 

Relaxation of magnons with wave vector fci is considered. 

role, the direct processes shown in Table 12.1 transfer the energy into the lattice. 
This energy was 'smeared' out over the magnetic system by spin-spin processes 
(Chapter 11) at 'early stages' of relaxation. 

For uniform ferromagnetic resonance and spin waves with small fc, in 'good' 
samples of single-crystal ferrites, as YIG, an essential difficulty arises in explaining 
the very first of the mentioned relaxation stages, which mainly determines the 
observed AHo and AHk^o values. It was already pointed out in Section 11.2 
that Kasuya-Le Grawprocesses [212] (see also [376]), both magnon-magnon and 

FIGURE 12.6 
Spectra of magnons (solid curves) and phonons (dashed curves). Points indicate the 
frequencies for a magnon-phonon Kasuya-Le Graw process. Note that the condition 
k\ = ki— q need not be satisfied because the vectors k\,k2, and q, for which the impulse 
conservation holds, are, in general, not parallel to each other. 
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magnon-phonon, can be important at this stage. A distinctive feature of Kasuya-
Le Graw processes is the participation of magnons or phonons at upper branches 
of their spectra. The magnon-phonon Kasuya-Le Graw process is the confluence 
of a small-fc magnon with phonon at the upper (optical) branch of the elastic-wave 
spectrum resulting in creation of a magnon with large k (Figure 12.6). It should be 
noted that such a process leads to the energy transfer, not from the spin system into 
the lattice but in the opposite direction. However, it results in annihilation of the 
considered small-fc magnons and, hence, makes a contribution to their dissipation 
parameter. Of course, the energy transferred into the spin system by this process 
is returned into the lattice by other processes, the probabilities of which are large 
enough because of high k values of magnons created in the Kasuya-Le Graw 
process. 

Estimates show that the contribution of the magnon-phonon Kasuya-Le Graw 
processes, as well as of the magnon-magnon ones (Section 11.2), to the linewidth 
of high-quality single-crystal ferrites is essential. For YIG, it is of the order of 
0.1 Oe, which is a noticeable part, if not a dominant one, of the entire value of 
AHk^0 in YIG. 





13 
Ionic anisotropy and relaxation 

13.1 Anisotropy caused by impurity ions 

As mentioned in Section 11.1, the impurity ions with strong spin-orbital coupling 
give rise to an effective relaxation process which we, for brevity, refer to as ionic 
process. These ions are also a source of anisotropy in ferromagnetic resonance. 

Among the considered ions there are all ions with partly filled 3d or 4f shells, 
except such that either have no orbital angular momentum (are in the S state) or 
have a quenched orbital angular momentum. The latter means that the lowest 
energy level of such an ion in the particular crystal is an orbital singlet. The 
ions M n 2 + , F e 3 + , E u 2 + , G d 3 + are in the S state, and C r 3 + in the octahedral 
environment is an example of ions with quenched orbital angular momentum. It 
should be noted that ions with zero or quenched orbital momentum, first of all, 
F e 3 + ions, are the main magnetic ions in all soft magnetic materials, including 
microwave ferrites. Ions with strong spin-orbital coupling emerge either as a 
result of the impurities in the starting materials or due to the change of the 
main-ion valencies. In some cases the ions with strong spin-orbital coupling are 
added purposely, e.g., to increase the threshold of parametric spin-wave excitation 
(Chapter 10). 

13.1.1 Energy levels of ions 

The angular momenta J of ions with partially filled 3d or 4f shells are vector sums 
of orbital and spin angular momenta of all electrons of these shells. The interaction 
of electrons is such in this case (the Russel-Saunders coupling [336]) that it is 
reasonable to first sum the spin angular momenta of all electrons ($2 N s n = S ) 
and their orbital angular momenta ( J ^ n l n = L), and only then to sum S and L 
(S + L = J). 

It was pointed out in Section 1.1 that the eigenvalues of the operator S and L 
projections onto the axis of quantization are: S,(S — 1 ) , . . . , ( —S) and L, (L — 
1 ) , . . . , (— L), where S and L are, respectively, the spin and the orbital quantum 
numbers. The eigenvalues of the operator J projections are: J , ( J — ! ) , . . . , ( — J), 
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and the quantum number J can take the values (S + L),(S + L — 1 ) , . . . , \S — L\. 
The values of S and L in the ground state are determined by the empirical Hund 
rules (e.g. [243, 336]). 

The energy levels of a free ion, without allowance for spin-orbital and intraionic 
spin-spin interactions, depend only on S and L and are (25 + l)(2L + 1)-
fold degenerate. The mentioned interactions split the levels into (2 J 4- 1 )-fold 
degenerate multiplets with different J values. The lowest multiplet is that with 
J — \S — L\ if the shell is less than half filled, and with J = S + L if it is more 
than half filled. The S, L, and J values of free 3d and 4f ions in the ground states 
are given in Tables 13.1 and 13.2. 

An external magnetic field splits each multiplet into (2 J + 1) equidistant levels 
with intervals (1.18). An external electric field removes the degeneration, com
pletely or partly, depending on the symmetry of the field and the value of J . A 
field with orthorhombic or lower symmetry splits the multiplet completely if J is 
an integer (i.e., the number of 3d or 4f electrons is even), or splits it into J + 1/2 
Kramers doublets if J is a half-integer. Fields with higher symmetries split the 
multiplets partly. The cubic field does not split them at all if J < 2. The five-fold 
degenerate multiplet with J = 2 is split by the cubic field into a doublet and a 
triplet, the seven-fold degenerate multiplet with J = 3 is split into a singlet and 
two triplets [1]. 

Ions in a crystal interact electrostatically with the neighboring ions. The part 
of the energy of this interaction that depends on mutual orientations of the ionic 
spins is referred to as the exchange energy. It can be described by the use of 
the effective exchange (or 'molecular') field (Section 1.1), which results in the 
splitting of ionic levels similar to the splitting in a magnetic field. The rest of 
the interaction with the neighboring ions is described by means of the so-called 
crystal field, which has the same symmetry as the local environment of the ion. 

Considering the influence of different interactions on the ionic energy levels, 
we must begin with the strongest interaction and then pass to weaker and weaker 
ones. The sequence of them is different for 3d and 4f ions. For 3d ions, the 
influence of the crystal field is the strongest and should be taken into account first. 
Then the exchange interaction follows, and only alter it the spin-orbital coupling 
is to be taken into account. The case of the so-called intermediate crystal field [1] 
is usually realized. In this case the energy of interaction between 3d electrons is 
higher than their energy in the crystal field, and the energy spectrum is determined 
first of all by the values of S and L. The action of the crystal field is stronger 
for the 3d ions than the spin-orbital interaction (which leads to the formation 
of the total angular momentum J ) . Therefore, the energy levels of 3d ions are 
determined mainly by the action of the crystal field onto the orbital multiplets. 

The cubic component of the crystal field is always the greatest. Therefore, it is 
reasonable to first find the structure of energy levels in the cubic crystal field, and 
then to take into account, as perturbations, the trigonal, tetragonal, and orthorhom
bic crystal-field components. The splitting of orbital multiplets with L = 2 and 
L = 3 by the cubic field is shown in Table 13.3. It should be noted that the crystal 



TABLE 13.1 
Quantum numbers of free 3d ions in the ground state [1]. 

Ions 

V 2 + C r 2 + Mn 2 + F e 2 + C o 2 + Ni2+ C u 2 + 

Ions V 3 + &+ M n 3 + Fe3+ C o 3 + Ni3+ Ions 

v 4 + C r 4 + M n 4 + F e 4 + 

Number of 3d electrons 1 2 3 4 5 6 7 8 9 
Spin angular momentum 1/2 1 3/2 2 5/2 2 3/2 1 1/2 
Orbital angular momentum 2 3 3 2 0 2 3 3 2 
Total angular momentum 3/2 2 3/2 0 5/2 4 9/2 4 5/2 
Notation of the term 2 D 3 / 2 

3 F 2 *F3/2 5 D 0 
6S5/2 5D4 4Fc>/2 3 F 4 

2 D 5 / 2 

TABLE 13.2 
Quantum numbers of free 4f ions in the ground state [1]. 

Sm 2 + Eu 2 + 

Ions 
Ce3+ p R 3 + Nd3+ Pm 3+ Sm 3 + Eu3+ G d 3 + T b 3 + Dy3+ H o 3 + E r ^ T m 3 + Y b 3 + 

Number of 4f electrons 1 2 3 4 5 6 7 8 9 10 11 12 13 
Spin angular momentum 1/2 1 3/2 2 5/2 3 7/2 3 5/2 2 3/2 1 1/2 
Orbital angular momentum 3 5 6 6 5 3 0 3 5 6 6 5 3 
Total angular momentum 5/2 4 9/2 4 5/2 0 7/2 6 15/2 8 15/2 6 7/2 
Notation of the term 2F5/2 3 H 4 I9/2 5 I 4 

6H5/2 7Fo 8 0 J7/2 7 F 6 

6Hl5/2 5 I 8 

4 i 
M5/2 

3 H 6 
2F7/ 2 
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TABLE 13.3 
Splitting of orbital multiplets by the cubic crystal field 

Degeneracy after 
splitting (in order of 
increasing energy) 

Orbital Degeneracy Number Environment 
angular before of 3d Examples 
momentum splitting electrons of ions octahedral tetrahedral 

1 or 6 F e 2 + C o 3 + 3; 2 2; 3 
2 5 4 or 9 Cr2-*" Mn 3 + F e 4 + 2; 3 3; 2 

3 or 8 C r ^ N i 2 + 1; 3; 3 3; 3; 1 
3 7 2 or 7 Cr4+ C o 2 + 3; 3; 1 1; 3; 3 

field on octahedral sites of spinels and garnets (Section 3.3) contains a trigonal 
component, which results in splitting of the triplet into a singlet and a doublet. 

In Figure 13.1, a 'sequential' splitting of the orbital multiplet 5 D of ions C r 2 + , 
M n 3 + , or F e 4 + on an octahedral site is shown. The cubic crystal-field component, 
according to Table 13.3, splits the 5 D multiplet into orbital doublet and triplet. The 
trigonal component splits the triplet. The exchange interaction removes the spin 
degeneration, i.e., splits each level into five doublets or singlets, according to their 

x l 

5D 

Free ion 
(without 

spin-orbital 
interaction) 

X3 

X2 

X2 

x2 
- 1 

_=2_ 

- C 

: - e 2 

Cubic Trigonal Exchange Spin-orbital 
component + component + interaction + interaction 

Cristal field 

FIGURE 13.1 
Splitting of energy levels of d 4 ions in the octahedral environment, x 3, x 2, and x 1 denote 
the orbital degeneracy. 
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<100> (111> (110) 

FIGURE 13.2 
Splitting of the lowest doublet of d 4 or d 6 ions on octahedral lattice sites by spin-orbital 
interaction without (dashed lines) and with (solid lines) al lowance for perturbations. 

FIGURE 13.3 
Angular dependence of T b 3 + energy levels on one of the nonequivalent dodecahedral YIG 
lattice sites, calculated from experimental data on ferromagnetic resonance in Tb-doped 
YIG [100]. 9 is the angle between M 0 and the (100) axis in the {110} plane. 

orbital degeneracy. And finally, the weakest, spin-orbital interaction splits the 
doublets. This splitting depends essentially on the direction of Mo with respect 
to the crystal axes. It has been shown [182] that the angular dependence of the 
lowest levels has the form (Figure 13.2) 

e , i 2 = ± ^ £ ) ° ( S in 2 26 + s in 4 6sin 2 2<p)) (13.1) 

where 8 and <p are the Mo angles in the spherical coordinate system with the axis 
coinciding with the (100) direction. One can see that there is a crossing of levels 
in the (111) direction. It is replaced by a near-crossing if some perturbations are 
taken into account (Figure 13.2). 

For 4f ions, the spin-orbital interaction is the strongest. It combines S and 
L into the total angular momentum J. The multiplets with different J are split 
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by the crystal and exchange fields, as the orbital multiplets of 3d ions. For 
4f ions with small spin angular momenta, e.g., Y b 3 + , the splitting in crystal 
field is much stronger than the exchange splitting. But for 4f ions with large 
spin angular momenta, such as T b 3 + or H o 3 + (Table 13.2), these splittings are 
of the same order, which leads to 'accidental' crossings of levels at some Mo 
angles. Different interactions, which have not been taken into account, result in 
replacement of the crossings by near-crossings (Figure 13.3). 

13.1.2 One-ion theory of ferromagnetic-resonance anisotropy 

Let us examine the influence of the ions with strong spin-orbital coupling on the 
condition for ferromagnetic resonance (not yet touching on the dynamic contribu
tion of the ions, which will be considered in the next section). 

The free energy of the ions can be found from the general formula [244] 

where / denotes the sort of ions, v denotes the nonequivalent crystal site, and j 
is the number of the level. In the case of small concentration of the ions, which 
we are interested in, the contributions of different ions on different sites can be 
regarded as independent and additive, and we may study them one by one using 
formula (2.29). To obtain the condition for resonance we must substitute the 
sum of the following terms into (2.24): the ionic free energy (2.29), the Zeeman 
energy (2.26), and, in general, the energy of demagnetizing fields. But the last 
term may be omitted in the case of a sphere, which we consider for simplicity. 
For small concentration of ions, neglecting the intrinsic anisotropy of the main 
magnetic system, we may regard 9 and <p as coinciding with the given angles 9H 
and ifn of the external magnetic field. 

Let us take into account only two lowest energy levels. Then, it is easy to obtain 
from (2.32) (omitting a constant term) 

where eo = (ei + £ 2 ) / 2 and Se = e2 — £\ depend, in general, on the angles 9 and 
<p. Substituting the sum of (13.3) and (2.26) into (2.24) and neglecting the terms 
of the second order in N, we find [163] 

(13 .2 ) 

(13 .3 ) 

(13 .4) 
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Here the indices 0 and tp denote, as in (2.26), the partial derivatives with respect 
to the corresponding angles. 

13.1.3 Near-crossing energy levels 

The two-level approximation is good at low temperatures and, without severe 
restriction on the temperature, in two important particular cases: (i) low-lying 
doublet split by spin-orbital (for 3d ions) or exchange (for 4f ions) interaction, 
leading to the near-crossing of levels, as in Figure 13.2, (ii) 'accidental' near-
crossing of two lowest levels, as in Figure 13.3. 

Consider, first, the case of the lowest orbital doublet split by spin-orbital 
interaction. Assume Mo to lie in the {110} plane. Then, according to (13.1), 
there is a level crossing in the (111) direction replaced, as it has been mentioned, 
by near-crossing. To take this into account we may change (13.1): 

£ 1 , 2 
(6e) 

/ 3 \ > / 2 

[ 1 - - (sin 2 2(9 + sin 4 6 sin 2 lip) + £ 2 j (13.5) 

where £ = (6e)min/(Se)o (Figure 13.2). Then, using the formula (13.4), we 
obtain, e.g., 

tXU\ N(6e)Q (^)RRUN 
(6H)ui = . . . tanh• (13 .6 ) 

MQZ 2KT 

It should be noted that (6H)u \ remains finite in the limiting case of pure crossing: 

1 N(6e)l 
[ ( * t f ) i n U 0 = 2 M0KT 

(13 .7) 

Consider now an asymmetrical, 'accidental' near-crossing of two levels (Fig
ure 13.4). Near the point 0 = 0 the angular dependence of the levels can be 

FIGURE 13.4 
Near-crossing of energy levels. 
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approximated by the roots of the equation 

(£-pl9)(e-p20)-\(Se)lin=O. (13 .8) 

Suppose (as the calculation is only an estimate) that the terms containing deriva
tives with respect to <p make the same contribution to SH as the terms with 
derivatives with respect to 8. Then, using ( 1 3 . 4 ) and ( 1 3 . 8 ) , we obtain that at the 
point of near-crossing 

2 M 0 ( d e ) m i n 2 K T 

Giant iz" r e s peaks at the points of near-crossings ot the impurity-ion energy levels 
were explained by Kittel [ 2 2 4 ] . The expressions for SH given in [ 2 2 5 ] follow 
from ( 1 3 . 9 ) in the limiting cases (^e)min nT and (<5e)min 3 > K T . 

13.1.4 Experimental data 

The infuence of the ions with strong spin-orbital coupling on ferromagnetic 
resonance was first observed by Dillon and Nielsen [98] in the case of impurity 
4f ions in YIG single crystals. 

The experimental angular dependences of iJ" r e s in YIG with small addition of 
Tb are shown in Figure 13.5. Two HKS angular maxima, at 9 = 36° and 9 = 78°, 
of the three observed, are caused by the near-crossings shown in Figure 13.3. The 
third maximum, at 9 = 19°, is caused by the ions on another nonequivalent lattice 
site. 

Let us compare the height of the maxima in Figure 13.5 with the theoretical 
value (13.9). The concentration N can be easily found by taking into account that 
the edge of an elementary YIG cubic crystal cell (which contains eight 'molecules' 
YsFesOn) is 12.5 A [138] and only 1/3 of the ions occupy the lattice sites that 
correspond to Figure 13.3. The magnetization Mo may be assumed to be the same 
as for pure YIG (195 G at 4.2 K). The values forpi — pi — 120K and (Se)mi„ — 5K 
are found from Figure 13.3. Then, using (13.9), we obtain 6H = 250 Oe, whereas 
the experimental value (Figure 13.5) is approximately 200 Oe. 

The 'strange' values of the angles, 8 = 19°, 38°, and 78°, were explained by 
Huber [185]. He showed that all these angles correspond to the same angle 71° 
between Mo and one of the local axes. 

Big HKS peaks in the Mo directions in which energy-level near-crossings take 
place were also observed [98] in YIG doped with other non-Kramers 4f ions: with 
P r 3 + , in the directions (100), and with H o 3 + , in all directions lying in the {100} 
planes. The contributions of Kramers ions, N d 3 + , S m 3 + , Dy 3 +, E r 3 + , and Y b 3 + , 
were also great, but sharp maxima were not observed, except for Y b 3 + . In the last 
case, very sharp 'anomalous' HKS peaks were observed owing to the near-crossings 
of levels of Y b 3 + ions that penetrate onto octahedral lattice sites [99]. 



The influence of 3d ions with strong spin-orbital coupling on the ferromagnetic-
resonance anisotropy in ferrites was also investigated. For YIG, the ions F e 2 + 

and F e 4 + are of the most interest [401, 402]. F e 2 + ions arise in small amounts 
in the process of crystal growth due to oxygen vacancies and S i 4 + and P t 4 + ions 
penetrating into the lattice. F e 4 + ions arise as a result of penetration of Pb used 
as a solvent in the growth of YIG crystals. 

Analogous reasons lead to the appearance of F e 2 + , F e 4 + , and M n 3 + ions in 
ferrites with spinel structure [236, 297]. C o 2 + ions arise in these materials 
when small amounts of cobalt are added to control the anisotropy or to raise the 
threshold of spin-wave parametric excitation (Chapter 10). All the mentioned 
3d ions usually have no sharp near-crossings of the energy levels, and their main 
effect is the appearance of low-temperature AH maxima to be studied in the next 
section. 

An interesting example of the influence of ions with strong spin-orbital cou
pling on ferromagnetic-resonance anisotropy is that of C r 2 + and C r 4 + ions in 
the ferromagnet C d C r 2 S e 4 [417]. The anisotropy of this crystal is small because 
the main magnetic ions C r 3 + have quenched orbital momenta. However, distinct 
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FIGURE 13.6 
Angular dependences of 8H = HKS — u/y and AH for CdCr2Se4 (curves 1) and 
Cdi- X AgxCr2Se4 (x = 0.015): as grown (curves 2), after annealing in vacuum (curves 3), 
and after subsequent annealing in Se vapor (curves 4) [34]. Measurements were performed 
at frequency 9.1 GHz and temperature 4.2 K. 

HKS maxima are observed in (111) directions [Figure 13.6(a), curve 1]. They are 
caused by C r 2 + ions arising in the course of crystal growth due to Se vacancies. 
The lowest energy levels of these ions have been shown in Figure 13.2. 

But if CdCr2Se4 crystals are grown with small addition of Ag [Figure 13.6(a), 
curve 2], the maxima in (111) directions disappear and maxima in (100) and 
(110) directions arise. They are caused by C r 4 + ions, which emerge owing to 
the substitution of A g + ions for C d 2 + ions. The C r 4 + ions in octahedral cubic 
environment have a low-lying orbital triplet (Table 13.3). It is split into a doublet 
and a singlet by the trigonal crystal-field component present on octahedral spinel 
sites. The singlet and the lowest level of the doublet (split by the spin-orbital 
interaction, as in Figure 13.2) are believed to approach each other in (100) and 
(110) directions. 

The Ag-doped sample was then annealed in vacuum. This resulted in the rise 
of Se vacancies and, hence, of the C r 2 + ions. Strong HKS maxima caused by 
these ions appeared in (111) directions [Figure 13.6(a), curve 3]. The subsequent 
annealing of the sample in Se vapor resulted in the disappearance of these maxima 
(curve 4) due to the 'healing' of Se vacancies. It should be noted that in other 
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crystals, e.g., in HgCr2Se4, the C r 2 + and C r 4 + ions can coexist, being localized 
near the defects that have caused them. The HKS maxima in (111) and (100) 
directions are then observed at the same time [107], 

An important assumption has been made in this section (it will be removed 
in Section 13.2): the relaxation time of the ionic energy-level populations is 
much shorter than the period of oscillations. The anisotropy obtained above with 
this assumption does not depend on frequency and coincides with the anisotropy 
measured in a constant field, e.g., by the method of torque moments (Section 2.2). 
It gives grounds to name such anisotropy the static anisotropy, although it manifests 
itself in such a dynamic process as ferromagnetic resonance. 

13.2 Ionic relaxation processes 

The contribution of the ionic relaxation process to the ferromagnetic-resonance 
linewidth of ferrites was observed, as it became clear afterwards, in the early 1950s. 
But this process was understood only after Dillon and Neilsen [97] and Spencer, 
Le Craw, and Clogston [379] discovered the low-temperature AH maxima in YIG 
single crystals with rare-earth impurity ions. To explain these maxima a theory 
known as the theory of fast relaxation was developed by Kittel, De Gennes, and 
Portis [224, 87]. According to this theory, the AH maxima appear at such tem
peratures at which the relaxation frequency of ion-level populations 1 / T J becomes 
equal to 6e/h where 6e is the energy interval between the lowest levels. 

It soon became apparent however, that the predictions of the fast-relaxation 
theory do not agree, in most cases, with experiment. Besides, the 1 / r , values can 
hardly be so large at the temperatures of AH maxima, as it is necessary according 
to this theory. Dillon [94] and Teale and Tweedale [403] proposed another mech
anism to determine the behavior of AH in YIG with rare-earth impurities. It was 
given the name of slow relaxation. According to this mechanism, the AH maxima 
are observed at such temperatures at which 1 /TJ is equal to the frequency u> of the 
ac field. It has turned out that the theory developed earlier by Clogston [75] for 
the case of interionic electron transitions (Section 14.1) is also the proper theory 
for the intraionic slow relaxation. 

13.2.1 Transverse relaxation 

The fast relaxation falls into the transverse relaxation mechanisms, for which the 
excitation of ions is accomplished by means of direct transitions between ionic 
energy levels. This excitation is analogous, in some sense, to the paramagnetic 
resonance [1, 15], with the difference that it is performed by the magnons of 
the main magnetic system, rather than by quanta of an external field. Different 
cases of such excitation are shown in Figure 13.7. Case (c) corresponds to the 
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FIGURE 13.7 
Transverse ionic relaxation: (a) transition probability is very small, (b) resonance relaxation, 
(c) fast relaxation. 

fast-relaxation mechanism. 
A macroscopic model was first used by Kittel 1224] in the theory of fast relax

ation. Both systems, the main magnetic system and the ions, were regarded as 
sublattices (Section 3.1) with magnetizations, respectively, M\ andAf 2 — N2SJI2 
where A^ is the concentration and SDT2 is the magnetic moment of the ions. The 
Landau-Lifshitz equations of motion were written for both sublattices neglecting 
the intrinsic anisotropy and dissipation of the first sublattice and assuming the ex
change interaction between the sublattices to be antiferromagnetic. The solution 
of these coupled equations, in the case of small A r

2 , results in 

A H = 2 - ^ - ^ - T ± - 2 . (13.10) 

Here, OJE — A72M10 where A is the constant of the exchange interaction between 
the sublattices. The relaxation time TJ is defined by 

- = A ^ 7 2 A 2 (13.11) 
Tj M20 

where A2 is the dissipation parameter (Section 1.4) of the second sublattice; its 
value can be arbitrarily large. 

It was mentioned in Section 3.3 that the system of rare-earth ions on dodec
ahedral lattice sites in garnets, even in the case of high concentrations, can be 
regarded as a sublattice only at low temperatures. The concentration of ions in 
the above-considered theory being small, this theory needs justification all the 
more. The microscopic theory [87] developed for the case of high temperatures 
can serve as such justification. Its result coincides with the high-temperature limit 
( w g T j -C 1) of (13.10) if ^ defined by (13.11) is equal to the relaxation time of 
the level populations in microscopic theory. 
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It should be emphasized that in both theories, the macroscopic and the micro
scopic, two essential assumptions were made: (i) the exchange interaction was 
regarded as isotropic, and (ii) the interaction of orbital moments with the lattice 
(which could be taken into account by means of the crystal field) was neglected. 
With these assumptions, the dc components of M\ and DJlj are parallel, and the 
ac effective field Am.] acting on the ions, which is transversal with respect to 
Mi 0, is transversal also with respect to o- That is why the fast relaxation is 
regarded as a case of transverse relaxation. 

A general theory of transverse relaxation was developed by Van Vleck [419]. 
Two systems coupled with each other by isotropic exchange interaction are con
sidered in this theory. The first is described by the magnetization M\, which 
satisfies the Landau-Lifshitz equation. The second consists of ions, which are 
characterized by their energy levels. Taking into account two lowest of them, the 
following formula was obtained for the case of a sphere: 

where Mi 0 and OT20 are the values at T —• 0. In the limiting case of fast relaxation 
(to <C 6e/h, 1/TJ ~ 5e/h), the expression for AH following from (13.12) reduces 
to (13.10), and 6H becomes much smaller than AH. 

Let us cite now the distinctive features of the fast-relaxation mechanism. 

1. The resonance linewidth remains finite at T —> 0 and passes through a maximum 
when 1/TJ = de/h; the position of the maximum depends on u> only because of 
the frequency dependence of T\. 
2. The height of the maximum grows with increasing u. 
3. The dynamic shift of the resonance field 6H is small as compared with AH. 

In the case of resonance relaxation [w ~ 6e/h, 1/TJ C 8e/h, Figure 13.7(b)] 
the maxima] AH value can be much larger than for the fast relaxation, but it 
diminishes sharply when u departs from the resonance frequency 8e/h. 

13.2.2 Longitudinal (slow) relaxation 

The mechanism of slow relaxation (referred also to as longitudinal relaxation) is 
based on the modulation of ionic energy levels by the oscillations of the magnetic 
system. Consider, first, this mechanism qualitatively (Figure 13.8). The interval 
6e between two lowest energy levels is modulated with frequency u>. The equi
librium populations of the levels change with the same frequency, and transitions 
between the levels occur all the time 'trying' to restore the continuously disturbed 
equilibrium. 

) 
(13 .12) 
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FIGURE 13.8 
Transitions between ion energy levels in the course o f modulation of the levels: (a) in the 
absence and (b) in the presence of retardation. 

Suppose, first, that the transitions occur without retardation with respect to the 
change of 8e [Figure 13.8(a)], i.e., from the lower level onto the upper one when 
8e is decreasing, and vice versa. Then, the average energy U\, transferred by the 
ions to the lattice, is equal to zero, as evident from Figure 13.8(a). But if there is 
a retardation [Figure 13.8(b)], i.e., the ionic system has a finite relaxation time TU 

then U\ is finite and positive. In a stationary regime this energy is compensated by 
the energy expended by the magnetic system on the modulation of energy levels. 
However, if the retardation is very large (TJ —> oo), the transitions 'have no time' 
to occur, and again U\ = 0. One can believe that the energy transferred from 
the magnetic system to the ions and from them to the lattice is maximal when 
1/V; = UJ. 

The considered mechanism is like the Debay mechanism of dielectric relaxation 
(e.g., [227]) or the Gorter mechanism of paramagnetic relaxation [68, 144]. From 
the latter it differs in that the modulation of energy levels is accomplished by 
magnons instead of photons. It is the same difference as the above-mentioned dif
ference between transverse relaxation and paramagnetic resonance. A mechanism 
analogous to the slow intraionic relaxation was proposed earlier, for electron tran
sitions between F e 2 + and F e 3 + ions in ferrites, by Wijn and van der Heide [444] 
and, in a particular case of ferromagnetic resonance, by Jager, Gait, and Mer-
ritt [450]. The theory of this mechanism was developed by Clogston [75]. It is 
fully applicable to our case of slow ionic relaxation based on intraionic transitions. 

Proceeding to the study of the Clogston theory, consider again two coupled sys
tems: magnetic and ionic. The first is characterized by the vector M that satisfies 
the Landau-Lifshitz equation. The second consists of N ions characterized by 
the energy levels Sj and their populations Nj, so that ^ • Nj = N . The coupling 
of the systems is not specified in the theory, it is assumed only that the coupling 
leads to the variation of the levels with certain frequency UJ. The equilibrium 
populations of the levels Afjoo are determined by the instantaneous £j values and 
are changing with the same frequency. The instantaneous populations Nj are also 
changing with the frequency UJ but, of course, do not coincide with Njoo due to 
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the retardation mentioned above. The main assumption of the theory is 

dNj _ N]00 - Nj 
(13.13) 

dt Tj 

It means that all populations relax to their equilibrium values with the same 
relaxation frequency 1 / T J . 

Substituting NJOO = (iV J O O)o + n J O o exp(iwr) and Nj = {Nj)o + tij exp(iwt) 
into (13.13) and regarding the amplitudes r i j oo and n3 as small with respect to 
{Njoo)o and (Nj)o, we obtain 

TJ • 

jV, = (N)0 + , J ?° exp(iwt). (13.14) 
1 + \LOT\ 

We will restrict ourselves to the case of uniform oscillations and neglect all 
anisotropics except one caused by the considered ionic system. Then, the free 
energy may be written as 

U =-MH+ YsN3£3-siT (13-15) 
3 

where the entropy Sj = -n £ . Nj \n(Nj/N) [244]. The first term in the right-
hand side of (13.15) is the free energy of the magnetic system (which includes the 
entropy term, as M is the magnetization at a given temperature, see Section 2.1). 
It should be noted that now we may not use formula (13.2) for the free energy of 
the ionic system because it is valid only in the equilibrium. 

The linearized equation of motion for the eigenoscillations of the magnetic 
system is 

iwm = — 7 m x Hefo — 7 M 0 x hef (13.16) 

\ O M ) W,=cons t 

where i f e f 0 and hef are, respectively, the dc and the ac components of the effective 
field 

dU \ 
.d~MJ N, 

It is very important that the differentiation in (13.17) is carried out at constant 
populations Nj. Indeed, the right-hand side of (13.16) is the force moment acting 
on the system; in calculating it, the partial derivatives of energy must be taken 
with respect to the angles, i.e., to the M components, and populations Nj are to 
be regarded as constant factors. So, in calculating i / e f by (13.17) the last term of 
U in (13.15) must not be taken into account. 

In the considered theory the Cartesian coordinate system with the z-axis directed 
along Mo is used (Figure 13.9). In this system, mx = Mo69 and my = Mo<50 
where 60 = 0 - 9Q and 6<j> = (ip — ipo) sin#o- The components of i f e f in this 
system, according to (13.16) and (13.15), are 

3 3 

(13.18) 
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FIGURE 13.9 
Coordinate system in the Clogston theory. 

where the populations Nj are determined by (13.14). These components and 
the derivatives dej/dd and dsj/d(f> are expanded in series near the point #o, tpo-
They are substituted into the projections of (13.16), and only the terms of the first 
order are retained. The condition of compatibility of the obtained equations gives 
the complex frequency w = UJ' + iuj". In the case of small ion concentration, 
neglecting the terms with products of Njgo or their derivatives, we obtain 

6H = H 0 - - = (<5# ) o o f- ( < 5 # w ) o o 
7 

3 

(WTjoo = ^rP, * 2 2 (13.19) 2Mo 1 + UJ1T{ 

2UJ" 1 
AH= = — Pn (13.20) 

7 M 0 

^fdNj^dej dNjoodeA 
Y V DO DD + D<T> A<T>) { ' 

n = , WT\ (13.22) 

All the derivatives in (13.19) and (13.21) are taken at equilibrium angles f?o and cpo-
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FIGURE 13.10 
Frequency dependences of AH and of the resonance-field dynamic shifts in the theory of 
s low relaxation. 

The expressions (13.19) can be rewritten in the form 

6H = (6H)o + (6Hu)0 

1 
(8H)0 = 

2 M 0 E — (N • 

89 I JO° d6 

dej 

i p 

2 M 0 1 + a>2Tj 2-T-.2-
(13.23) 

As (SH^Q —> 0 when WT, —• 0 (Figure 13.10), the term (6H)o is the staffc shift 
of the resonance field. It coincides, as it can be shown, with the 6H value obtained 
in Section 13.1. The term (6Hu)oc in (13.19) approaches zero when WTJ —> oo, 
so (<5/0oo is the resonance-field shift when the populations of the levels 'have no 
time' to relax to their quickly changing equilibrium values. According to [68], 
this shift can be named adiabatic. It is interesting that both quantities (6H)o 
and (SH)^ are obtained by double differentiation of the equilibrium energy 
Z~lj NJOOEJ with respect to the angles 9 and <j>. The first differentiation (which 
is related to the calculation of the effective field) is performed in both cases at 
Njoo = const. The second differentiation is performed at Njoo = const in 
calculating (bH),^, and taking into account the angular dependences of TYjoo. in 
calculating (6H)o-

Important relations 

(6HU)0 = w 2 7j 2 (tf#«)°o = - ^ T j A t f (13.24) 

follow directly from (13.19), (13.23), (13.20), and (13.22). 
Further development of the slow-relaxation theory was performed by Hartmann-

Boutron [ 174] in two directions. First, it was shown that the anisotropy of exchange 
interaction results in the modulation of ionic energy levels by the oscillations of 
magnetization. Indeed, the anisotropy of the exchange interaction between mag
netic and ionic systems leads to the fact that the transverse (with respect to Mo) 
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ac magnetization gives rise to the longitudinal (with respect to STJto) ac effective 
field acting on the ions. This field modulates, even in the first (linear) approxi
mation, the energy levels of the ions. It should be noted that another cause of the 
appearance of the longitudinal ac field modulating the ionic energy levels is the 
crystal field, which also leads to nonparallelism of Wlo and MQ if the spin-orbital 
interaction is present. 

The second direction in which the slow-relaxation theory was improved by 
Hartmann-Boutron [ 174] is the replacement of (13.13) by the more general equa
tion 

- T T = - Njoo) + £ ( A > - ^ i ' o o ) — • (13-25) 
0 1 j'=j "' j'jtj j'j 

The first term in the right-hand side of this equation represents the number of 
ions leaving per unit time the considered level. The second term is the number 
of ions coming onto this level from all others. The 'reverse' terms, analogous 
to the second term in (13.25), were omitted in Sections 11.2, 11.3, and 12.5; 
studying the relaxation of magnons, we assumed the numbers of all quasiparticles, 
except the considered ones to be equal to their equilibrium values. It should be 
noted that in some cases this assumption is not valid even for the relaxation of 
quasiparticles, and particularly, in two cases. The first case is when the number 
of primary quasiparticles is large, as for the nonlinear damping of parametrically 
excited magnons (Section 10.5). The second case is when a certain region of the 
secondary-quasiparticle spectrum is overfilled due to some other process. This 
situation is analogous to one considered in this chapter. Magnetic oscillations 
modulate all the ionic levels, and the difference between the instantaneous and 
equilibrium populations of all levels is not to be neglected. 

Consider now the important particular case of two energy levels. In this case, 
AT, + JV 2 = /AT, x + Nioo = N, and equations (13.13) for N] and AT2 with the 
same relaxation frequency 

1 1 1 , 
- = + (13.26) 
7"i T\2 T2\ 

follow from (13.25). 
The distribution of ions over the levels in equilibrium state is the Boltzmann 

distribution [244] 

i V . , 2 o o = e x p ( ^ ± ^ ) (13.27) 

where \i is the chemical potential. Finding it from the condition A r i 0 0 - ( -A r

2 o o = N, 
we get 

(13.28) 

Substituting e l i 2 = eo T ^e /2 and i V ] 2 o o from (13.28) into (13.21), we obtain 

7Y,,2 = N l + e x p ( T ^ 
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FIGURE 13.11 
Temperature dependence of the factor P/PQ given by (13.29), in the case of two levels. 

(for EQ not depending on 6 and <p) 

The static resonance-field shift (6H)o calculated with (13.23) coincides, as it 
should, with (13.4). 

The frequency dependence of the linewidth AH is determined by the factor Q 
in (13.20). The linewidth approaches zero when OJT, —> 0 and when OJT, —> oo 
and passes through a maximum when OJT, = 1 (Figure 13.10), in accordance with 
the above-stated qualitative consideration. The AH temperature dependence is 
determined by both factors P and ft because T, depends on T. The relaxation 
time Tj usually decreases with growing temperature (see below), and the factor 
0 has a maximum at such temperature TQ at which UJT,(T) = 1. The factor P, 
according to (13.29), passes through a maximum at nTp = 0.656e (Figure 13.11). 
The function 6H(T) can have one maximum or two, depending on the difference 
between TQ, and Tp. The dynamical shift (6Hu)o, according to (13.23), has a 
temperature minimum near Tp. 

Thus, the distinctive features of the slow (or longitudinal) relaxation mechanism 
are the following. 

1. AH approaches zero at T —• 0 and has two temperature maxima; one of 
them, caused by the relaxation factor fi, is shifted to the higher temperatures with 
increasing frequency; very often the two maxima merge into one. 
2. The height of the AH temperature maximum depends slightly on frequency; 
the only reason of this dependence is the difference in positions of the ft and P 
maxima. 
3. The angular dependences of AH pass through minima when d(6e)/89 and 
d(6e)/d<j> go to zero, e.g., at the points of near-crossing of the ionic levels. 

(13.29) 
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4. The dynamic shift of the resonance field is always negative; the ratio of its 
absolute value to AH is proportional to frequency. 

13.2.3 Relaxation of ionic-level populations 

The processes of relaxation of the ionic-level populations, which determine the T\ 
values, are similar to, in some respects, the relaxation processes in paramagnetic 
substances [15]. However, the spin-spin (i.e., in our case, the ion-ion) relaxation 
does not now play an important role, as distinct from paramagnets, because 
the interaction between the ions is much weaker than their interaction with the 
magnetic system. Besides, the exchange splitting of the levels (Section 13.1) is 
much greater in ferromagnetic materials than the splitting in an external field, 
in the case of paramagnets. And, finally, along with the relaxation processes 
involving phonons, analogous processes with the participation of magnons (ion-
magnon processes) can take place. Such processes were investigated theoretically 
by Buishvili [64] and Huber [186]. 

Processes in which more than two quasiparticles, phonons or magnons, take 
part are of negligible probability. For one-particle or so-called direct processes, 
the relaxation time, as Orbach [305] has shown, is 

. 6e , 
T i = r 0 t a n h — . (13.30) 

Here, TO is also a function of Se, and the character of this function depends on 
which interaction leads to the process. The orbital-lattice interaction dominates 
in the case of ion-phonon processes, and To decreases with growing Se. For 
ion-magnon processes, the exchange interaction plays the main role, and the 
dependence of To on Se is different for different ions [ 186]. For example, close to 
the near-crossings of energy levels, To decreases with growing Se for Y b 3 + ions 
on dodecahedral sites in YIG and increases for T b l + ions on the same sites. 

The two-quasiparticle Raman and Orbach processes [305] (Figure 13.12) do 

FIGURE 13.12 
Elementary processes of the relaxation of ionic-level populations and temperature de
pendences of their contributions to the relaxation frequency (schematically): direct pro
cesses (A), Raman processes (B), and Orbach processes (C). 
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not differ in their final result. But, for the Orbach process, a third, higher level is 
needed. This leads to different temperature dependences. For Raman processes, 
Tj is proportional to T - 7 in the case of non-Kramers ions and to T~9 in the case of 
Kramers ions. The t j temperature dependence for Orbach processes is exponential. 
One can see from Figure 13.12 that direct processes dominate at low temperatures, 
whereas Raman and Orbach processes dominate at high temperatures. 

13.2.4 Experimental data 

Discussing the results of experimental investigations of ionic relaxation processes, 
we must take into consideration that the ions are often situated on several nonequiv-
alent lattice sites. The energy levels are different for ions on different sites due to 
different orientations of Mo with respect to the local crystal axes. Thus, all ex
pressions for AH and 6H are to be replaced by their sums over all nonequivalent 
sites. 

Let us consider first the rear-earth ions in garnets. It has been mentioned 
above that the two-level model is well applicable to a low-lying doublet and to an 
'accidental' near-crossing of levels. Y b 3 + ions on dodecahedral garnet sites are a 
good example of the first case. 

) i 1 1 1 1 1 

0 50 100 150 2 0 0 2 5 0 
T ( K ) 

FIGURE 13.13 
Temperature dependences of AH and the dynamic resonance-field shift for a 
Y s - x Y b x F e s O i : garnet (x = 0 .153) for different orientations of Mo [74] . Open cir
cles correspond to frequency / = 9 G H z and full circles, to / = 16.8 GHz. 
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T(K) 

FIGURE 13.14 
Temperature and angular dependences of Ai/foraYs-sTb^FesO^garnetCx = 3x 10~4) 
in the vicinity of one of the near-crossings of T b 3 + energy levels [373]. Frequency 
/ = 8.66 GHz. The temperature dependences are shown for the angles denoted by 
corresponding symbols on the AH vs 6 curve. 

The ferromagnetic resonance in a YIG single crystal with a small addition of Yb 
was thoroughly investigated by Clarke, Tweedale, and Teale [74] (Figure 13.13). 
The 6H values presented in this figure were obtained by substracting the static 
resonance-field shift (measured by the torque-moment method) and the electrody
namic shift (Section 5.3) from the measured HKS — ujjy values. The AH values 
are the directly measured quantities and represent, practically, the contributions 
only of the ionic relaxation mechanism. The data shown in Figure 13.13 agree 
with the above-mentioned features of the slow-relaxation mechanism. The r, 
values found from these data decrease from ~ 10~ 9 to ~ 1 0 ~ ' 2 with growing 
temperature. 

The experimental data for other Kramers rare-earth ions ( N d 3 + , S m 3 + , D y 3 + , 
and E r 3 + ) [94] seem to be consistent with the supposition that the slow relaxation 
mechanism plays the main role for these ions, too. But the absence of a sufficiently-
low-lying doublet makes difficult the qualitative interpretation of the data. 

In YIG doped with non-Kramers ions T b 3 + , H o 3 + , and P r 3 + , the 'anomalous' 
AH angular dependences caused by near-crossings of energy levels were ob
served [94, 373, 156, 9]. In the case of T b 3 + , strong absorption bands take place 
at low temperatures for three Mo directions in which the near-crossings occur 
(Figure 13.5). To explain these absorption bands in the framework of the slow-
relaxation theory one has to assume the relaxation frequency 1 /T, (that is less than 
UJ at such temperatures) to increase sharply with decreasing 8e. This assumption, 
made in [373], was confirmed theoretically by Huber [186]. He showed that the 
contribution of the above-mentioned direct ion-magnon processes dominates in 
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FIGURE 13.15 
Temperature and angular dependences of AH for Ya-^Pr^FesOn garnet (x = 9 x 10~4) 
measured at frequency / = 9 GHz [156]. The temperature dependences are shown for 
angles denoted by corresponding numbers on the AH vs 6 curve (measured at T = 4.2 K). 

this case at low temperatures and leads to the assumed dependence of 1/TJ on Se. 
The minimal Se value can be estimated as ~ 2.5 cm""1 and the relaxation time r-„ 
as ~ 1 0 ~ 1 0 s. One can see from Figure 13.5 that there are minima at the centers 
of all absorption bands, in agreement with the slow-relaxation theory. 

The AH temperature dependences in YIG doped with Tb are plotted, for one 
of the absorption bands, in Figure 13.14. Two maxima in these dependences can 
be associated with the contributions of different levels: the near-crossing pair 
(low-temperature maximum) and all other levels (high-temperature one). It is 
seen from Figure 13.14 that at high temperatures, when the relaxation frequency 
1 / r , of the near-crossing levels exceeds to, the angular absorption bands transform 
into angular minima. This has been observed for other 4f ions, too, [ 164] and is in 
agreement with the slow-relaxation theory if we suppose that 1 /TJ increases with 
the decrease of Se. 

In YIG with Ho 3 + ions, sharp SH maxima and strong absorption bands were 
observed [9] when MQ directions lay in one of the {100} planes. In these 
directions, as has already been mentioned, the near-crossings of H o 3 + energy 
levels take place. The absorption bands, as in the case of T b 3 + , were split into 
two maxima, in agreement with the slow-relaxation theory. 

The temperature and angular dependences of AH, for YIG with small addition 
of Pr, are plotted in Figure 13.15. In this case, AH grows monotonically with 
decreasing temperature (at least, down to 4.2 K) and AH angular maxima are 
not split. The same features were observed [99] in YIG with addition of Yb for 
Mo directions (6 — 30° and 6 = 90°) in which the Y b 3 + ions penetrating onto 
octahedral lattice sites have near-crossing of energy levels (Section 13.1). The 
Se value can be so small in both cases, of Pr and Yb on octahedral sites, that the 
contribution of the transverse relaxation is possible. 
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FIGURE 13.16 
Temperature dependences of the contribution of F e 2 + ions to AH for Ge-doped YIG at 
different M 0 orientations [172]. / = 9.25 GHz, F e 2 + concentration z = 0.2 mol % (with 
respect to F e 3 + ions), AH¥ei+ - AH\z=o.2 - AH\Z=». © 1972 Elsevier Science Ltd. 

The influence of F e 2 + ions on ferromagnetic resonance in YIG was detected as 
early as in 1961 [165,381]and was investigated in detail later on (e.g., [401,175]). 
In addition to the intraionic transitions considered above, the electron transitions 
between F e 2 + and neighboring F e 3 + ions are possible in this case. Their influence 
on ferromagnetic resonance will be studied in Section 14.1. We mention here only 
that the characteristic frequencies for such transitions are usually much lower than 
the frequencies 1 / T J for the intraionic transitions. The temperature dependences 
of AH in YIG containing F e 2 + ions are plotted in Figure 13.16. The low-
temperature maxima in these dependences are caused by intraionic transitions and 
can be described in terms of the slow-relaxation theory. The high-temperature 
maxima are due to interionic electron transitions. F e 4 + ions, which arise in YIG 
as a result of the substitution of two-valent ions for the three-valent ions (e.g., 
C a 2 + for Y 3 + ) , lead to AH temperature maxima [402] similar to such caused by 
F e 2 + ions. The reason for this is the same level splitting (Table 13.3) forFe 2 4 " ions 
in an octahedral environment (which is preferred by these ions) and for F e 4 + ions 
in a tetrahedral environment. 

F e 2 + and F e 4 + ions can arise in YIG single crystals and epitaxial films grown 
from highly pure starting materials, without any additions, as a result of ions P t 4 + 

penetrating into the lattice from the crucible and of P b 2 + ions penetrating from 
the melt. The diminishing of the amount of these ions, or compensation of their 
effect, e.g., by small addition of Ca if P t 4 + ions dominate, is a necessary condition 
for obtaining YIG crystals or films with small AH values. 

Ferromagnetic resonance in YIG with small additions of Mn and Co was also 
investigated [169,388]. However, the interpretation of these experiments presents 
problems because these elements can have different valencies, can occupy different 
lattice sites, and can stimulate the change of valency of Fe ions. 



13.2 Ionic relaxation processes 361 

The 3d ions with strong spin-orbital coupling in ferrites with spinel structure can 
exert, as White suggested [440], the same influence on ferromagnetic-resonance 
anisotropy and linewidth as the above-discussed ions in YIG. It soon became 
clear that the slow-relaxation mechanism also operates in spinels. But the above-
mentioned difficulties in interpretation arise here, as well. The most attention 
was paid to the ferrite M n i _ I F e 2 - i / 0 4 , in which the fast relaxing ions M n 3 + 

and F e 2 + can exist [236]. Two AH temperature maxima were observed in some 
samples of this ferrite [73], the low-temperature caused by M n 3 + ions and the 
high-temperature caused by F e 2 + ions. 

The ferromagnetic crystals with spinel structure MCr2X4 (M = Cd, Hg and 
X = S, Se) are also good objects for studying the ionic relaxation processes. 
In Figure 13.6 the AH angular dependences for one of these crystals have been 
shown. The AH maxima in (100) and (110) directions are caused by the near-
crossings of levels of the C r 4 + ions, which arise due to Ag addition in the course 
of the crystal growth. The maxima in (111) directions are caused by C r 2 + ions, 
which arise due to Se vacancies emerging in the process of annealing the sample. 
The slow-relaxation mechanism appears to dominate in this case, too, even though 
some of its characteristic features (AH low-temperature maxima and splitting of 
the AH angular maxima) have not been observed. Both were observed in another 
crystal of this group, HgCr2Se4 [107]. 

It follows from the considered examples that the ionic relaxation process is 
widely present in non-metallic ferro- and ferrimagnetic substances. In many 
cases, especially at low temperatures, this process forms the main channel of re
laxation in ferromagnetic resonance. The ionic relaxation process makes essential 
contributions to energy dissipation in antiferromagnetic crystals (e.g., [354]) and 
in magnetically ordered metals (Section 14.2), as well. 

The ionic relaxation process is based on the transitions between energy levels of 
individual ions. Therefore, the contributions of this mechanism to the spin-wave 
dissipation parameter AHk should not depend essentially on the wave number k. 





14 
Interaction of magnetic oscillations and waves 
with charge carries 

14.1 Effect of charge carriers in semiconductors 

Until now, studying oscillations and waves in magnetically ordered substances, 
we did not take into account the conductivity, i.e., regarded these substances 
as dielectrics. But actually they are, usually, semiconductors or metals. True, 
the ferrites used in microwave engineering (as well as in most experiments on 
ferromagnetic resonance and spin waves) are semiconductors with such small 
conductivity that the effect of charge carries can be neglected. However, for some 
ferrites with larger conductivity (e.g., [236]), this effect is essential. Moreover, 
there are magnetic semiconductors [284], which combine magnetic ordering with 
conductivity as large as for 'good' semiconductors. And, finally, there are ferro
magnetic, ferrimagnetic, and antiferromagnetic metals, in which charge carriers 
have the determinative impact on all dynamic magnetic processes. 

The theoretical treatment of magnetic oscillations and waves in conducting 
media is based on simultaneous solution of the Maxwell equations, equation of 
motion of the magnetization, and equations of motion of the charge carries. The 
peculiarities of the solutions and the nature of the observed phenomena depend, 
first of all, on the relationship between the dimensions of the sample and the skin 
depth 6 (Section 4.2). In the present section the limiting case of 6 3> d will be 
considered, where d is the characteristic dimension of the sample, i.e., the radius 
of a sphere or the thickness of a plate. This case is realized, in the microwave 
region, for spheres of common ferrites, as well as for thin films of materials with 
much larger conductivity. 

14.1.1 Damping of magnetic oscillations caused by conductivity 

Let us consider the contribution of conductivity to the dissipation parameter of 
magnetization oscillations (in the case of 6 ^> d) using, as an example, the uniform 

363 
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oscillations in a small ferromagnetic sphere [155]. The method of successive 
approximations may be applied. The magnetization in a nonconducting sphere 
will be the zero approximation. In the first approximation, the electric field induced 
by this magnetization will be found. The Joule losses of the current excited by 
this field will contribute to the damping of magnetic oscillations. 

We will limit ourselves to the oscillations near ferromagnetic resonance and 
assume the resonance line to be sufficiently narrow. Then, \m\ ~> \he\ (where m 
is the ac magnetization and he is the external ac field), the polarization of m is 
near circular, i.e., m ~ m(xo — iyo), and the ac magnetic induction is 

4TT SIT , 
b — h + Airm — hc — M 4- 4 ™ ~ — M . (14 .1 ) 

To find the ac electric field we have to substitute ihe zero-order induction (14.1) 
into the first of equations (6.4). The result of such calculation, performed by 
Pistol'kors and Sui Yangshen [316], can be represented in the form 

47T 

ei =—ko[(-x0 + iyo)z + ZQ(X-iy)]m. (14.2) 
It is worth nothing that, for sufficiently narrow resonance line and not too small 

a sample, the field e i turns out to be much larger than the field he and, hence, much 
larger than the electric field in the resonator or waveguide in which the sample is 
placed. Assume, e.g., that the radius of the sphere R = 0.5 mm, Mo = 139 G, 
and AH = 0.5 Oe. Then, taking into account that m ~ M0he/AH (Section 1.5), 
we get, at Ao = 2ir/ko = 3 cm, the electric field at the surface of the sphere 
e i m a x — 100he. According to (5.46) and (1.120). a resonator containing such a 
sphere will have a quality factor Q ~ 5. It is easy to make sure that e\ max will be, 
then, as large as 10 kV c m - 1 when the power absorbed in the resonator is only 
~ 1 W. 

According to (4.75), the power of electric losses caused by the field ej is 
Po = lr X|ei|W (143) 

where the integration is over the sphere volume. This power is drawn from 
the energy of magnetic oscillations and makes a contribution to the dissipation 
parameter 

AHa = ( 1 4 . 4 ) 7 Wo 
where Wo is the energy of the uniform oscillation mode. According to (7.68), 

W' = TW- (14'5) 
2 7 M 0 

After integrating in ( 1 4 . 3 ) with regard for ( 1 4 . 2 ) , we get from ( 1 4 . 4 ) 

A F F F = ^ £ " 4 7 T M 0 (koR)2 • ( 1 4 . 6 ) 
4 5 
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FIGURE 14.1 
Temperature A H dependences for single-crystal spheres of ferrite N i c u s F e ^ j F e 3 , " 1 ^ at 
frequency 2 4 G H z [450] . Numbers by the curves denote the sphere diameters in millimeters. 
Solid lines correspond to M o || ( 111 ) , and dashed line corresponds to M a \\ (100) . 

Thus, the contribution of conductivity to the linewidth is a dimensional effect. 
The value of e" is less than 0.01 for stoichiometric single-crystal ferrites, as well 

as for most of polycrystalline microwave ferrites. For spheres of such materials 
with R < 1 mm, the values of AHa are negligibly small (less than ~ 0.02 Oe). 
But they become essential for materials with higher conductivity, e.g., for ferrites 
containing F e 2 + . The conductivity of such materials and, hence, AHa increase 
with growing temperature (Figure 14.1). 

Formulae similar to (14.6) were obtained by Marysko [270] for other sample 
shapes. The order of the values and the dependence on frequency and the charac
teristic sample dimensions remain the same as in (14.6). Analogous calculations 
can be carried out for nonuniform oscillations and for spin waves. But it is obvious 
that the AHa values will be much smaller because the role of 2R will be played 
by the wavelength 2-KJk or—for nonuniform modes—by the distance at which the 
ac magnetization phase changes by 27r. 

14.1.2 Influence of interionic electron transitions 

In some ferrites, the 'jumping' mechanism (referred also to as the valency-
exchange or Vervey's mechanism) is the dominant mechanism of conductivity 
(e.g, [236]). In such substances, along with the main magnetic ions, e.g., F e 3 + , 
there exist ions of the same element but with other valences ( F e 2 + or F e 4 + ) . Such 
ions are usually fast-relaxing ions. Their contributions to ferromagnetic-resonance 
anisotropy and relaxation caused by the intraionic transitions were studied in de
tail in the preceding chapter. But the interionic transitions, i.e., the transitions of 
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electrons between these ions and the neighboring ions with the main valency, can 
occur, as well. These transitions are associated with getting over certain (usually 
rather low, of the order of 0.1 eV) energy barriers and are caused by the thermal 
motion. If an electric field is applied, a prevailing direction of the transitions ap
pears, and an electric current arises. In a high-frequency electric field, the inertia 
of the transitions manifests itself, and electrical losses appear. They pass through 
a maximum when the frequency of the field w becomes equal to the relaxation 
frequency 1 / r e associated with the transitions. 

Prevailing directions of such thermally activated transitions can be determined 
as well by the magnetization and can change (with delay re) with the variation of the 
magnetization direction, e.g., at ferromagnetic resonance. The theory considered 
in Section 13.2 is fully applicable to the interionic transitions; moreover, it was 
developed by Clogston just for this case. The energy levels ej are now the levels 
of the complexes that differ in the appearance of an extra electron (as in the case 
of F e 2 + ) or in the lack of an electron (as for F e 4 + ) at different neighboring ions. 
Then, the difference in Sj values is due to the difference in angles between the 
direction of M and the local axes of ions. Thus, the number of levels is equal to the 
number of nonequivalent lattice sites that can be occupied by the considered ions. 

F e 2 + ions prefer the octahedral sites [236], and there are/our such nonequivalent 
sites in spinel and garnet structures (Section 3.3). That is why Clogston examined 
the model with four levels tj and found, using formula (13.20), that AH is 
maximal when Mo || (100) and is minimal when Mo || (111). Such anisotropy 
(resulting from the interionic F e 3 + - F e 2 + transition) was observed for the high-
temperature maximum of AH in YIG with a Ge addition [172]. As to the 
experimental data for the Ni-Fe ferrite (which Clogston tried to compare his 
theory with), in that case the AH anisotropy has the reversed sign (Figure 14.1). 
It later became clear that no contradiction exists here because the temperature AH 
maxima in Ni-Fe ferrite are caused by intraionic transitions (Section 13.2). 

It should be noted that at very low temperatures the interionic electron tran
sitions, practically, do not occur at all during the time 'at the disposal' of ex
perimentalists; this is one of the reasons of the induced anisotropy in ferrites 
(e.g., [236]). At higher temperatures, when r e becomes comparable with the time 
of experiment, the retarded interionic transitions lead to nonstationary phenomena 
known as magnetic aftereffects. At still higher temperature, when 1 / r e becomes 
comparable with the frequency u of the ac magnetic field, the same transitions 
result in magnetic viscosity, i.e., in the losses described by the imaginary part of 
the permeability. And when 1 / r e becomes as high as the ferromagnetic-resonance 
frequency (usually at temperatures higher than the room temperature), the above-
mentioned contributions of interionic transitions to HKS and AH take place. 

The interionic transitions can occur under the influence of light, which leads to 
the interesting photomagnetic effects, in particular, to the light-induced magne
tocrystalline anisotropy. This phenomenon was investigated, in the case of YIG 
with addition of Si, by Dillon, Gyorgy, and Remeika [96]. 

One note more: the diffusion of atoms or ions in the crystal lattice can also 
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FIGURE 14.2 
Characteristic t ime vs temperature for different processes and regions in which these 
processes manifest themselves in different phenomena (schematically). The dashed line 
corresponds to the experimental data shown in Figure 14.1. 

lead to the induced magnetocrystalline anisotropy or, at higher temperatures, to 
the magnetic aftereffect. As the characteristic time of the diffusion is much longer 
than the relaxation time of electron transitions, the phenomena caused by the 
diffusion are shifted to much higher temperatures. The positions of all mentioned 
phenomena on frequency and time scales are shown—quite schematically—in 
Figure 14.2. 

14.1.3 Interaction of spin waves with charge carriers 

Let us discuss now the influence of charge carriers on the propagation of magnetic 
waves. The permittivity e cannot be regarded now as a real scalar quantity, as 
in Chapters 6 and 7, but it is a tensor with complex components depending on 
frequency and, in general, on the wave vector. To find this tensor we must use the 
equations of motion of the charge carriers. Because of the distribution of carriers 
over the velocities V, the function of the equation of motion is fulfilled now by the 
Boltzmann kinetic equation for the distribution function / ( V , r, t) (e.g., [253]). 
Having found this function for each type of carriers, at given values of the electric 
field E and magnetic field H, we can then calculate all quantities depending on 
the carriers, in particular, the concentrations Ns(r, t) — Jf(V, r, t)dV and the 
mean velocity 

(14 .7 ) 
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where s denotes the type of carriers. The current density 

(14.8) 
s 

where es is the charge of the s-type carrier. If the Ohm law holds, the conductivity 
cr and (for harmonic processes) the complex permittivity (4.18) can be obtained. 
(The 'dielectric constant' £4, in the microwave frequency range, can be regarded, 
really, as a constant.) 

In the problem of interaction of magnetic waves with charge carriers, the so-
called hydrodynamic approximation (e.g., [317]) can be used. The carriers of each 
type are entirely characterized, then, by the following parameters: concentration 
Ns, mean velocity V s , ' and mean frequency of collisions 1 /TS. The equation of 
motion in this approximation can be written as 

where ms is the carrier mass and P is the pressure. This equation can be derived, 
with appropriate assumptions, from the Boltzmann kinetic equation. It can be 
regarded, as well, as the Newton equation of motion for carriers in a volume 
element moving with the velocity Vs. The left-hand side of (14.9) is the total 
derivative dVs/dt. The terms in the right-hand side are: the Lorentz force, the 
force caused by pressure gradient, and the frictional force caused by the collisions. 
We limit ourselves to one type of carriers (electrons) with the charge eo and neglect 
the 'pressure' term in (14.9). 

All quantities in (14.9) are the sums of steady and alternating components. 
Regarding the latter as small and assuming that their dependence on time is 
harmonic, we obtain the linearized equation for the complex amplitudes 

(An assumption has been made that the steady velocity VQ does not depend on 
coordinates.) 

We will consider the solutions of (4.10) for a uniform plane wave propagating 
along or perpendicularly to the direction of the steady magnetization (Figure 14.3). 
In both cases the drift velocity Vo will be parallel to the direction of propagation. 

In the first case (fc || Vo || Bo), projecting 114.10) onto axes x and y (the 
2-axis is directed, as usual, along Bo) and passing to the circular variables v± = 
vx ± ivy, etc., we get 

(14 .9) 

(14 .10) 

(14 .11) 

In what follows, the mean velocity will be denoted, simply, by Vs. 
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where = |eo|Bo/ (wiec) is the cyclotron frequency. To exclude b± we use the 
Maxwell equation (4.7), from which it follows b± = ± i (cfc/w) e±. 

Linearizing (14.8), in our case of one type of carriers, we get 

j = -\e0\(N0v + nV0). (14.12) 

But the second term in the parentheses is small, and we neglect it. Passing 
in (14.12) to the circular components of j and v, we find, using (14.11), the 
conductivity CX±, and, finally, taking into account (1.18), we obtain 

OJ2 1 - kVo/u 
£± = £ d - - E . . . ^ ' TJ- (14.13) 

where 

V M E 

is the Langmuir plasma frequency [317]. 
We are interested in the influence of carriers on the slow (spin) waves in a 

ferromagnet (Section 4.2). In the case of fc || Bo. the wave with right-hand 
circular polarization is such a wave. Therefore, we must take the upper signs 
in (14.13). In the second particular case (fc _L Bo), the wave with electric field e 
directed along Bo is the slow wave. For this direction of e, proceeding analogously 
to the previous case, we find 

t o 2 l-kV0/oj 

u) ui — kVo - i/T 

Thus, in both cases the tensor e components are complex and depend on u>, fc, 
and, in the first case, also on the steady magnetic field. Electromagnetic waves in 
such media, the so-called electrokinetic waves, have been thoroughly investigated 
(e.g., [557]). The waves with circular polarization propagating along B Q are called 
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helicons, and the linearly polarized waves propagating perpendicularly to Bo are 
called the cyclotron waves. 

Separating the real and the imaginary parts of the obtained expressions for s 
components, we get, in the first case, 

4 = ^ -
 l-kV°/U

 5 - 0 4 . 1 6 ) 

^r(w-kV0±wB)2- ( 1 / r ) 2 

In the second case, in the expression for ej|' the term ±ujg is absent. In both cases 
e" decreases with the growth of Vo and becomes equal to zero at Vo = u>/k = uph. 
This means that the electric losses are compensated by the drift of the carriers. 
The mechanism of the compensation is that the Lorentz force |eo|/(m ec)Vo x b 
excites the ac current in the direction antiparallel to the ac electric field e. When 
VQ > vPh, the quantity e" becomes negative. And if there are no other losses, 
except those caused by the conductivity, then a wave propagating in such medium 
will be amplified. The energy will be drawn from the source that accelerates the 
carriers. 

It is easy to make sure that, when Vo and fc make an arbitrary acute angle, the 
condition of loss compensation is 

kVo>u). (14 .17) 

It is worth noting that this condition coincides with the condition of the Cherenkov 
radiation [246] of electromagnetic energy by electrons moving in dielectric with 
velocity Vo. 

Suppose now that the medium is a magnetically ordered one, e.g., a ferromagnet. 
Then, to obtain the dispersion relations of electromagnetic waves in such a medium 
we have to find the solutions of Maxwell's equations, the equations of motion of 
charge carriers, and the Landau-Lifshitz equation of motion of magnetization; 
the boundary conditions should be, of course, taken into account. For waves 
in semiconductors (but not in metals, see Section 14.2) all the characteristic 
dimensions, including the carrier mean free path, are smaller than the wavelength 
in the microwave range. Under this condition, we may seek the solutions of 
Maxwell's equations with the parameters e and p found beforehand from the 
corresponding equations of motion. 

For an unbounded medium, the formulae given in Section 4.2 can be used, 
e.g., formula (4.42), for waves propagating along Mo, and formula (4.53), for 
waves that propagate perpendicularly to Mo. The waves for which the dispersion 
relations are found in such a way are mixed magneto-electrokinetic waves. They 
have been investigated in detail in many important cases (e.g., [386]). These mixed 
waves, analogously to the magnetoelastic waves (Section 12.3), can be regarded 
(in terms of coupled waves) as a result of the interaction of magnetic (spin) waves 
in a nonconducting medium and electrokinetic waves in a medium with p = 1. 
Similar to the magnetoelastic waves (Section 12.3), the interaction is the strongest 
near the crossing points of the dispersion curves for the unperturbed waves. Far 
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FIGURE 14.4 
Dispersion curves for spin waves in an infinite medium and for surface nonexchange 
magnetostatic waves in tangentially magnetized films. The straight line 1 corresponds to 
VPHMIN of spin waves, and the straight line 2 corresponds to a certain drift velocity. <5ĉ I 
and <5u>2 are the frequency bands in which (without allowance for magnetic losses) the 
amplification by drifting charge carriers is possible in films with thicknesses, respectively, d\ and di. 
enough from these points, the spectrum of mixed waves consists of the magnetic 
and the electrokinetic branches more or less perturbed by the interaction. 

With allowance for losses (caused both by the conductivity and the imaginary 
parts of p components) the dispersion equations for the mixed waves become 
complex. In the case of stationary waves, UJ is real and the solutions of these 
equations have the form k = k' — ik". And if the drift velocity and the concen
tration of the carriers are large enough, the losses are compensated, k" becomes 
negative, and the amplification of the wave takes place. Not too near the crossing 
point, we may speak of the amplification of spin waves by drifting carriers. The 
possibility of such an amplification was predicted by Trivelpiece et al. [406] and 
investigated theoretically by Akhiezer, Bar'yakhtar, and Peletminskii [13] (see 
also [14]) on the model of an electron beam piercing the ferromagnet. The beam 
velocity should be, in any case, larger than the minimal spin-wave phase velocity, 
which according to (7.9) is v p hmin = \ft}^>- For YIG at microwave frequencies, 
Vphmin ~ 10 5 . Such beam velocities are easily achievable in vacuum, but the 
model of an electron beam piercing a ferromagnetic sample is hardly realizable. 

The amplification of spin waves by drifting carriers in a semiconductor was 
investigated by Makhmudov and Bar'yakhtar [268]. It was later shown [80] that 
for full compensation of losses, i.e., for amplification, such parameters are needed 
(AH < 0.3 Oe, Vo ~ 10 6) which can hardly be obtained in one substance. 

Therefore, great attention has been paid to the problem of amplification of waves 
in composite structures that contain adjoining layers of 'good' weakly conducting 
ferrite and of 'good' nonmagnetic semiconductor. This problem was first studied 
by Schlomann [350] on a model of a semi-infinite ferrite and a thin semiconductor 
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FIGURE 14.5 
Calculated frequency dependence of the amplification coefficient of the surface mag
netostatic wave in a ferrite-semiconductor structure [49]. d = 3.6 pm, h = oo, 
Vb = 3 x 107 c m s - ' , J J o = 553 Oe, M 0 = 139 G, e , = 17 (YIG), e = 17.7, 
a = 191 f T 1 cm" 1 . © 1978 IEEE. 

layer. Lukomskii and Tsvirko [260] and Bini, Millanta, and Rubino [49] investi
gated the problem for a surface magnetostatic wave (Section 6.2) in a thin ferrite 
film. It was shown that, if magnetic losses are not taken into account, amplification 
begins at Vb/^ph = 1 (k = k2 in Figure 14.4) and intensifies with the growth of 
this ratio. It is seen from Figure 14.4 that the frequency band of the amplification 
is larger the thinner the ferrite film. 

The allowance for magnetic losses in the ferrite film leads to the narrowing of the 
frequency band in which the amplification takes place (Figure 14.5): from the low-
frequency side of the band, because the amplification begins now at Vo/wPh > 1, 
and from the high-frequency side, because the contribution of magnetic losses to 
k" increases with growing k' due to the decrease of the group velocity. 

The amplification of magnetic waves by drifting charge carriers—despite re
peated attempts—has not been as yet reliably observed in experiment. The main 
reasons for this are: the difficulty of combining the necessary parameters in one 
substance (for uniform magnetic semiconductor) and narrow frequency band and 
criticality of the conductivity value (for composite structures). 

It should be noted that the above-considered amplification of a stationary wave 
(described by negative k" at real u>) is often referred to as the convective instability; 
the increase of the field amplitudes in time (described by negative ui") is called 
the absolute instability. 

14.2 Ferromagnetic resonance and spin waves in metals 

In this section, magnetic oscillations and waves in ferromagnetic metals will be 
studied. Transition metals of the 3d or iron group (Fe, Co, and Ni), some rare-
earth metals (Gd, Dy, Ho, Er), and many alloys belong to this class. Magnetic 
oscillations and waves in ferromagnetic metals are of fundamental interest for 
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the study of interaction between the magnetic system and charge carriers. At 
the same time, they are of interest, from a practical point of view, as the means 
for measurement of parameters of ferromagnetic metals. The application of 
ferromagnetic metals in microwave engineering is also not ruled out. 

In metals (e.g., [24, 253]), the electrons of the outer, s shells are collectivized 
and form the electron 'liquid' with the density (number of electrons per 1 cm 3 ) 
n ~ 10 2 2 . The lattice of positive ions is immersed into this liquid. The presence 
of the lattice results in the fact that the energy spectrum of electrons in metal 
consists of energy bands separated by forbidden gaps. The upper band (or several 
upper bands) in metals is not entirely filled. The boundary (at T = 0) between 
the filled and the unfilled electron states in the fc-space (where k is the quasi-wave 
vector) is called Fermi surface. The maximal energy of the filled states is the 
Fermi energy e F [24]. In the isotropic case the Fermi surface is a sphere with 
radius fcF = (37 r 2 n) 1 / 3 . 

In magnetically ordered, in particular, in ferromagnetic metals, the positive ions 
immersed in the electron liquid are the ions of elements with unfilled 3d or 4f shells. 
It should be noted that the direct exchange interaction of the spin moments of 
these ions cannot assure the magnetic ordering (as well as in nonmetallic crystals, 
Section 3.1), and the indirect exchange interaction plays an important role. In 
metals the exchange interaction via the collectivized s electrons, the Ruderman-
Kittel-Kasuya-Iosida (RKKI) interaction is the most essential. In the case of 
4f metals the ionic magnetic moments, to a good approximation, can be regarded as 
localized. For 3d metals the derealization of 3d electrons and their hybridization 
with s electrons takes place. 

In the microwave range, the penetration length of electromagnetic field into 
metal (the skin depth) <5 is of the order of 10~ 4 cm. This leads to the most 
important distinction of magnetic oscillations and waves in metals from such 
processes in weakly conducting media, e.g., ferrites. The conductivity can be 
neglected in the study of magnetic waves in metals only if the dimension of the 
sample (in the direction of the wave propagation) is much less than 6, as, e.g., in 
the case of standing spin waves in thin films (Section 7.2). 

The second peculiarity of magnetic oscillations in metals is also caused by 
high density of conduction electrons. This peculiarity is the great contribution 
of relaxation processes in which these electrons take part to the damping of 
oscillations. 

14.2.1 Thin-film model 

The ferromagnetic resonance in metals (and, in general, the ferromagnetic res
onance) was first observed by Griffiths [149] in thin films of Fe, Ni, and Co 
magnetized tangentially to the film surfaces. The obtained resonance conditions 
were originally incomprehensible: the apparent g-factor (found from the ratio of 
ui to HQ) turned out to be several times larger than two. This 'anomaly' was 
explained by Kittel [219], who took into consideration the ac demagnetizing field 
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and showed that formula (1.93) holds in this case 2 Soon it became clear that for 
bulk metallic samples magnetized tangentially to the surface the ferromagnetic-
resonance frequency is approximately equal to 

w = w i = f[H0(H0 + 4T: M o ) ] 1 / 2 (14.18) 

where, as distinct from (1.93), HQ is the internal steady field. Expression (14.18) 
follows from (1.92) if the demagnetization factors for the ac field are assumed 
to be the same as for a thin surface layer, and the demagnetization factor for the 
steady field, to be as for the entire sample. This assumption defines the so-called 
thin-film model for ferromagnetic resonance in bulk metallic samples. 

Formula (14.18) can be generalized to the case when the steady magnetization 
Mo makes an arbitrary angle 6 with the normal to the sample surface. In the 
coordinate system with z'-axis coinciding with the normal, all components of 
the demagnetization tensor N are equal to zero, except Ny y = 4TX. Passing 
to the coordinate system with 2-axis coinciding with Mo direction and using 
formula (1.92), we get 

w = 7 [H 0 {H0 + 47rM 0 sin 2 9)]1/2. (14.19) 

If 8 = ix/2, expression (14.18) follows from (14.19), and if 9 = 0 (normal 
magnetization), u> = U>H = "(HQ. 

If the angle between Mo and the normal varies over the sample surface, the 
thin-film model can be used for calculation of the resonance-curve shape in the 
'independent-grain' approximation (Section 2.4). Similarly to expression (2.61), 
without allowance for internal dissipation, we get 

X" (LJ, H0) = JM0 16 [Ho - HKS (w)] dS (14.20) 
J s 

where S is the sample surface. For a sphere, HKS is determined by (14.19). 
Then, the calculation by (14.20) results in the resonance curve x" C#eo) shown in 
Figure 14.6. The width of this curve on the (1/2) XMAX ' E V E ^ ' S 

(AH)o=lixMo + ^j(^Sj + J ( ^ o ) 2 - ^ ) + 4 ( 7 R M 0 ) 2 . (14.21) 

If w / 7 » 27rMo, then (AH)0 ^ (3 /2)TTM 0 . It should be noted that such 
nonuniform broadening of the resonance curve is the main reason why spherical 
samples are not used in experiments on ferromagnetic resonance in metals. 

2Having extended this idea to the case of an arbitrary ellipsoid, Kittel obtained [220] the famous 
formula (1.93). 
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FIGURE 14.6 
Ferromagnetic-resonance absorption curves in a metal sphere according to the thin-film 
model. The dashed curve is calculated by formula (14.20) with u/j = 8TTMO; the solid 
curve is drawn schematically making allowance for the intrinsic losses. 

14.2.2 Theory without allowance for exchange interaction 

The above-considered thin-film model, which is based on the assumption of a 
uniform ac magnetization in the thin surface layer, is very crude. In reality, 
electromagnetic waves are excited at the surface of a metallic sample and propagate 
with large damping into metal. A theory of ferromagnetic resonance in metal must 
be based on examining these waves. If the conductivity of the metal is so large 
that 6 <C Ao (where Ao is the wavelength outside the metal), the waves in the metal 
are propagating along the normal to the surface. And if the radius of curvature of 
the surface is much larger than S, the waves may be regarded as plane waves. 

Without taking into account the electrokinetic effects mentioned in the previ
ous section (their influence is usually negligible in the frequency range we are 
interested in) and neglecting the electrical crystalline anisotropy, we will regard 
the permittivity (4.18) as a scalar quantity. Its real part can be neglected for 
usual ferromagnetic metals at microwave frequencies. Thus, we assume that 
e = — ie" = —lAira/u. If magnetic losses are not taken into account, then, ne
glecting the magnetocrystalline anisotropy, we will take expressions (1.54) for the 
tensor p components. Allowing for magnetic losses, we will use the expressions 
that are obtained from (1.54) by the substitution (1.68). 

It was shown in Section 4.2 that, in the case of scalar e, effective permeabilities 
can be introduced for normal waves in a ferromagnet. When Mo is perpendicular 
to the metal surface (normal magnetization) so that the waves in metal propagate 
along Mo, the two waves with circular polarization are the normal waves, and 
Men,2 = M i Ma- In the case of tangential magnetization (with respect to the 
surface) the two waves with different linear polarization of vectors e and b are 
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the normal waves. In this case, pet 1 = PL and /<ef 2 = 1- It is obvious that the 
normal waves with parameters depending on frequency and magnetic field in a 
resonance manner exert the most important influence on ferromagnetic resonance. 
In the case of normal magnetization, the right-hand circularly polarized wave with 
aef = a + pa is such a wave, and for tangential magnetization, the extraordinary 
wave with ae{ = p±. The resonance conditions for these effective permeabilities 
are just the conditions that are given by the thin-film model: u> = U>H in the 
former case and UJ = OJ± in the latter case. However, both normal waves for each 
direction of magnetization are to be taken into account in the strict theory. 

The final result of the theory of ferromagnetic resonance in a metallic sample (as 
well as in a nonmetallic one), which permits an experimental test, must consist in 
determining how the parameters of an electromagnetic system with such a sample 
vary in the region of resonance. For an electromagnetic resonator, the resonance 
frequency and the quality factor are such parameters, and for a waveguide, the 
coefficients of transmission and reflection. This problem having been solved, it 
becomes possible to obtain the parameters of the metal from the measured depen
dences of the resonator or waveguide parameters on frequency or magnetic field. 
The solution of the mentioned problem consists in obtaining the electromagnetic 
fields in the resonator (or in the waveguide) and in the sample (which can be a 
part of the waveguide or resonator wall). As we, for the present, do not take into 
account the exchange interaction, the solution must satisfy only the ordinary elec
trodynamic boundary conditions. The incident power at the input of the system 
should be regarded as the known quantity. 

A strict solution of this problem would be very difficult, and the method of 
successive approximations is to be used. As a zero approximation, we can take the 
magnetic field in the considered system near the surface of the metallic sample, 
assuming its conductivity to be infinite. Then, using the boundary conditions at the 
surface, we find magnetic and electric fields of both normal waves in metal. The 
sum of their electric fields at the surface is equal to the tangential component of 
the electric field e ' 1 ' of the resonator or the waveguide in the first approximation. 
Using the fields and e O , all parameters of the considered system can be 
calculated. It is worth noting that the influence of these parameters on the field 

can be taken into account, which makes the problem self-consistent and 
allows one to increase the accuracy of the solution. 

Let us consider a hollow resonator; a part S\ of its surface is the ferromagnetic 
metal, and the remainder (So — S\) is perfectly conducting. To find the changes of 
the resonator frequency and quality factor caused by the ferromagnetic metal we 
can use the Slater perturbation formula (4.96). This formula can be transformed 
by introducing the surface impedance Q, defined in the following way: 

( n 0 x e)h* = Qhh*. (14.22) 

Here, e and h are the fields in the resonator at the surface and no is a unit normal 
to the surface. If is linearly polarized, the impedance Cs is the ratio eT/h 
where e T is the projection of e onto the direction perpendicular to h and no. With 
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FIGURE 14.7 
Ferromagnetic resonance in metal magnetized tangentially to its surface: (a) coordinate 
axes; (b) field dependence of PR and PL for permalloy [54]; the curves were calculated 
with parameters chosen to fit the experimental points. 

allowance for (14.22), formula (4.96) takes the form 

where OJQ is the eigenfrequency of the resonator with walls of infinitely conducting 
metal, Wo is determined by (4.84), and the prime at u>' is omitted. 

Consider first, following Young and Uehling [455], the case of tangential 
magnetization (Mo J- no). Assume that the field makes an angle ip with Mo 
(Figure 14.7). The normal waves in metal are: (i) the wave with components h\x, 
h] y , and e\z, for which k\ = ko^ep± and the wave impedance d =e\z/h\x = 
^/p±/e; (ii) the wave with components h2z and e2x, for which k2 = ko\fe and 
C2 = \ / l / e - From the boundary conditions (the continuity of hx and hz at Si) it 
follows that hlx(y = 0) = / I ( 0 ) sintp and h2z (y = 0) = costp. Substituting 
h ( 0 ) and the electric field e ( l ) = x 0 (2 / I ( 0 ) costp + z 0 CI/I ( 0 ) sincp into (4.96), we 
get 

From the experimental point of view, the entire contribution of the ferromagnetic 
wall (14.24) is not of the most interest. Of the prime interest is the change of this 
contribution, either when we replace an 'ordinary' wall by the ferromagnetic one 
or when we pass from the Ho value at ferromagnetic resonance to its value far from 
resonance (where ptf — 1). To find this change we have to subtract from (14.24) 

(14 .23) 

(14 .24) 
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an analogous expression but with /zx = 1 and, in general, with other permittivity 
so- Then, taking into account that e = —i47rcr/w and so = —\4-K<JQ/UJ, we obtain 

^ + \{h ~ = m*{Si [(iv/^_ VJTn) sinV 

+ ( i - l ) c o s V ] + ( 1 - i ) ( t f , ) f l } / (h^)2dS. (14.25) 
Js, 

Here, [I±R and /I±L are determined by expressions (4.38) and (4.39), 8\ is given 
by formula (4.40), and (8\ )o is given by the same formula but with the replacement 
of the conductivity of the ferromagnet near resonance a by the conductivity c 0 of 
the 'ordinary' wall or of the ferromagnet far from resonance. 

The case of normal magnetization can be treated in a similar manner [455]. 
Waves with right-hand and left-hand circular polarization are now the normal 
waves. If the field is linearly polarized, the amplitudes of the normal waves 
at the surface are equal to / i ' ° ' /2 . Finding then e ' 1 ' = e+ + e_ and using the 
perturbation formula (4.96), we get expressions resembling (14.24) or (14.25). 
Near ferromagnetic resonance the normal wave with left-hand polarization may 
be neglected, and we get 

+ ^ = 8 * b v V * ^ - V i H O j (^fdS (14.26) 

where u+ R = |/j + ua\ + (fi" + /z'a') and u+ L ----- \u + fxa\ - (ft" + a'^) (Sec
tion 4.2). 

Thus, having measured the shift of the frequency and the change of the qual
ity factor of a resonator with a ferromagnetic-metal wall, it is possible to find 
the quantities p±R and H±L or fi+p_ and a+1. according to the direction of 
magnetization. The result of such measurement and calculation performed by 
Bloembergen in one of the first works on ferromagnetic resonance [54] is shown 
in Figure 14.7. 

14.2.3 Influence of exchange interaction 

Because of the skin effect, the ac magnetization near the surface of ferromagnetic 
metal is strongly nonuniform, and, hence, the exchange interaction should be taken 
into account. Kittel and Herring pointed out as early as in 1950 [228] that the 
exchange interaction must lead to the broadening of the ferromagnetic-resonance 
curve in metals by the quantity 

AHex ~ ^ (14 .27) 

and to the decrease of the resonance field of the same order. This can be justified 
in the following manner: the magnetization wave damping out on the distance 
~ 8 can be expanded into the Furier integral in the undamped spin waves with the 
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mean k value k ~ 1/6; their resonance fields form a distribution with the width 
and the shift of the maximum of the order of D k ~ D / 8 2 . 

However, the 6 value in (14.27) depends on the permeability and, hence, on 
the linewidth, to which the exchange interaction makes the above-mentioned 
contribution. Akhiezer, Bar'yakhtar, and Kaganov [11] showed that this self-
consistent chain of relations can be used in the following way to estimate the value 
of A # e x . According to (4.39), 

c 

6 = — = = (14.28) 
VMeTR 

where 6\ is the skin depth in a nonmagnetic medium. Near resonance, we may 
assume 

M e f H ^ K ' F ) R E S = A G O + A J / E X (14.29) 

where A H o is the contribution of all other sourses of resonance-line broaden
ing except exchange interaction and 0 is a factor of the order of unity. It 
is easy to make sure that f3 = 2 in the case of normal magnetization and 
/3 = (LOH +U>M)/ [UH + W M / 2 ) in the case of tangential magnetization. It 
follows from (14.27)-(14.29) that 

A H e x ( A H o + A H e x ) = P D 4 * M ° . ( 1 4 . 30 ) 

In particular, if A H e x » A H o , then 

A # e x ~ ^ j 0 D 4 n M o = — y / 2 0 D M o a u . (14.31) 
b\ c 

As cr and Mo decrease with increasing temperature, the exchange contribution to 
the linewidth manifests itself at low temperatures. 

In this estimate, as in all the preceding reasoning, it was assumed that the 
normal skin effect took place (e.g., [246]), which is the case when the electron 
mean free path le C 6. Then, a does not depend on the skin depth and, for metals 
at microwave frequencies, slightly differs from the static conductivity. In the case 
of anomalous skin effect [253] when le > 6, some electrons—in greater quantity 
the larger the ratio le/6—leave the skin layer before they undergo a collision. This 
can approximately be taken into account if a in the expression for 6 is replaced by 

6 

o-ti = v a - (14.32) 
'e 

where v is a factor given by the theory of anomalous skin effect [253] (v = 5.16 
in the absence of magnetic field). Taking (14.32) into account, we obtain, instead 
of (14.30), 

A H U 2 ( A H o + A H n ) ^ ^ f ^ . (14.33) 
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Now, in the case of AHex > AHo, 

0UA-KMO\21' £>3/5 (14 .34) 

The finite value of AHEX, in the absence of magnetic dissipation (that determines 
AHQ), and the increase of AHEX with decreasing <5i, witnesses the fact that the 
dissipation of energy of magnetic oscillations is accomplished (for both the normal 
and the anomalous skin effect) by the conducting electrons. 

A strict theory of ferromagnetic resonance in metals with allowance for ex
change interaction can be developed in the same way as the nonexchange theory 
considered above. But now we must use the expressions for tensor fi components 
found with regard for this interaction, e.g., the expressions obtained from (7.8) 
by the replacement (1.68). Substituting these expressions into (4.42), we get (in 
the case of normal magnetization, i.e., for Ok = 0) a quadratic equation in fc2 for 
each direction of the polarization rotation. In the case of tangential magnetization 
(Ok = 7r/2), we get from (4.53) a cubic equation in k2 for the extraordinary wave; 
for the ordinary wave, k2 = k^e. So, in both considered cases (and in an arbitrary 
case, as well) there are now four normal waves. 

The dispersion relations for these waves were studied by Patton [310]. It turns 
out that two of the four waves are the waves with right-hand rotation of the vector 
m polarization (Larmor branches, in terms of [310], denoted by the subscripts + ) , 
and the other two are the waves with left-hand rotation (anti-Larmor branches 
denoted by the subscript —). One of the two waves with the same rotation of 
polarization is an 'electromagnetic' (E) wave with large w p h and comparatively 
weak effect of exchange interaction; the other is a 'spin' (S) wave. The Larmor 
'spin' wave (S+), at large fc' values, turns into an ordinary spin wave, and the 
anti-Larmor 'spin' wave has a very large damping. 

If the dissipation parameter exceeds a certain value (e.g., a > aa = 0.013 
for permalloy), the branches E + and S + do not intersect in the w(fc', fc") space 
(Figure 14.8) and conserve their character in the entire space. But their projections 
onto ui (fc') plane do intersect. At a < a c r these branches, as well as their 
projections, repel. This is a general feature of all mixed (or coupled) waves; we 
have already encountered it for magnetoelastic waves (Section 12.3). 

The magnetic-field amplitudes of all four normal waves in metal can be ex
pressed in terms of the field at the surface by the use of four boundary 
conditions: two electromagnetic and two supplementary (exchange) conditions 
(Section 7.2). These conditions, with the use of the expressions for tensor /x 
components, result in the equations for magnetic-field amplitudes. Then, using 
the wave impedances of the normal waves, we find (as in the above-considered 
nonexchange case) the electric fields of these waves. Their sum gives the field 
e ' 1 ' at the surface. Then we can either find the surface impedance Q or, for a 
ferromagnetic-metal wall of a resonator, apply the perturbation formula (4.96). 

Consider now in more detail the case of tangential magnetization assuming 
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TABLE 14.1 
Parameters of ferromagnetic metals'* [47, 126]. 

T c 4-7rMo G D 
Metal (K) (G) (ST 1 c m - 1 ) 6 

g a 
(Oe cm2) 

Fe 1043 21 580 1.03 x 105 2.088 0.0023 2.2 x 10~9 

Fe97Si3 21 148 
Ni77Fe23 11 000 2.5 x 10~9 

Ni 631 6 084 1.46 x 10s 0.027 3.1 x 10~9 

Co 1904 17 900 1.60 x 105 0.027 

"The values of all parameters (except Tc) are given at room temperature. 
6 The Landau-Lifshitz dissipation parameter Ai and the exchange constant A , encountered in 

many works on ferromagnetic resonance in metals, are related to the parameters cited in the table as 
follows: A| = 7QMO, A = DMq/2. 

fi(°) j _ M $ , i.e., ip = 7 r / 2 in Figure 14.7(a). The ordinary wave (with pef = 1) 
is not exited then, and the field in metal consists of three normal waves: an 
'electromagnetic' wave and two 'spin' waves. Their complex wave numbers 
kj 0 = 1, 2, 3) are determined by a cubic equation in k2, which is obtained 
by substituting the expression for pj_ (with regard to exchange interaction and 
dissipation) into (4.53). The wave impedances of the normal waves Q = ejzl hj x 

for the considered strongly conducting metal, according to (4.56) and (4.53), have 
the form 

= 4 ^ " ( 1 4 - 3 5 ) 

This problem was first solved by Ament and Rado [16], with the assumption of 
the exchange boundary conditions (7.42) (£ = 0). In the low-frequency limit, 

u « w i f UJH < UJM p = 7 \ / D A I T M Q /6\ < uiM (14.36) 

the obtained expression for the surface impedance has the form 

/• c „ , •-> V ^ w [ W H -UJ2/U>M + iaw + 2 ( l + i ) p ] 1 / 2 

47T FJO] UJH — UJA/U>M + 1<XUJ + (1 + l) p 

Conditions (14.36) are satisfied and, hence, formula (14.37) is approximately valid 
in the entire centimeter-wavelength range for metals in which the ferromagnetic 
resonance is usually measured (Table 14.1). 

One can see from (14.37) that for a = 0 and p = 0, i.e., without allowance for 
dissipation and exchange interaction, the resonance frequency (at which ( —> oo) 
OJKS ~ y/ujnuiM, which is the low-frequency limit of (14.18). The allowance for 
dissipation (a ^ 0, p — 0) results in a finite real part of the impedance at resonance 
and in finite linewidth. If the linewidth is defined at the level ((2)' = (C2)RES/2> 
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FIGURE 14.8 
Dispersion curves of normal waves in metal for tangential magnetization and 6k = 
TT/2 [310]. Ho = 1135 Oe, a = 0.03, other parameters correspond to permalloy 
(Table 14.1). Dashed curves are projections of the solid curves S+ and E+ onto the 
plane (k', k"). 

it is equal to 2aoj, i.e., it coincides with the 'usual' linewidth AH defined at the 
level x" = Xres/2- This coincidence is caused by the fact that, for a strongly 
conducting metal (if only one of the normal waves is taken into account), 

(14.38) 

and hence, (C s

2)' = (w/cr) x"f- The shift of the resonance line with respect to its 
position at a = 0 turns out to be of the second order in a, as in the case of 'usual' 
ferromagnetic resonance in weakly conducting samples (Section 1.5). 

Butifp ^ 0 and is large as compared with aw, then, as one can see from (14.37), 
the resonance-line shift and the linewidth are of the same order. Defining them as 
in the case of p = 0 and assuming for simplicity that a = 0, we get 

AH^ = ~y/DA^M0 

0\ 
(14.39) 

0.78 
(^res)ex = — T - V ^ + T r M o . (14.40) 

It should be noted that the estimate (14.31) is in a good agreement with (14.39) 
(in the low-frequency limit j3 = 2). 
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FIGURE 14.9 
Calculated field dependences of the surface impedance in the case of tangential magnetiza
tion for two values o f the pinning parameter £ [129] . Frequency is 11.5 GHz, all parameters 
correspond to iron at room temperature (Table 14.1). 

Later, Kaganov and Yui Lu [195, 202] showed that the value of the pinning 
parameter f (Section 7.2) makes a strong influence on the ferromagnetic res
onance in metals: the quantities AHex and (c i i / r e s ) e x increase with increasing 
£. The numerical calculations by Frait and Mac Faden [126] and the theory 
by Fraitova [127-129] (Figure 14.9) confirmed this dependence. 

The case of normal magnetization can be analyzed in a similar manner. Two 
waves with the right-hand and two waves with the left-hand circular polarization 
are now the normal waves. This problem was solved for £ = 0 by V. L. Gure-
vich [167]. The obtained expression for £ s in the low-frequency limit differs 
from (14.37) by the replacement of LJ2/UJM with UJ. Formulae (14.39) and (14.40) 
are valid in this case, too. 

The ferromagnetic resonance in metal with anomalous skin effect was also in
vestigated in [167] for the case of normal magnetization. The expression for AHex, 
when the exchange contribution dominates, differs from the estimate (14.34) only 
by a factor of the order of unity. The case of tangential magnetization with the 
anomalous skin effect was studied by Blank and Kaganov [50]. 

Thus, the contribution of the exchange interaction (together with conductiv
ity) to the ferromagnetic-resonance linewidth and the resonance-field shift are 
of the same order and are proportional (if they dominate) to the square root of 
frequency. Meanwhile, the contribution of magnetic losses to AH in metals is 
usually proportional to w, as the dissipation parameter a is approximately in
dependent of frequency. Therefore, the advantageous conditions for observing 
the exchange contribution are low frequencies and, of course, low temperatures 
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FIGURE 14.10 
Frequency dependences of ferromagnetic-resonance linewidths at room temperature 
[126,47]. A # d e r = AH/3l/2

 (Section 1.4). 

because the conductivity of metals increases with decreasing frequency. At rather 
low frequency (however, at room temperature) the exchange contribution was first 
observed by Rado and Weertman [325]. 

Estimates, with the use of (14.39) and the data of Table 14.1, show that the 
frequency at which the magnetic and the exchange contributions to AH at room 
temperature become comparable is equal to ~ 300 GHz for Fe and to ~ 1 GHz, for 
Ni. For these metals, at microwave frequencies and room temperature, the limiting 
cases are realized when either one or the other contribution dominates. The 
exchange contribution also dominates for permalloy and silicon iron. Figure 14.10 
gives a good illustration of this: the linewidth is proportional to u> for Ni and is 
proportional to the square-root of ui for Fe and other metals. 

14.2.4 Antiresonance 

The processing of experimental data on the basis of the strict theory of ferromag
netic resonance in metals allows the separation of the magnetic contribution to 
AH and makes it possible to find the dissipation parameter a even in the case (as 
for Fe) when the exchange contribution dominates. But it is obvious that the accu
racy of such a procedure cannot be high. For a more accurate determination of the 
magnetic dissipation parameter the measurement of the antiresonance linewidth 
can be used. 

Antiresonance point (Section 4.2) is the frequency or steady magnetic field 
value at which the real part of the effective permeability fief becomes equal to 
zero and the imaginary part does not pass through a maximum, as distinct from 
resonance, but passes through a minimum. The condition of antiresonance (4.59) 
does not depend on the angle between the direction of magnetization and the 
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FIGURE 14.11 
Effective permeability of supermalloy vs steady magnetic field for tangential magnetiza
tion [449]. 

direction of the wave propagation. One can see from (4.59) that antiresonance can 
be observed only at w > U>M, e.g., for Fe, at u>/(2tt) > 60 GHz. It can be shown 
that, to a first approximation (for small losses), the imaginary part of the effective 
permeability at antiresonance is 

0 4 ) . (14 .41) 

for any direction of magnetization. The antiresonance linewidth AHanures can be 
defined as the interval between u> or HQ points at which p"{ = 2 (Mef Entires' ^ 
is easy to make sure that, independently of the magnetization direction, AiJantires 
coincides, to a first approximation, with the resonance linewidth AH = aui/f. 

Expressions (4.59) and (14.41) have been obtained without allowance for ex
change interaction. However, the skin depth, according to (4.39), becomes large 
near antiresonance, and there is no need to take into account the exchange in
teraction. Thus, measuring the parameters of an electromagnetic system with a 
metallic sample near antiresonance, we can determine independently the magnetic 
dissipation parameter a. 

The absorption minimum at antiresonance was first observed by Yager [449] 
(Figure 14.11). Simultaneous measurements of the linewidth at resonance and 
at antiresonance were used [124] to determine the values of a and the pinning 
parameter £. The simultaneous measurements of the resonance and antiresonance 
magnetic fields allowed one to obtain precise values of magnetization [324] and 
3-factor[123]. 

The increase of the skin depth at antiresonance results in a great increase of the 
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FIGURE 14.12 
Calculated field dependences of the real part of the surface impedance for tangen
tially magnetized metal films of different thickness d [92]. w — 1.5CJM, a = 10~ 4, 
D j {A-nM06\) - 5 x 10~ 5, numbers by the curves are the values of d/8\. © 1974 Jpn. J. 
Appl. Phys. 

power percolating through a film of ferromagnetic metal. This effect was predicted 
by Kaganov [196]. It was observed first by Heinrich and Meshcherjakov [177] 
and later on, by others (e.g., [77]). 

It should be noted that, if the thickness of the film is comparable with the skin 
depth, then the calculation of the percolation through the film, as well as of the 
reflection from it (determined by the surface impedance), demands the regard for 
the boundary conditions at both sides of the film. In general, the electrodynamic 
and the exchange boundary conditions must be taken into account; but near an
tiresonance there is no need for the latter. The results of such calculations carried 
out by De Wames and Wolfram [92] are shown in Figure 14.12. The symmetric 
excitation, i.e., the excitation by the same ac field at both sides of the film, was 
assumed. One can see from this figure that the influence of the pinning param
eter becomes stronger with diminishing film thickness. In the case of £ = oo, 
sharp peaks caused by 'space quantization' are superimposed onto the dependence 
Cs' (Ho) that is characteristic of an infinite metal. 

14.2.5 Processes of magnetic relaxation 

The measurements of magnetic dissipation parameter a in metals show that this 
parameter is practically independent of frequency. Its dependence on temperature 
is usually weak in perfect samples. Let us discuss now what relaxation processes 
determine this parameter. 

All processes investigated in Chapters 11-13 can exist in metals. In addition, 
the process in which the conduction electrons are involved can be present. The 
contributions of inherent magnon processes (Section 11.2) to AH in metals should 
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be of the same order as in dielectrics or semiconductors (ferrites), i.e., of the order 
of 0.1 Oe. At the same time, the linewidths even in perfect metallic samples 
turn out to be several tens of oersteds. So, the intrinsic magnon processes do 
not play any noticeable role in metals. Two-magnon processes caused by defects 
(Section 11.3) are effective in metals because of large steady magnetization. They 
lead to high AH values in 'bad' samples, e.g., in samples with not sufficiently well 
polished surfaces. The two-magnon processes caused by nonuniform anisotropy 
fields are effective in polycrystals. The contributions of two-magnon processes 
caused by nonuniform elastic stresses are large in poorly annealed samples. But 
if proper attention is paid to the quality of samples, as in all good works on 
ferromagnetic resonance in metals, the contributions of all two-magnon processes 
are small. 

The ionic relaxation processes (Section 13.2) can also play an important role in 
metals, especially at low temperatures. It is conceivable that the sharp rise of AH 
in Ni at low temperature and high AH values in Co [48] result from this process. 
However, it is obvious that rather high AH values in all ferromagnetic metals, 
which weakly depend on frequency and temperature, should be caused mainly by 
the electron-magnon processes. 

To realize these processes we consider, following Turov [409], the interaction 
between the charge carriers (electrons) and the magnetic system of a ferromagnet. 
Electrons are characterized by the operators of orbital impulse p and spin s. The 
magnetic system is characterized by the magnetization M. Then, the Hamiltonian 
of the interaction of an electron with the magnetic system will have the form [409] 

H\ = -2pnAp - 2pBHs - (14.42) 
M o 

where PB = \eo\h/(2mec) is the Bohr magneton, A is the vector potential of 
the electromagnetic field, and I is the exchange integral that characterizes the 
interaction of carriers (s electrons) with the magnetic system. 

All the above-studied effects caused by the interaction of magnetic oscillations 
and waves with charge carriers resulted from the first term in (14.42). Now we 
will briefly consider the phenomena determined by the other two terms, i.e., by 
the interaction of the magnetic system with spins of the conduction electrons. The 
energy of this interaction can be written in the form 

U = J2 / •4>*(r,s)Htp(r,s)dV (14.43) 
. = ± 1 / 2 

where rp(r, s) is the wave function of the conduction electrons, H is the sum of 
the last two terms in (14.42), and integration is over the volume of the sample. We 
substitute the last two terms of Ti] into (14.43), pass from i/>(r,s) andi/>*(r,s) to 
the operators bqs and bq s of creation and annihilation of electrons with impulse 
p = hq and spin s, and express M in terms of the operators ck and dk of the 
magnon creation and annihilation (Section 7.4). Then, the energy U will contain 
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Confluence Scattering 

~+~<jC ^wc 
Direct Reverse Direct Reverse 

FIGURE 14.13 
Elementary processes with conservation of the total spin, which underlie the three-particle 
and four-particle magnon relaxation processes. Straight lines denote magnons, and wavy 
lines denote conduction electrons. 

terms of different order with products of operators j>+s, 6, S , CJJ", and ck. 
The quadratic terms containing the products bjlsbq s give the correction to the 

energy of the carriers caused by their interaction with the magnetic system. The 
terms of third, fourth, and higher order in 6+ s , bqs, CJJ", and ck correspond to 
the elementary processes of creation and annihilation of electrons and magnons. 
These elementary processes underlie the magnon relaxation processes resulting 
from the interaction of magnons with the spins of charge carriers. In such low-
energy processes, electrons cannot arise or annihilate, only their q and s values 
change. Hence, the operators bqs and bq> s< appear only in pairs. It is very 
important that the sd (or sf) exchange interaction, like the exchange interaction 
within the magnetic system (Section 11.2), leads only to processes in which the 
total spin of the interacting particles is conserved. The elementary processes that 
satisfy this condition are shown in Figure 14.13. The three-particle processes 
are, in general, more probable. But they are forbidden if the turn-over of the 
conduction-electron spin is connected with the increase of the electron energy by 
a value exceeding the energy of the relaxing magnon. Then, the main contribution 
to the magnon relaxation will be made by the four- particle process. This is the case 
for ferromagnetic metals where the mentioned increase of the s electron energy, 
i.e., the sd exchange splitting of the conduction band, is of the order of 1 eV. 

The magnon relaxation frequency determined by such four-particle elementary 
processes, without turn-over of the electron spin, was calculated by Lutovinov and 
Reizer [262]: 

3TT / hk \ 2 HUJKT j KT ^ ^ 
r 64 \ Spr J 7 Dp2. frw 

where S is the spin of magnetic ions, p? = hkp is the Fermi impulse of electrons, 
UJ is the magnon frequency, and fc is the magnon wave number. In ferromagnetic 
resonance the fc value is of the order of 6~l, where 6 is the skin depth depending, 
in its turn, on AH. Assuming the considered process to be the dominant one, it is 
easy to obtain, by the same method as used in deriving expression (14.31), 

AH=^- 5 - 1 J - RY^— M T - • 14.45 
2 cjSppV nu hu 
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One can see from (14.45) that the linewidth is approximately proportional to 
UJ and (if the temperature dependences of Mo and a are taken into account) 
weakly depends on temperature. Both the above-mentioned features agree with 
experiment. Estimates using (14.45) are also in agreement with the experimental 
AH values in metals. 

It should be noted that spin waves propagating in metal along its surface cannot 
be excited linearly by the ac field of a resonator or a wavequide because the 
wavelength of this field is much larger than 1 /k of the spin waves. But pairs of 
such spin waves can be excited parametrically (Chapter 10), as it was observed in 
thin films [79,46] and thin wires [234]. 
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Appendix A 

Units and constants 

The CGS (Gaussian) units are used in this book. The relations between them and 
the SI units are given in Table A. 1. The table includes only the quantities, with 
few exceptions, that appear in the text. 

The energy of particles and quasiparticles is often measured in special units, 
which are defined in the following manner. 

The electronvolt is the energy |eo|V obtained by an electron in passing the 
potential difference V — 1 V. 

The inverse centimeter is the energy quantum lixhcjX of electromagnetic radi
ation with the wavelength in vacuum A = 1 cm. 

The kelvin is the mean energy KT per two degrees of freedom of an ideal gas 
at temperature 1 = I K . 

The oersted is the energy equal to the Zeeman splitting -yhH = QPBH of 
electron energy levels, with g-factor gs — 2.0023, in magnetic field H = 1 Oe. 

Values of these units and the relations between them are given in Table A.2. 
Energy, especially thermal, is also measured in calories: 1 cal = 4.1868 x 10 7 erg. 

Values of the fundamental physical constants, which could be used in calcula
tions on the subjects of this book, are given in Table A.3. 
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TABLE A.1 
Relations between CGS and SI units [357]. If aCGS and a S i are the units, ACGS and As\ are the values of a quantity measured in these units, and K 
are the factors given in the table, then asi = acasK, and Asi = Acos/K-

Quantity CGS SI 

Name 
Notation 
in text Dimension 

Name 
of unit Notation K Notation 

Name 
of unit Dimension 

Length /, d, etc. L centimeter cm 102 m meter L 
Time t,T T second s 1 s second T 
Velocity V L T _ 1 cm s _ 1 102 m s _ 1 L r 1 

Angle 6, ip, etc. 1 radian rad 1 rad radian l 
Angular velocity UI T - i rad s~1 1 rad s _ 1 

T - i 
Cyclic frequency u> T - i s" 1 1 s- ' T - i 
Frequency f T - i hertz Hz 1 Hz hertz T - i 
Mass m M gram g 103 kg kilogram M 
Momentum, impulse V L M T " 1 g e m s " ' 105 kg m s 1 L M T - 1 

Moment of momentum L , S L ! M T " ' g cm 2 s~1 107 kg m 2 s _ 1 L 2 M T _ 1 

Force F L M T - 2 dyne dyn 105 N newton L M T " 2 

Pressure P L _ i M r dyn cm - " 10 Pa pascal L~' M T " 
Work, energy, W,e L 2 M T~ 2 erg erg 107 J joule L 2 M T - 2 

thermodynamic 
potentials 

Energy volume U L - ' M T 2 erg c m - 3 10 JmT 3 r ' M r 2 

density [energy]" 
Power P L 2 M T~ 3 ergs" 1 107 w watt L 2 M T" 3 

Energy-flow n M r 3 erg c m - 2 s - 1 W m " 2 M r 3 

surface density 
(Poynting vector) 

Elastic strain e l 1 l 



Quantity CGS SI 
Notation Name Name 

Name in text Dimension of unit Notation K Notation of unit Dimension 

Elastic stress a L _ 1 M r 2 dyn c m - 2 10 Pa L - ' M T - 2 

Module of 
dyn c m - 2 

elasticity C p q I m L - 1 M T - 2 dyn c m - 2 10 Pa L - ' M T - 2 

Electric charge e L 3 / 2 M 1 / 2 T - 1 electrosta
tic unit 

esu 2.9979x10' C coulomb T I 

Electric charge P L - 3 / 2 M l / 2 T - l esu c m - 3 2.9979 xlO 3 C m - 3 L _ 3 T I 
volume density 

L - 1 / 2 M 1 / 2 T - 1 Electric field E L - 1 / 2 M 1 / 2 T - 1 6 statvolt cm" 1 3.3356xl0~ 5 V r n - 1 L M r ' r 1 

L 1 / 2 M 1 / 2 T - 1 
= dyn esu" 1 

Electric potential f 
L 1 / 2 M 1 / 2 T - 1 statvolt statvolt 

= erg c m - 1 

3.3356xl0 - 3 V volt L 2 M T " 3 1 - 1 

Capacitance L cm 8.9876x10" F farad 
Electric dipole P L V 2 M 1 / 2 T - 1 esu cm 2.9979x10" Cm LTI 

moment 
Polarization P L - 1 / 2 M 1 / 2 T - 1 i> esu c m - 2 2.9979 xlO 5 C m - 2 L _ 2 T I 
Electric 1 8.9876xl0 9 F r n - 1 L ^ M - ' T 4 ! 2 

susceptibility 
Permittivity £ 1 8.9876x 109 Fi rT 1 L - 3 M - 1 T 4 I 2 

Electric induction D L - 1 / 2 M 1 / 2 T - 1 b statvolt cm"' 2.9979 xlO 5 C m " 2 L~ 2 TI 
(displacement) = dyn e s u - 1 

Current I L 3 / 2 M l / 2 T - 2 e s u s - 1 2.9979xl0 9 A ampere I 
Current density 3 L - l / 2 M l / 2 T - 2 esu c m - 2 s _ 1 2.9979x10 s A m - 2 L - 2 I 
Resistance R c m - 1 s 1.1126xl0 - 1 2 

a ohm L 2 M T " 3 I 
Resistivity P T s 1.1126x10- 1 0 Q m L 3 M r 3 I 
Conductance L T _ 1 c m s - 1 8.9876x10" S Siemens L _ 2 M _ l T 3 I 2 



TABLE A.l Continued. 

Quantity CGS SI 
Notation Name Name 

Name in text Dimension of unit Notation K Notation of unit Dimension 

Conductivity a T - i s - 1 8.9876x 109 S n T 1 L _ 3 M _ l T 3 j 2 

Magnetic field H L - 1 / 2 M 1 / 2 T - 1 oersted Oe 1.2566xl0 - 2 A m - 1 L " ' l 
Magnetic potential L l / 2 M l / 2 T - l gilbert Gi 1.2566 A I 
Magnetic moment mx L5/2 M . / 2 T - l 

esu cm 103 Am 2 L 2 I 
Magnetization M L - , / 2 M l / 2 T - l gauss* G i o - 3 A m - 1 L - ' I 
Magnetic induction B L - l / 2 M l / 2 T _ , gauss* G 104 T tesla M r 2 r 1 

Magnetic flux * L 3 / 2 M l / 2 T - l maxwell Mx 108 Wb weber L 2 M r 2 r ' 
Inductance L cm 109 H henry L 2 M T - 2 I - 2 

Magnetic susceptibility X 1 7.9577xl(T 2 1 
Permeability A* 1 107 H n T 1 L M r 2 r 2 

Magnetoelastic B l , 2 L " ' M r 2 erg c m - 3 10 J m " 3 L - ' M r 2 

constants ^1,2 L M r 2 erg cm 10s J m _ 1 L M r 2 

Temperature T G kelvin K 1 K kelvin G 

Heat capacity L 2 M r 2 0 - ' ergK- 1 107 J K - 1 L 2 M T - 2 e _ 1 

Fractional heat C p ] v L " ' M r 2 e - ' erg cm 3 K 1 10 J m - 3 K - 1 L _ 1 M T - 2 © _ 1 

capacity [heat capacity]" 
Entropy L 2 M T - 2 e _ 1 ergK- 1 107 J K " 1 L 2 M r ! 0 - ' 
Entropy density s L - i M r 2 0 _ 1 erg c m - 3 K - 1 10 J m - 3 K1 L _ 1 M r 2 9 " ' 

[entropy]" 

a ConU^cted names of quantities used in the text are given in brackets. 
6 Oersted is commonly used as the magnetic field H unit, and gauss, as the magnetization M or magnetic induction B unit in the CGS system. However, all 

quantities H , M , B , E , P , and D have the same dimension in this system and, hence, may be measured in the same units, e.g., in oersteds. 
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TABLE A.2 
Special energy units. The numbers in the table (analogous to the factor K in Table A . l ) 
are the ratios o f units in appropriate rows to units in appropriate columns. 

Electron- Inverse 
volt centimeter Kelvin Oersted 

Unit Erg (eV) ( c m - 1 ) (K) (Oe) 

Erg 1 6 . 2 4 1 5 x 1 0 " 5.0341 x 1 0 1 5 7 . 2 4 2 9 x l 0 1 5 5 . 3 8 5 2 x 1 0 ' ' 
Electronvolt 1 . 6 0 2 2 x l 0 ~ 1 2 1 8 . 0 6 5 5 x l 0 3 1 . 1 6 0 4 x l 0 4 8 . 6 2 8 0 x l 0 7 

Inverse 
centimeter 1 . 9 8 6 4 x l 0 " 1 6 1 . 2 3 9 8 x l 0 " 4 1 1.4388 1 . 0 6 9 7 x 1 0 * 

Kelvin 1 . 3 8 0 7 x l 0 " 1 6 8 . 6 1 7 4 x 1 0 " 5 0 . 69504 1 7 .4351 x 1 0 3 

Oersted 1 . 8 5 7 0 x l 0 " 2 0 1 . 1 5 9 0 x l 0 ~ 8 9 .3481 x l O " 5 1 . 3 4 5 0 x l 0 " 4 1 

TABLE A.3 
Values of some fundamental physical constants [78] . 

Notation and relation Value 
Constant to other constants in C G S system 

Velocity of light 
in vacuum c 2 . 9 9 7 9 2 5 x 1 0 ' ° 

Electron charge eo - 4 . 8 0 3 2 1 x 1 0 " 1 0 

Electron mass at rest me 9 . 1 0 9 3 9 x l 0 " 2 8 

Electron specific charge e ( l / m e - 5 . 2 7 2 8 1 x l O 1 7 

Proton mass at rest m p : =• 1836 m c 1 . 6 7 2 6 2 x l 0 ~ 2 4 

Neutron mass at rest m„ •• = 1 8 3 9 m e 1 . 6 7 4 9 3 x 1 0 " 2 4 

Atomic mass unit m 0 : = m ( 1 2 C ) / 1 2 1 . 6 6 0 5 4 x 1 0 " 2 4 

Avogadro number JVA •• = l / m o 6 . 0 2 2 1 4 x l 0 2 3 

Planck constant h = h/(2n) 

el/(hc) 
-- h2/(mtel) 

1 . 0 5 4 5 7 x 1 0 " 2 7 

Fine-structure constant a 
h/(2n) 

el/(hc) 
-- h2/(mtel) 

7 . 2 9 7 3 5 x l 0 " 3 =i 1 /137 
Bohr radius • = 

h/(2n) 

el/(hc) 
-- h2/(mtel) 5 . 2 9 1 7 7 x l 0 " 9 

Electron-spin g-factor gs = = 2[1 + a / ( » 
- 0 . 3 2 8 a 2 / 7 r 2 ] 

= 2[1 + a / ( » 
- 0 . 3 2 8 a 2 / 7 r 2 ] 2 .002319 

Bohr magneton MB = = \eo\h/(2mec) 9 . 2 7 4 0 2 x 1 0 " 2 ' 
Electron-spin IS = = gs\eo\/(2mec) 

gyromagnetic ratio = gsnv/h 1.76086 x l O 7 

Nuclear magneton = - \en\h/(2mpc) 5 . 0 5 0 7 9 x 1 0 " 2 4 

Proton magnetic moment = 2 .79285 fi„ 1.41061 x l O " 2 3 

Neutron magnetic 
9 . 6 6 2 3 7 x l 0 " 2 4 moment m „ = 1.91304 /x n 9 . 6 6 2 3 7 x l 0 " 2 4 

Magnetic flux quantum $ 0 = = irhc/\eo\ 2 .06783 x l O " 7 

Boltzmann constant K 1 . 3 8 0 6 6 x l 0 " 1 6 

Constant of gravitation G 6 . 6 7 2 5 9 x 1 0 " 8 

Standard acceleration 
of gravity ynonr 9 . 8 0 6 6 5 x l 0 2 





Appendix B 

Demagnetization factors 

The demagnetization factors Na!b^c (Section 1.5) of an ellipsoid with axes a, b, 
and c (a > b > c ) placed in a medium with p = 1 are determined (e.g., [131]) by 
the expression 

/ •OO 

Na = 2irabc ' (B . l ) 

Jo ( a 2 + i ) yV + 0 (FT2 + 0 ( C 2 + *) 
and analogous expressions for /Yj, and Nc. The curves of Nazt,tC vs the ratios of 
the ellipsoid axes, calculated by Osborn [306], are plotted in Figures B.l , B.2, 
and B.3. 
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FIGURE B.2 
Demagnetization factors of an ellipsoid in the direction of the middle axis [306]. 
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FIGURE B.3 
Demagnetization factors of an ell ipsoid in the direction of the smaller axis [306] , 

For an ellipsoid of revolution (spheroid), rather simple formulae [321] follow 
from (.B.l): in the case of a > b = c (prolate spheroid), 

and in the case of a — b > c (oblate spheroid), 

^ ( l - l iVc = 4TT ^ ( 1 - 7 arctanf ) (B.3) 

where £ — \/a2 — c2/a in both cases. 





Appendix C 

Dirac delta function and Kronecker delta symbol 

The Dirac delta function S(x) is defined as (e.g., [243, 84, 336]) 

0 at x ^ 0 
6(x) = . 

[ oo at x = 0 
b 

6{x)dx = 1 if a < 0 < 6 . (C. 

It should be noted that 6 (x) is not a function in the usual sense but a symbolic 
or generalized function. The main property of it, which can be regarded as its 
definition, is 

•/ a 

f(x)6(x - x0)dx = f(x0) if a < x0 < b (C.2) 

where / (x) is an arbitrary function continuous at x = XQ. 
Some other useful properties of 6 (x) are 

6(-x) = 6(x) (C.3) 

so that 6 (x) is an even function; 

6(Cx) = j^8(x) (C.4) 

where C is a constant; 

x8(x) = 0 (C.5) 

/ ( a . ) « ( a ; - i o ) = / (a :o )«(a : -a ;o) (C.6) 

/ 6 ( a - z ) . 5 ( x - & ) d x = <5(a-&). (C.7) 

The function <5 (x) can be represented as a limit of sequences of some analytical 
functions, e.g., 

sin (/ex) 
6(x) = hm — - (C.8) 

i — o o nx 
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or as an integral, e.g., 
r + o o i r°° 

6(x)=— exp(ifcr)dfc. (C.9) 
2TT 

The delta function can be related by a symbolic expression 

6(x)=4-U(x) (C.10) 
ax 

to the unit (or step) function 

/ 0 at x < 0 
^ ( a : ) = \ 1 at x > 0 ( C 1 , ) 

(the value of U (x) at x = 0 can be defined, e.g., as 1/2). The derivative of (5 (x) 
can be introduced by 

f(x)S'(x-xo)dx = -f'(x0) if a < a ; 0 < 6 . (C.12) / 
A three-dimensional delta function is defined as 

6(r) = 6(x)6(y)S(z). (C.13) 

Its main property is 

Jj(r)6(r-r0)dr = f ( r 0 ) (CA4) 

where integration is performed over the entire r space. Extending (C.9), we get 

S(r) = ——TJ- / exp(ifcr)dfc (CAS) 
(2TT)3 7fc 

where integration is carried out over the fe space. 
The Kronecker delta symbol is defined as 

A _ • ~ if n ^ m 
A ™ - < 1 if n = m ( C l 6 ) 

l n ~ \ 1 

where m and n are any discrete quantities, e.g., integers, or as 

where fc is a scalar or a vector, continuous or discrete. 
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Ferromagnetic resonance and spin waves in metals 149, 449, 54, 228, 16, 455, 
167, 11,202,126,409,47, 50, 177,196, 32,48, 198,310, 77, 123,262,124, 127, 
128,324, 129, 125 
Interactions with slow neutrons and light 2 443, 210, 29, 86, 162, 96, 309, 383, 59 

C. Special issues of journals devoted to topics discussed in the book 

1. Proceedings of the IRE, 44, No. 2, (1956). 
2. Circuits, Systems, and Signal Processing, 4, No. 1-2, (1985). 
3. Proceedings of the IEEE, 76, No. 2, (1988). 

2Only a few works (referred to in the text) are given on these topics not discussed in the book. 
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Aftereffect, magnetic, 366 
Amplification of spin waves by drift

ing charge carriers, 371, 
372 

in magnetic semiconductor, 371 
in a structure ferromagnet-

semiconductor, 372 
Angular momentum, see Moment of 

momentum 
Anisotropy constants, 39 

measurement, 43 
renormalization, 40, 316, 318 

Anisotropy field, 43,44 
Antiferromagnetic resonance, 68, 80 

damping, 72 
easy axis of anisotropy, steady 

magnetic field 
arbitrary oriented, 75 
parallel to the axis, 70,71,73 
perpendicular to the axis, 70, 

74 
easy plane of anisotropy, steady 

magnetic field 
lying in the plane, 77 ,78 
perpendicular to the plane, 76 

in weak ferromagnets, 78 
influence of shape and dimen

sions of the sample, 80 
line width, 73 
susceptibility, 72 
temperature dependence, 80 

Antiferromagnets, 59 
antiferromagnetic ordering 

layered (Landau-type), 
60,61 

staggered (Neel-type), 60 
ground states, 65, 66 

easy axis of anisotropy, 68, 
70 ,73 

easy plane of anisotropy, 76, 
77 

vector of antiferromagnetism, 
74 

weak ferromagnet, 59, 60, 65 
Antiresonance, 15, 22, 103, 384 

line width (in metals), 385 

Bigyrotropic medium, 94 
electrodynamic equations, 95 

for harmonic z-dependence, 
95 

Bohr magneton, 4, 395 
Boltzmann constant, 5, 395 
Boundary conditions 

elastic, 314 
electrodynamic, 92 
periodical (Born-von Karman), 

200 
supplementary (exchange), 186 

Brillouin function, 5, 66 
Butterfly curve, 258 

Chaos above spin-wave-instability 
threshold, 279 

Charge-carrier influence on mag
netic waves, 367 

Charge-conservation equation, 92 
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Cherenkov condition of amplifica
tion, 370 

Circular waveguide with longitudi
nally magnetized ferrite 

completely filled, 118 
with ferrite rod, 119 

Circulator, 122 
Faraday-type, 121 
symmetric-junction, 145 

Coincidence of subsidiary absorp
tion with main resonance, 
254 

Collision integral, 287 
Compensation points, 67, 83, 89 
Conductivity contribution to ferro

magnetic-resonance relax
ation 

in a sphere, 364 
of interionic electron transi

tions, 366 
Conservation of magnetization-

vector length, 10, 234 
Convective instability, see Amplifi

cation of spin waves by 
drifting charge carriers 

Corpuscule-wave duality, 199 
Coupled-wave approach, 120 
Coupling of magnetic modes at high 

power level, 245 
Creation and annihilation operators 

of magnons, 208 
of spin deviations, 207 

Critical wavelength, 117 
Crystal field, 338 
Curie constant, 6 
Curie law, 6 
Curie temperature (point), 1, 7 
Curie-Weiss law, 7 

Damon-Eshbach wave, 160 
Degeneration of uniform oscillations 

with spin waves, 149, 183 
Demagnetization factors, 23, 397 
Demagnetization tensor, 23 

Detection of magnetization oscilla
tions, 235 

Dimensional effects in ferromag
netic resonance, 136, 365 

Dipole-dipole (magnetic, relativis
tic) interaction, 2, 38 

Hamiltonian, 212 
Dirac delta function, 21,401 
Displacement vector, 311 
Dissipation parameters, 17, 18 
Dissipative terms 

Gilbert, 17 
Landau-Lifshitz, 17 
modified Bloch, 18 

Domain structures 
bubble, 218 
stripe, 217 

Domain walls, 215 
Bloch, 216 

mass, 220 
Neel.217 

Domain-wall oscillations 
dynamic susceptibility, 220 
eigenfrequency, 220 
equation of motion, 219 
line width, 221 
quality factor, 220 

Effective demagnetization factors, 
35,43 

of cubic anisotropy, 47 
of uniaxial anisotropy, 44 

Effective field, 33 
of exchange interaction, 179 
of magnetocrystalline aniso

tropy, 43,44, 64 
Effective permeability, 16, 97 
Effective pumping, 275 
Elastic force, 311 
Elastic waves 

in continuum, 313 
in discrete crystal lattice, 314 

Elastic-stress effect on ferromag
netic resonance 
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magnetostrictive stresses, 318 
external stresses, 319 

Electrokinetic waves, 370 
cyclotron waves, 370 
helicons, 370 

Electron paramagnetic resonance, 4 
Ellipticity, 26 

of spin wave, 256 
of uniform oscillations, 26, 238 

Energy losses, 108 
Energy-balance equation, 107 
Energy-flow density 

elastic (Umov vector), 313 
electromagnetic (Poynting vec

tor), 107, 166 
Equations of motion 

elastic, 313 
magnetoelastic, 317 
of domain wall, 219 
of magnetization, 

in anisotropic ferromagnet 
(Landau-Lifshitz equa
tion), 33 

in isotropic ferromagnet, 9 
linearized, 11, 18, 24, 34 
with dissipative terms, 17 

of sublattice magnetizations, 64 
Equilibrium magnetization direc

tions 
in anisotropic ferromagnet, 32 

cubic, 43 
uniaxial, 41 

in antiferromagnet, 65, 66, see 
also Antiferromagnets 

in ferrimagnet, 81, 82 
in isotropic ferromagnet 

ellipsoid, 23 
unbounded, 11 

Exchange boundary conditions, 186 
for ac magnetization, 188 

free spins, 188 
perfect pinning, 189 

Exchange field, 179 
Exchange energy, 7, 33, 338 

Hamiltonian, 7, 206 
nonuniform term, 179 
of antiferromagnet, 64 

Exchange integral, 7 
Exchange interaction, 7 

anisotropy of, 38 
indirect, 7, 63, 373 

External susceptibility tensor, 27 

Faraday effect 
for plane wave, 100, 101 
in circular waveguide, 119,120 

Fast relaxation, see Ionic relaxation 
Fast-relaxing ions, see Ions with 

strong spin-orbital coup
ling 

Fermi surface, 373 
Ferrimagnetic resonance, 81, 89 

exchange modes, 85, 88, 89 
in antiparallel ground state 

allowance for shape and 
anisotropy, 88, 89 

damping, 87 
effective parameters, 84, 88 
eigenfrequencies, 83 
line width, 88 
susceptibility, 87 

in noncollinear ground state, 86 
Ferrimagnets, 59 

equilibrium orientations of sub-
lattice magnetizations, 81 

Ferrite microwave devices 
circulator, 122 
Faraday-type, 121 
field-displacement-type, 129 
filter, 142 
isolator, 122 
modulator, 122 
nonlinear devices, 279 
phase shifter, 122 
resonance-type, 128 

Ferrite parametric amplifier, 267 
Ferrite resonator, see Magnetody

namic oscillations 
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Ferrites with 
garnet structure, 62 
hexagonal structure, 62 
spinel structure, 61 

Ferromagnetic resonance, 13 
in a film, 50 

of cubic ferromagnet, 51 
in a small ellipsoid 

eigenfrequency, 24 
external susceptibility, 27 
line width, 28 
losses, 26 
polarization, 26 

in a sphere of anisotropic ferro
magnet 

cubic, 47 
uniaxial, 45 

in polycrystals, 53 
in the presence of domains, 222 

ellipsoid of uniaxial ferro
magnet, 224 

sphere of cubic ferromagnet, 
226 

influence of sample dimen
sions, 136, 365 

measurement, 138 
Ferromagnetic resonance in bulk 

metal 
nonexchange theory, 375 

normal magnetization, 377 
tangential magnetization, 

377 
self-consistent estimate of ex

change influence, 378 
theory allowing for exchange, 

380 
anomalous skin-effect, 383 
effect of pinning-parameter, 

383 
normal magnetization, 383 
tangential magnetization, 

381 
Field-displacement effect, 127 
Filter (microwave, ferrite), 140, 142 

filter-circulator, 142 
Fine-structure constant, 3, 395 
Four-magnon scattering, 288, 294, 

298 
Free-energy density 

elastic, 312, 313 
magnetoelastic, 315, 316 
of ferromagnet, 32 
of ions, 342 

Frequency doubling, 236,238 
using magnetocrystalline 

anisotropy, 239 
using magnetodynamic oscilla

tions, 239 
Frequency mixing, 242 

g-factor, see Spectroscopic splitting 
factor 

Group velocity 
nonexchange magnetostatic 

waves in films, 154, 156, 
161 

spin waves, 182 
Growth anisotropy, 51 
Gyromagnetic ratio, 3, 10, 33 
Gyrotropy, 12 

'Hard' parametric excitation of spin 
waves, 278 

Harmonic generation 
second harmonic, 236,238, see 

also Frequency doubling 
third harmonic, 241 

Heisenberg model, 8, 205 
diagonalization of the Hamilto

nian, 206 
High-frequency approximation, 290, 

291 
High-temperature approximation, 

290, 294 
Holstein-Primakoff transforma

tions, 206, 213 
Hooke law, 312 
Hydrodynamic approximation, 368 
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Impedance 
surface (of metal), 377, 381 
wave, 99, 102 

Independent-grain (region) approxi
mation, 54, 56, 300 

Induced anisotropy, 366, 367 
by light, 366 

Induction electric field at ferromag
netic resonance, 364 

Instability of ferromagnetic reso
nance in strong ac field 
caused by 

magnetocrystalline anisotropy, 
234 

shape anisotropy, 233 
Interaction of magnons, 214 
Internal magnetic (dipole) field of 

magnetization wave, 181, 
189 

Internal magnetic energy, 34,65 
Ionic anisotropy 

experimental data 
3d ions in YIG and spinel fer

rites, 345 
4fions in YIG, 344 
chromium ions in ferromag

nets, 345 
one-ion theory, 342 

low-lying doublet, 342 
near-crossing levels, 343 

Ionic relaxation, 347 
experimental data 

3d ions in garnets and 
spinels, 360 

4f ions in garnets, 358 
in metals, 386 

longitudinal (slow), 347, 349, 
355 

case of two energy levels, 
354 

Clogston theory, 350 
dynamic anisotropy, 352 
frequency and temperature 

dependences of line 

width, 355 
Hartmann-Boutron theory, 

354 
relaxation of ionic-level popu

lations, 356 
transverse, 347, 349, 360 

Kittel fast-relaxation theory, 
348 

Van Vleck theory, 349 
Ions with strong spin-orbital cou

pling, 337 
contribution to anisotropy, 337, 

see also Ionic anisotropy 
contribution to line width, 347, 

see also Ionic relaxation 
free energy, 342 
splitting of energy levels, 337 

3d ions, 338, 339 
4f ions, 339, 342 

Isolator, 122 
Faraday-type, 122 
field-displacement, 129 
resonance, 128 

Kasuya-Le Craw processes 
magnon-magnon, 295 
magnon-phonon,296, 335 

Kerr effect, 102 
Kinetic equation (for numbers of 

quasiparticles), 287, 292 
Kronecker delta symbol, 132,402 

Lande factor, see Spectroscopic 
splitting factor 

Landau-Lifshitz equation, 33 
Limitation of parametric-spin-wave 

growth above threshold, 
271 

nonlinear damping, 276 
phase mechanism, 274 
phase mechanism and nonlin

ear damping, 277 
reaction of spin waves on 

pumping, 271 
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Line width 
antiresonance (in metals), 385 
dipole narrowings, 55 
exchange narrowings, 302 
in ferrimagnets, 88 
of antiferromagnetic reso

nance, 73 
of domain-wall oscillations, 

221 
of ferromagnetic resonance 

due to conductivity, 363 
due to exchange interaction 

and conductivity in met
als, 383 

due to porosity, 56, 306, 308 
due to surface roughness, 

309 
in polycrystals, 35, 306, 308 
in single crystals, 28 

spin-wave due to 
four-magnon scattering, 295, 

298 
inherent processes in YIG 

(experimental data), 297 
three-magnon confluence, 

293 
three-magnon splitting, 291 

Lorentz lemma, 104 
Lorentz resonance curve, 20 

Magnetic dipoles, 2 
Magnetic domains, 1, 215 
Magnetic gyration vector, 12, 94, 

105 
Magnetic moment, 3 

eigenvalues, 4, 337 
elementary, 1,2 

Magnetic spectra, 221 
Magnetic susceptibility tensor, 12 

circular components, 14, 22 
of polycrystal, 53 
with losses, 19, 22 

Magnetic-flux quantum, 395 
Magnetization, 9, 92 

Magnetization processes 
displacement, 218 
rotation, 218 

Magneto-electrokinetic waves, 370 
Magnetoacoustic resonance (MAR), 

330 
secondary, 330 

Magnetocrystalline anisotropy, 31 
origins, 37 
phenomenological description, 

39 
antiferromagnets and ferri

magnets, 64, 81 
cubic ferromagnet, 40 
uniaxial ferromagnet, 34 

Magnetodynamic oscillations, 135 
of a ferrite sphere, 136 

Magnetoelastic 
constants, 315 
energy, 315, 316 
equations of motion, 317 

linearized, 320 
gap, 318 
peaks on 'butterfly' curve, 326, 

329 
Magnetoelastic waves, 319 

damping, 323 
excitation, 323 

in a thin plate by ac magnetic 
field, 324 

parametric excitation, 326, 330 
propagating parallel to steady 

magnetization, 320 
propagating perpendicularly to 

steady magnetization, 322 
transformation in nonuniform 

steady magnetic field, 324 
Magnetostatic approximations 

first (for electric field), 147,166 
limits of validity, 152 
zero, 147, 148 

Magnetostatic equations, 93 
Magnetostatic nonexchange waves, 

148 
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applications, 170 
energy flow, 166 
excitation, 168 
in anisotropic ferromagnet, 150 
in plates (films), 153, 170 

backward volume, 155 
forward volume, 153 
surface, 159, 161, see also 

Surface magnetostatic 
waves 

in the presence of domains, 230 
in waveguides with finite cross 

section 
film of small width, 165 
metallized rectangular rod, 

163 
round rod, 164 

losses, 167 
Magnetostatic potential, 132, 149 
Magnetostriction, 315 

constants, 316 
Magnon dispersion law 

classical (small-fc) limit, 183, 
see also Spin waves 

quantum-mechanical, 209 
cubic spin lattices, 209 

Magnons, 199 
numbers of, 200 
spin and magnetic moment, 203 
statistics, 203 
thermal, 202 

contribution to heat capacity, 
205 

contribution to temperature 
dependence of magnetiza
tion, 203, 212 

time of life, 185,202,214 
Material equations, 92 
Maxwell equations, 91 

for complex amplitudes of ac 
quantities, 93 

Measurement of 
fi components and e of ferrites, 

137 

441 

anisotropy constants, 43 
ferromagnetic-resonance 

parameters, 138 
threshold field (longitudial 

pumping), 257 
Moduli of elasticity, 312 

cubic crystal, 312 
isotropic medium, 313 

Molecular field, 6, 211 
Moment of momentum, 2 

eigenvalues, 2 
Monodomain particles, 218 
Morin temperature (point), 60 

Narrowing of resonance line 
dipole, 55, 307 
exchange, 302 

Natural ferromagnetic resonance, 
226, 229 

Polder-Smit formula, 229 
Near-crossing of energy levels, 341, 

343 
HKS peaks at, 344 

Nearest-neighbor approximation, 
209 

Neel temperature of 
antiferromagnet, 60, 66 
ferrimagnet, 66 

Nonlinear ferrite microwave devices 
power limiter, 279 

filter-limiter, 280 
small-signal suppressor (signal-

to-noise-ratio 
enhancer), 280 

Nonlinear ferromagnetic resonance 
in an ellipsoid of revolution, 

232 
in a sphere, 231 

Nonlinear magnetization oscilla
tions, methods of approx
imate analysis using 

condition of magnetization-
vector-length conserva
tion, 234 
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recurrent equations for magne
tization terms, 236 

Nonlinear shift of spin-wave fre
quency, 250, 275 

Nonreciprocal waveguide junctions 
matrix approach, 143 
three-port, 145 
two-port, 144 

Nonreciprocity, 104 
in circular waveguide with lon

gitudinally magnetized 
ferrite, 119 

in rectangular waveguide with 
transversely magnetized 
ferrite, 126 

Nonuniform exchange constant, 
180,204,210 

Nonuniform magnetostatic oscilla
tions, 170 

coupling of modes, 177, 300 
excitation, 176 
in antiferromagnet, 178 
in ellipsoid of revolution, 175 
in metallized cylinder, 171 
in a sphere, 171 
in samples with domains, 229 
orthogonality relations, 176 

Number-of-magnons operator, 208 

One-ion anisotropy, 38, 342 
Onsager principle, 106 
Overlapping integral, 263 

Parallel (longitudinal) pumping, see 
Parametric excitation of 
spin waves 

Paramagnetic magnetization, 4 
Paramagnetic susceptibility of 

antiferromagnet, 66 
ferrimagnet, 66 
ferromagnet, 5 

Parametric excitation of 
magnetic and elastic modes, 

caused by magnetoelastic 
nonlinearity, 329 

magnetoelastic waves under 
elastic pumping, 330 
magnetic pumping, 326 

nonexchange magnetostatic 
waves, 264 

Walker modes, 263 
Parametric excitation of spin waves, 

245 
under longitudinal (parallel) 

pumping, 246, 255 
critical magnetic field, 256 
effect of magnetocrystalline 

anisotropy, 258 
effect of nonuniformities, 

259 
in thin films, 266 
measurements, 257 
spin-wave parameters, 256, 

257 
threshold ac field, 256 

under nonuniform pumping 
by a running wave, 269 
by surface magnetostatic 

wave in a film, 269 
local, 268 

under oblique pumping, 261 
in unsaturated samples, 262 

under transverse pumping, 246 
Suhl theory, 246 
first-order threshold, 250 
second-order threshold, 251 

Permeability tensor, 14 
anisotropic ferromagnet, 43 
designation of components, 94 
isotropic ferromagnet, 15 

with losses, 22 
with exchange interaction, 180 

Permittivity, 94 
in the presence of drifting car

riers, 368 
Perturbation 

lemmas, 109 
of a resonator, 111 
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coupled equations of motion, 

285 
transition probability, 285 

Relaxation processes near Curie 
temperature, 310 

Relaxation time, 287 
Resonators with ferrite 

cylindrical with ferrite sphere, 
137 

eigenoscillations, 131 
forced oscillations, 131 
use in measurements 

of p components and e of 
ferrites, 137 

of ferromagnetic-resonance 
parameters, 138 

waveguide resonators, 133 
Ruderman-Kittel-Kasuya-Iosida 

(RKKI) interaction, 373 

Saturation of main resonance, 254 
Scattering matrix of waveguide junc

tion, 143 
Secondary quantization, 207 
Self-consistent field acting on a fer

rite sample in waveguide, 
139 

Self-oscillations above spin-wave-
instability threshold, 279 

Shape anisotropy, 31 
Skin depth, 98, 363, 373 
Skin effect 

anomalous, 379, 383 
normal, 98 

Slow branches, 100, 103, 147, 162 
Slow relaxation, see Ionic relaxation 
Smearing out of spin-wave-

instability threshold, 274 
Smit-Suhl formula, 36 
Soft mode, 74, 86,90 
Space dispersion, 181 
Spectroscopic splitting factor, 3, 4, 

10,33 
electron-spin, 3, 395 

cylindrical with ferrite 
sphere, 137 

with ferromagnetic-metal 
wall, 114 

of a waveguide, 110 
circular with ferrite rod, 120 

quasistatic approximation of in
ternal field, 111, 113 

Phase shifter, 122 
latching, 130 
Reggia-Spencer, 123 

'Physical' region (of spin-deviation 
space), 207 

Pinning parameter, 188 
Plank constant, 3, 395 
Polder tensor, see Magnetic suscep

tibility tensor 
Poynting vector, 108, 166 
Propagating spin waves in films, 194 

dispersion characteristics, 196 
ways of theoretical treatment, 

194 
Psevdodipole interaction, 38 

Quality factor, 27 
of domain-wall oscillations, 

220 
of small ferromagnetic ellip

soid, 27 

Rectangular waveguide with trans
versely magnetized ferrite 

completely filled, 123 
with ferrite plate, 125 

Relaxation frequency, 287 
Relaxation processes in metals, 386 

electron-magnon, 387 
four-particle, 388 

exchange-conductivity, 383 
ionic, 386 
magnon-magnon, 386 

two-magnon, 386 
Relaxation processes, methods 

of study 
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Spherical-coordinate method, 35 
Spin waves 

damping, 184 
dispersion law in anisotropic 

ferromagnet, 183 
dispersion law in isotropic fer

romagnet, 180 
classical (continuum), 

180, 182 
degeneration with uniform 

oscillations, 149, 183 
phase velocity, 181 
quantum-mechanical, 209, 

see also Magnon disper
sion law 

excitation in nonuniform steady 
magnetic field, 198 

in films, 189, see also Stand
ing spin waves in films and 
Propagating spin waves in 
films 

in films of small width, 197 
in metals, 380 
in samples of finite dimensions, 

197 
in the presence of domains, 229 
parametric excitation, 245, see 

also Parametric excitation 
of spin waves 

polarization, 184 
Spin-lattice relaxation pro

cesses, 284, 331 
direct, 331 

Cherenkov, 333 
phonon Kasuya-Le Craw, 

296, 335 
two-magnon confluence, 333 

indirect 
caused by charge carriers, 

363, see also Charge-
carrier effects in ferromag
netic resonance 

ionic, 347, see also Ionic re
laxation 

Spin-spin relaxation processes, 283 
experimental data for paramet

ric magnons, 297, 299 
in yttrium iron garnet, 297 

inherent, in ferrites, 288, see 
also Three-magnon relax
ation processes and Four-
magnon scattering 

inherent, in metals, 386 
two-magnon, 299, see also 

Two-magnon relaxation 
processes 

Spin-flop transition, 69 
Spin-stiffness constant, see Nonuni

form exchange constant 
Spin-wave instabilities, see Paramet

ric excitation of spin 
waves 

Spin-wave resonance (SWR), see 
Standing spin waves 
in films 

Splitting of low-lying doublet, 341 
Spontaneous magnetization, 1, 7 
Stability of above-threshold state 

external and internal, 278, 279 
Standing spin waves in films, 189 

excitation by uniform ac field, 
192 

hyperbolic modes, 191 
in normally magnetized film, 

189 
in tangentially magnetized film, 

193 
Strain tensor, 311 
Stress tensor, 312 
Sublattice model, 63 

equations of motion, 64, 67 
equilibrium conditions, 65 

Subsidiary absorption, 252, 254 
Surface impedance, 377, 381 
Surface magnetostatic waves, 157 

in film of small width, 165 
in plates (films) and planar 

structures, 159, 161, 162 
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Damon-Eshbach, 160 
on boundary of ferromagnet 

with dielectric, 159 
with metal, 157 

Thin-film model (of FMR in metals), 
374 

line width of a metal sphere, 
374 

Three-halves-power law, 204 
Three-magnon relaxation processes, 

288 
confluence, 288 

Kasuya-Le Craw process, 
295 

of parametric 7 r / 2 magnons, 
293 

participation in Mz and \M\ re
laxation, 294 

splitting, 288, 289 
of magnetostatic-wave 

magnons, 297 
of parametric 7 r /2 magnons, 

291 
of uniform mode, 290 

Threshold ac magnetic fields (under 
transverse pumping) 

first-order instability, 252 
at resonance, 252 
off resonance, 252 

influence of pumping-field po
larization, 254 

second-order instability, 254 
Transducers for magnetostatic 

waves, 168,169 
radiation resistance, 170 

Transmission and reflection in wave
guides with small ferrite 
samples 

infinite waveguide, 139 
short-circuited waveguide, 141 
two coupled waveguides, 141 

Transparency of metal films, 385 
Turning surface, 198 

Two-magnon processes, 259, 273, 
299 

disordered distribution of ions 
over lattice sites, 305 

general theory, 300 
chaotic nonuniformities, 302 
large-scale nonuniformities, 

303, 308 
in metals, 386 
0—fc processes, 300, 302 
pores, 307, 308 
roughness of sample surface, 

309 
variation of crystal-axis direc

tions, 306, 308 
Two-quantum absorption, 241 

Uniform plane waves in 
gyrotropic dielectric, 97 
gyrotropic metal, 98 
longitudinally magnetized fer

rite, 98, 100 
transversely magnetized ferrite, 

102, 103 

Viscosity, magnetic, 366 

Walker equation, 150 
generalized, 149 
in anisotropic ferromagnet, 150 

Walker modes, see Nonuniform 
magnetostatic oscillations 

Waveguides with magnetized ferrite 
circular, 118, 119 
coaxial, 129 
plane (optical), 120 
rectangular, 123, 125 

Weak ferromagnets, 59, 60, 65 
antiferromagnetic resonance, 

78 
Weiss theory of ferromagnetism, 6 

Y-circulator, 145 
Yttrium iron garnet, 62, 296,299 

Zeeman energy, 4, 34, 37, 65 




